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Preface

This volume contains selected papers presented at the 12th International Con-
ference on Conceptual Structures, ICCS 2004, held in Huntsville Alabama, July
19-23,2004.

The main theme of the conference, “Conceptual Structures at Work”, was
chosen to express our intention of applying conceptual structures for human-
centered practical purposes. That invites us to develop not only clear conceptual
theories, but also methods to support humans in the application of these theories
in their societies. Some promising steps in this direction are being taken, but the
gap between the researchers working on a highly sophisticated level on one side
and the practitioners in many fields of applications on the other side is usually
difficult to bridge. Some of us have experiences in such practical cooperation, but
we need more members of our community to be engaged in “real life problems”.

We all know that solutions of complex problems in practice require not only
a well-developed formal theory, but also an understanding of the whole context
of the given problems. To support our understanding we need general philoso-
phical methods as well as formal theories for the representation of fundamental
structures in practice. We believe that our community has powerful tools and
methods for successful applications in practice, but that we must develop a forum
to present our results to a broader audience. First we must understand the sig-
nificant developments in our own group, which has activities in many directions
of research.

For that purpose, we have invited five distinguished researchers, covering
many aspects of conceptual structures and methods, to present their views on
fundamental problems in conceptual knowledge processing. These talks are pre-
sented in the first five papers of this volume. We express our gratitude to the
invited speakers for the substantial and clear presentation of their results.

The papers in this volume cover the most important areas of research in
the field of conceptual structures: from philosophical foundations over logical
investigations to conceptual graphs, and further on to conceptual frameworks in
practical applications and reasoning with conceptual structures.

All the papers in this volume were reviewed by at least two reviewers be-
longing to the Program Committee and by one member of the Editorial Board.
We thank the authors for their submissions, and express our gratitude to the
members of the Program Committee and the Editorial Board for their worthy
support of our research community in the field of conceptual structures.

July 2004 Karl Erich Wolff
Heather D. Pfeiffer
Harry Delugach
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The Esthetic Grounding of Ordered Thought

Kelly Parker

Department of Philosophy
Grand Valley State University
Allendale, M149401, USA

parkerke@gvsu.edu

Abstract. In Peirce’s account of the normative sciences, logical validity and truth
ultimately rely upon — though they are not reduced to — ethical and esthetic insight.
Anexamination of the relations among critical esthetics, ethics and logic in Peirce’s
system suggests a possible account of the logic of creative discovery, which Peirce
identified as abductive inference.

1 Introduction

In 1898 Charles S. Peirce delivered a series of lectures in Cambridge, Massachusetts
under the title “Reasoning and the Logic of Things,” in which he devoted considerable
attention to the circumstances that motivate and structure our thinking. Several charac-
teristic themes emerged as Peirce developed this line of thought in subsequent years.
First, inquiry and knowledge are primarily community enterprises: while individuals do
the work of observation and experimentation, the meaning of their results only arises
within the community of inquirers. Second, Peirce favors metaphysical idealism over
reductive materialism. Laws, which are represented as general ideas in the signs used
by communities, determine the ordered relations that constitute reality. Third, he favors
epistemological realism over nominalism. The truth of ideas is not a matter of mere
convention or the psychological dispositions of sign-users. Rather, true ideas represent
an objective order of the world. Fourth, the logic of successful inquiry presupposes a
certain ethical orientation of selfless devotion to furthering the community’s knowledge.
Finally, there is an esthetic insight that motivates and grounds inquiry. This esthetic in-
sight is even more fundamental than the inquirers’ ethical orientation and in fact would
seem to be at the very basis of thought itself. Since the world itself — or at least the world
as we can ever hope to know it at all — consists in thought, this amounts to saying that
the most basic fact of the knowable world is an esthetic fact of some kind.

Although Peirce’s writings are notoriously dispersed and fragmentary, and his writ-
ings on esthetics and ethics are the least developed of all his works, it is clear that esthetic
and ethical insight play a definitive role in inquiry as Peirce conceived it.' By 1903 Peirce
had developed a broad notion of logic as semeiotic, the method of a community of in-
quirers committed to truth-seeking. Members of this community embrace the principle
of fallibilism and maintain the hope that there is a reality their logic and language are
capable of representing. Peirce came to believe that inquiry requires a definite esthetic

! For an extensive list of relevant materials see [7].
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2 K. Parker

insight into what is good and admirable. Knowledge is not at all a matter of “neutral
observation.” Esthetic insights motivate our interests and decisively influence our choice
of ordering systems.

There are several alternative accounts of the basis of ordered thought in contem-
porary philosophy of science. The older view, held by researchers from Plato to the
Encyclopedists, maintained that there is one pre-existing structure of knowledge wait-
ing to be discovered. Peirce, Dewey, James and other pragmatists famously challenged
this view at the turn of the nineteenth century. More recently, Thomas Kuhn detailed how
social and political factors, as well as personal interests, have a significant effect on what
knowledge is discovered and how it is ordered and presented [6]. The pressing question
now concerns the extent to which factors such as emotion, esthetic appeal, morality,
social pressure, political and economic power, and commercial interests legitimately
affect the structures of knowledge. On one hand, Karl Popper argues that the formation
of knowledge is governed by logical procedures and principles — given a certain context
of accepted background principles. On the other hand, some post-modern social con-
structivist thinkers would maintain that knowledge is largely or entirely determined by
contingent, irrationalist factors.

While the claim that interest influences the structure of knowledge could hardly
shock anyone familiar with post-Kuhnian philosophy of science, Peirce adds a notable
stipulation that situates him between these extremes: objective judgment and criticism
can be brought to bear on the non-rational and contingent insights that influence the
construction of knowledge. The relationship among esthetic, ethical, and logical judg-
ment is developed in Peirce’s accounts of the normative sciences. Attention to these
relationships suggests that all three are essential elements in a logic of creativity and
discovery.

2 Peirce’s Value Theory: The Normative Sciences

The three normative sciences appear at the center of Peirce’s mature classification of
the sciences, which outlines his system of thought. In this architectonic classification,
mathematics and mathematical logic appear as the first major division. Peirce conceives
mathematics as the purely hypothetical investigation of what conclusions follow from
arbitrarily adopted postulates. The next major division is phenomenology, the nearly
passive observation of the structures of experience. After phenomenology comes esthet-
ics, the first normative science. Esthetics is the science of ideals: its aim is to formulate a
concept of the summum bonum, that which is admirable in itself. The second normative
science is practics, the inquiry into the nature of right and wrong action. The last of
the normative sciences is logic, or semeiotic, which investigates the principles of the
representation of truth. The studies preceding the normative sciences in the system do
virtually nothing to affect reality, while those that follow — beginning with metaphysics
and including the special sciences and practical arts — are increasingly directed toward
understanding and altering reality in various ways. The normative sciences give these
latter activities their direction: it is in normative science that we critically examine the
ends that guide our interactions with the world, including the action of knowing the world
and embodying that knowledge in usable orders. Thus, for Peirce, questions of value
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precede not only action, but they also precede most questions of fact (excepting only the
most general questions of formal fact concerning mathematical relations, and those con-
cerning the structure of experience which are raised in phenomenology). Peirce’s system
thus embraces the post-Enlightenment idea that “all facts are value-laden.” Because the
values in question are themselves the products of methodological inquiry, though, this
system rejects the notion — advanced, for example, by Michel Foucault — that all the
facts are ultimately arbitrary constructs.

Table 1. The Normative Sciences

Heuretic Science Subject of Inquiry Object of Knowledge
Esthetics Quality of Feeling The Inherently Admirable
Practics Quality of Action Right and Wrong in Conduct
Logic Quality of Representation Truth and Falsity in Thought

The normative sciences each address a particular mode of interaction with the world
(Table 1): “For Normative Science in general being the science of the laws of conformity
of things to ends, esthetics considers those things whose ends are to embody qualities of
feeling, ethics those things whose ends lie in action, and logic those things whose end
is to represent something” [CP, 5.129], [, 2:200,].

There is moreover a clear interdependence among the three normative sciences. Each
subsequent science considers a kind of end that is a narrower aspect of its predecessor’s
focus. “Logical goodness and badness, which we shall find is simply the distinction
of Truth and Falsity in general, amounts, in the last analysis, to nothing but a partic-
ular application of the more general distinction of Moral Goodness and Badness, or
Righteousness and Wickedness” [CP, 5.108], [EP, 2:188]. In turn, “if the distinction
[between] Good and Bad Logic is a special case [of the distinction between] Good and
Bad Morals, by the same token the distinction of Good and Bad Morals is a special case
of the distinction [between] esthetic Goodness and Badness” [CP, 5.110], [EP, 2:189].
In general, the three normative sciences “may be regarded as being the sciences of the
conditions of truth and falsity, of wise and foolish conduct, of attractive and repulsive
ideas” [CP, 5.551], [EP, 2:378]. Peirce maintains, in short, that Truth is a species of the
Right, which is in turn a species of the Admirable in general [CP, 5.130], [EP, 2:201].

Thought or representation ought to conform to its proper ideal, which is just to say
that we strive for our thoughts to be true. Logic in the broadest sense is the study of
the conditions under which thought can reliably be considered to conform to Truth.
Likewise, action has its own proper ideal. Any action that is Right conforms to this ideal
(whatever the ideal may be found to involve). Itis the concern of Practics to articulate the
conditions under which action can reliably be considered to conform to what is Right.
So far Peirce was traveling familiar territory. When we come to esthetics, however, we
find him departing from traditional conceptions of esthetics as the study of Beauty, or
of the Pleasant.
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2.1 Esthetics

Peircean esthetics is explained in terms exactly analogous to logic and practics: the
concern of esthetics is to articulate the conditions under which our feelings can reliably
be considered to conform to the Admirable.” In esthetics we enter a shadowy realm of
gradations of feeling: “that dualism which is so much marked in the True and False,
logic’s object of study, and in the Useful and Pernicious of the confessional of Practics,
is softened almost to obliteration in esthetics” [CP, 5.551], [EP, 2:379]. Esthetics aims
to distinguish the “nobility” of feelings, which is a matter of how well they conform to
the standard of the summum bonum.> As a normative science, its role is to describe the
basis of admirable feeling. In Peirce’s system, admirable feeling is the foundation upon
which decisive action and critical thought mount their own more specific ideals:

If conduct is to be thoroughly deliberate, the ideal [that guides it] must be a habit
of feeling which has grown up under the influence of a course of self-criticisms
and hetero-criticisms; and the theory of the deliberate formation of such habits
of feeling is what ought to be meant by esthetics. [CP, 1.574].

As a normative science, esthetics proceeds upon the principle that habits of feeling may
be as deliberately shaped as habits of action or thought. They may be cultivated to better
conform to the Admirable, just as action may be deliberately cultivated to conform to
the Right and thought to the True. Once habits of feeling that favor the Admirable are
established, the ground is laid for good actions and thinking to follow more naturally.
All of this presumes that there is a singular standard or ideal that can be identified
among the vast panorama of things that people actually do find attractive. Such an ideal
must, on Peirce’s view, recommend itself on pre-experiential grounds. That is, it must
be such that it is uniquely suited as an object of feeling. The question of esthetics,
accordingly, is “What is the one quality that is, in its immediate presence, Kahos?"
[CP, 2.199]. What state of things is admirable in itself? Peirce tentatively answers: “an
object, to be esthetically good, must have a multitude of parts so related to one another
as to impart a simple positive quality to their totality,” whatever that quality may be [CP,
5.132], [EP, 2:201]. When applied to the totality of all that is, the evolving universe,
the summum bonum consists “in that process of evolution whereby the existent comes
more and more to embody those [real] generals which were just now said to be destined,
which is what we strive to express in calling them reasonable” [CP, 5.433], [EP, 2:343];
see also [10, 64-65]. The highest ideal tentatively described by Peirce’s esthetics, then,
is the quality of feeling evoked by the process that evolves greater reasonableness and
harmony out of the plurality of things in the universe. In Peirce’s view, the highest ideal

2 Jeffrey Barnouw traces this conception of esthetics to Friedrich Schiller, whose 1885 On the
Aesthetic Education of Mankind (“The Aesthetic Letters”) Peirce read closely as a young man.
Barnouw writes: “With his 1906 conception of esthetics Peirce in effect came back to the key
idea he had discerned in Schiller’s Aesthetic Letters. . . an idea of ‘aesthetic determinability’
which few before or since have really grasped” [1, 161].

3 1 here use the word nobility to name the appropriate character of feelings. In its representation
of what is true, good thought exhibits “veracity.” In its conformity to what is right, good action
exhibits “propriety.” In its apprehension of what is admirable, good feeling exhibits “nobility.”
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conceivable to us is not a state of absolute harmony or absence of strife — not nirvana
— but rather the feeling that accompanies increasing order and harmony in the world of
our experience.

2.2 Practics

The connection between esthetics and ethics is almost immediate. One can hardly em-
brace an idea of the highest good without attempting to direct one’s actions toward
realizing it, but the close connection between esthetics and practics is more than psy-
chological. According to Peirce, it is above all a logical connection: “the instant that an
esthetic ideal is proposed as an ultimate end of action, at that instant a categorical imper-
ative pronounces for or against it” [CP, 5.133], [EP, 2:202]. This Peircean categorical
imperative is not quite the same as that described in Kant’s famous formulae. In Peirce’s
view, the Kantian categorical imperative derives from Kant’s particular conception of
the summum bonum. While the Kingdom of Ends is a powerful and important conception
of the categorical imperative, the principle of fallibilism indicates that neither it nor any
other ought to be accepted as the last word on the matter.

Although Peirce admired Kant’s ethics, he offered one serious objection to Kant’s
theory: the categorical imperative described there is not presented as being subject to
criticism. “Kant, as you know, proposes to allow that categorical imperative to stand
unchallenged - an eternal pronouncement. His position is in extreme disfavor now, and
not without reason” [CP, 5.133], [EP, 2:202]. Peirce’s normative science of practics is
an ongoing inquiry aimed at determining the ends toward which one’s will ought to
be directed. It encompasses “the purely theoretical studies of the student of ethics who
seeks to ascertain, as a matter of curiosity, what the fitness of an ideal consists in, and to
deduce from such definition of fitness what conduct ought to be” [CP, 1.600]. Esthetics
asks what is good; practics asks what aspect of the good is the proper end of human
action.

Though we have from Peirce a provisional account of the summum bonum, no finite
being can realistically direct its will toward universal increase of reasonableness. “Ac-
cordingly,” Peirce writes, “the problem of ethics [practics] is to ascertain what end is
possible” [CP, 5.134], [EP, 2:202]. I read this statement to mean what end is possible for
finite individuals to pursue. Peirce emphasizes the limitations of our situation: “Here we
are in this workaday world, little creatures, mere cells in a social organism itself a poor
and little thing enough, and we must look to see what little and definite task circum-
stances have set before our little strength to do” [RLT, 121]. Practics recognizes human
finitude: the individual is an ineffective agent iftaken in isolation. This fact indicates to
Peirce that right action necessarily involves exerting individual effort in concert with the
efforts of the extended community: “progress comes from every individual merging his
individuality in sympathy with his neighbors” [CP, 6.294], [EP, 1:357]. Our part of the
summum bonum is expressed in Peirce’s interpretation of the Golden Rule: “Sacrifice
your own perfection to the perfectionment of your neighbor” [CP, 6.288], [EP, 1:353].

Aside from his insistence on fallibilism, Peirce’s conception of the categorical im-
perative does closely resemble Kant’s. Peirce emphasizes a certain universalizability or
sustainability as the hallmark of right action:
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it appears to me that any aim whatever which can be consistently pursued be-
comes, as soon as it is unfalteringly adopted, beyond all possible criticism,
except the quite impertinent criticism of outsiders. An aim which cannot be
adopted and consistently pursued is a bad aim. It cannot properly be called an
ultimate aim at all. The only moral evil is not to have an ultimate aim. [CP,
5.133], [EP, 2:202].

The Peircean categorical imperative might be formulated as follows: The aims one
pursues ought above all to contribute, in the long run, to the increase of order,
harmony, and connectedness within one’s community and world of experience.
Any action that neglects this imperative is ultimately pernicious. Such thinking led, for
example, to Peirce’s virulent condemnation of Andrew Carnegie’s Gospel of Wealth in
“Evolutionary Love,” where he offers a harsh criticism of what he calls the “Gospel of
Greed” [CP, 6.294], [EP, 1:357].

2.3 Logic

Peirce’s work on logic is far better known, and is much more extensive, than that devoted
to esthetics and ethics. Here we need only concentrate on two aspects of Peirce’s logic.
First, we must articulate its nature and position as one of the normative sciences. Second,
we must bring out the non-foundational realism Peirce associated with logic. I suggest
that the same realism Peirce discerns in logic must also apply to his esthetics and practics.

As was seen above, logic is the study of the conditions under which thought can
reasonably be considered to conform to the ideal or standard of truth. Truth is a species
of the Right, which in its turn is a species of the Admirable. To embrace a conception of
the summum bonum implies that one ought to endeavor habitually to feel attraction to
that ideal, to develop nobility of feeling. Moreover, one ought to endeavor habitually to
act with propriety, in a manner that promotes the summum bonum. The inquiry into the
proper ends of such actions is practics. Logic is the third component in Peirce’s program
for understanding and realizing the summum bonum. If practical goodness consists in
actions that contribute to realizing the highest good, then logical goodness likewise
consists in thoughts contributing to this end in their own mode: “logical goodness is
simply the excellence of argument — its negative, and more fundamental, goodness being
its soundness and weight, its really having the force that it pretends to have and that force
being great, while its quantitative goodness consists in the degree in which it advances
our knowledge” [CP, 5.143], [EP, 2:205]. Logic aims to articulate the conditions for
veracity, under which thinking can reasonably be considered to increase order, harmony,
and connectedness in the world of thought.

Thought, according to Peirce, always occurs in the medium of triadic signs. The
proper function of a sign is to represent accurately an object to an interpretant — three
terms are always involved in a successful representation. The world of our experience is
a world represented in thought. The world we inhabit can be seen, then, as an incredibly
complex web of signs in constant and dynamic interpretive transaction. This activity,
according to Peirce, is tending toward an ideal state of complete and accurate represen-
tation — an all inclusive sign-relation [NEM, 4:239-40]. Such a sign-relation cannot in
fact ever be accomplished, because such a sign would need to generate an interpretant of
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itself. Thus the process must either stop without completion, or else it must continue for-
ever toward completion. This ultimate and ideal unity is, however, the telos of thought.
Such an ideal, it is said, is like the stars that we steer by but never actually reach. Logic
describes the patterns of association and interpretation of signs that tend toward truth,
where truth is the accurate and complete representation of Reality. Normative logic, the
third normative science, is semeiotic, the theory of signs and sign-action [CP, 1.444],
[SS, 80]. It is much broader than formal logic, which Peirce identified as the Mathematics
of Logic, a branch of mathematics.

The most important aspect of logic is that it concerns regularities and laws in thought
and experience. Esthetics concerns immediate feelings, while practics concerns imme-
diate feelings and particular actions. Logic concerns the immediate and the particular,
as well as the general — and the regularities and laws it discerns may be found in the
worlds of feeling, action, and thought alike. The determination of such generals in fluid
and chaotic experience is the key to establishing order, harmony, and connectedness in
the world. Logical goodness or “excellence of argument” is a function of the degree to
which thought advances toward truth, conceived as a unifying representation of reality.

This generalizing and synthesizing activity of thought, when it is exercised with
deliberate control, is the means by which we most effectively promote the summum
bonum. On the one hand, logic describes the method of deliberate inquiry into the ends
of feeling (esthetics) and action (practics). On the other hand, logical goodness is itself
a further development of esthetic goodness and practical goodness. The process of valid
inference not only advances us toward apprehending a truth, it is also at the same time
a right action (because it is an act of synthesis conforming to the Peircean categorical
imperative) and an instance of the summum bonum (because a feeling of increasing
reasonableness, a “sentiment of rationality,” ordinarily accompanies the process). In
typical fashion, Peirce presents three distinct but interdependent areas of inquiry, which
taken together describe the scope of value theory.

3 Non-foundational Realism

Perhaps the most important feature of Peirce’s value theory, and of his philosophy in
general, is its insistence on a non-foundational realist epistemology. This position is
best explained in the context of his logic and philosophy of science, but it must apply
in all areas of inquiry. Peirce’s “scholastic realism” maintains that there is a universe
of reality, and that the aim of thought and inquiry is to develop adequate and accurate
representations of this reality. If inquiry follows a sound method of investigation, its
erroneous conclusions can eventually be exposed and corrected. At the heart of a sound
method of inquiry is of course valid reasoning about the matter at hand. Logic is the
inquiry that takes good reasoning as its object, and not merely as its method.

Peirce writes that “The real... is that which, sooner or later, information and reasoning
would finally result in, and which is therefore independent of the vagaries of me and
you” [W, 2:239], [EP, 1:52]. A report of a unique phenomenon — such as a stone falling
upward on one occasion — is a report of an unreal phenomenon, or else it is an incomplete
or inadequate report of the operation of an as-yet-elusive general law of physical reality.
If there is some odd exception to the law of gravity at work on one occasion, this too is a
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real feature of the universe that would “sooner or later”” be disclosed to us through further
inquiry. To say that it could never in principle be discovered why such a phenomenon
reportedly occurred is precisely to say that the phenomenon is unreal. “And so those
two series of cognitions — the real and the unreal — consist of those which, at a time
sufficiently future, the community will always continue to re-affirm; and of those which,
under the same conditions, will ever after be denied” [W, 2:239], [EP, 1:52].

The “scholastic” component of Peirce’s realism is this insistence that general laws
governing the universe are the objects of genuine knowledge. These laws can be repre-
sented in cognizable sign-systems, and in Peirce’s view the laws thus represented are
nothing other than the universals whose reality was maintained, against the nominalists,
by Duns Scotus. This conception of the real, and of scientific inquiry as the project of
constructing adequate and accurate (i.e. True) representations of reality, applies to all
science — including the three normative sciences.

Peirce had ample opportunity and cause to work out the implications of applying
his scholastic realism to logic. His scholastic realism leads him to prefer logical realism
over psychologism or logical formalism. Just as the validity of the law of gravity is a
question of what will happen when two or more massive bodies come near one another,
“the question of the validity of reasoning is the question of how frequently a conclusion
of a certain sort will be true when premises of a certain sort are true; and this is a question
of fact, of how things are, not of how we think” [W, 4:1, emphasis added].

The other notable feature of Peirce’s epistemology is that it is non-foundational. This
is not to say that knowledge builds upon a dubious base, but rather that the “indubitable
foundations” of any inquiry are only contingently undoubted [W, 2:247-48], [EP, 1:61].
The inquirer starts with a doubt, which is the motive to inquiry. But the doubt is always
enmeshed in a matrix of undoubted, practically indubitable belief — in terms of which
the doubt is conceived. This matrix includes established common-sense knowledge,
more esoteric knowledge established by previous inquiry, and a few items necessary “if
reasoning is to go on at all: for example, all that is implied in the existence of doubt and
belief, and of the passage from one to the other, of truth and falsehood, of reality, etc.” [W,
4:1-2]. No belief is immune to criticism and even outright rejection], however. In fact,
Peirce insists that the pragmatic assent to beliefin the matrix of truths as it is understood
by the inquirer at a given time must be balanced by the principle of fallibilism — the
awareness that even though we can, and probably do, possess much true knowledge of
reality, “we can never be absolutely certain of doing so in any special case” [W, 2:239],
[EP, 1:52]. Roofers, rocket scientists, and everyone else are right to assume the truth of
the law of gravity — as long as we realize the need to throw it overboard in the event
that experience clearly shows it to be mistaken. Until that happens, though, we are fully
justified in accepting and using it as a component in our “foundational”” matrix of belief.

Peirce himself witnessed and contributed to the overthrow of practically indubitable
beliefs in both logic and mathematics. He was also at the center of an intellectual circle
in Cambridge, led by Chauncey Wright, that assimilated Darwin’s evolutionary biology
in the 1850’s. These experiences with the structure of scientific revolutions convinced
Peirce that foundations are always needed for inquiry, butthat even the firmest foundation
may conceal adry rot. Peirce’s realism thus remains “non-foundational” in the strict sense
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that there are no absolutely certain or essentially necessary components in our body of
knowledge.

The meaning of Peirce’s non-foundational scholastic realism for logic is clear: logic
endeavors to describe the principles that govern reasoning when it successfully attains
true conclusions, but we can never be certain that our present understanding of logical
principles is complete or correct even as we use those principles to conduct our inquiries.
The meaning of Peirce’s non-foundational realism for esthetics and ethics is less clearly
indicated in his writings. It is here, however, the Peirce offers some ofhis most interesting
suggestions for value theory.

Taking up Peircean ethics first, we are led to ask what a non-foundational moral
realism would entail. Likewise, we must ask what would be involved in practics, the
theoretical inquiry into morality. Just as logical realism supposes that the principles that
lead inference from true premises to a true conclusion are facts concerning the relations
among propositions, so must moral realism suppose that the principles that lead action
to conform to what is Right are facts concerning the relations among actions and aims.
In other words, what makes actions right or wrong is something objective: the value of
an action has to do with how well it actually conforms to a moral order that extends
beyond the finite group’s knowledge of morality.

Yet our knowledge of morality must also be non-foundational, on Peirce’s account.
When we inquire about ethics, it is because there is some doubt about our way of
evaluating actions. Some principle of conventional morality appears problematic, or we
come to suspect that our accepted understanding of what is right may be inadequate.
Practics affords the means of critical examination of conceptions relevant to the problem
area. Once this critical examination has begun, the logic of inquiry places everything
in jeopardy. Though only those conceptions that actually do appear problematic during
inquiry are to be challenged, there is no conception thatis intrinsically immune to possible
criticism. Practics is an inherently radical science.” In genuine inquiry, any hypothesis
may be suggested as a possible resolution of the present doubt. Theoretical inquiry in
ethics may suggest that some of our cherished principles are in fact pernicious, though
it may take remarkable experiences to bring us even to consider the suggestion. More
often, inquiry will suggest that we are in need of reinterpretation and development: the
notion of rights, for example, may need to be restricted or extended, or our assumptions
about what effects do in fact result from some action (such as telling certain kinds ofjoke
in the workplace) may need to be reconsidered. Practics asks what is involved in making
our actions conform to an ideal. Because the ideal is a general conception (as are all
realities, in Peirce’s view), it is susceptible to further determination through inquiry. The
answers to the questions practics poses may, then, in any given case involve changes in
our principles for evaluating actions or in our accepted conception of the ideal itself. The
aim, as with any heuretic science, is to develop a better representation and understanding
of how things are in the world.

The same must apply to Peirce’s esthetics. That esthetics would be non-foundational
is not hard to envision. After the breakthroughs of modern art, it seems reasonable to
regard esthetic thought as the deliberate effort to experiment and challenge received

4 “Ethics, then, even if not a positively dangerous study, as it sometimes proves, is as useless a
science as can be conceived” [CP, 1.667].
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conceptions of the Good and the Beautiful. The notion that Peirce’s realism can be
applied in this area, however, requires some elaboration. What does it mean to speak of
realism in esthetic theory? Perhaps only this: the process of finding and developing order
in the raw materials (physical and cultural) in our universe of experience, and the feeling
that accompanies this process, really is the highest ideal of human life. It is Peirce’s
view that, given a particular situation in place and time with its particular resources and
problems, the essential good of our existence lies in fashioning a harmonious balance
between the rich potentiality of order and the already-ordered. The fine arts exemplify
this process quite directly, but the same ideal — the summum bonum — motivates all our
activities, from the most abstract mathematical reasoning to the most concrete efforts at
subsistence farming.

The heuretic science of esthetics asks only one question: “What is the highest good?”
The function of logical investigation of this question is to bring each individual, and
each generation, to an understanding of the best answer that can be given to this central
question. Esthetics, then, is a perpetual science of a single question. It is the work of
practics and logic to determine what significance its answer has for our conduct and
thought.

4 Reason, Sentiment, and Nobility of Experience

Peirce saw the importance of distinguishing two kinds of question in considering the role
of interest or desire in structuring our thought. The first concerns what our most basic
desires are, where we get them, and how they motivate us to act. These are questions
of practical fact that admit of psychological or even biological answers. The second
kind of question concerns what desires we ought to entertain, how we ought to acquire
them, and the role that our various principles and beliefs ought to play in motivating
our actions. These speculative or theoretical questions are addressed in the normative
sciences. Peirce’s value theory is especially interesting because he proposed answers to
both sorts of questions, and ventured to suggest how the two distinct realms, the practical
and theoretical, interrelate.’

The desires that actually do motivate our actions are deeply embedded habits, so
deeply embedded that Peirce considers them all “instinctive” whether they are acquired
orinnate.® “It is the instincts, the sentiments, that make the substance of the soul. Cogni-
tion is only its surface” [RLT, 110]. We act on instinctive and sentimental desires because

3 Peirce’s most direct discussion of the relation between reason and instinct, between theory and
practice, appears in ‘“Philosophy and the Conduct of Life,” the first of his 1898 “Cambridge
Conferences” [RLT]. Peirce wrote this lecture after it was suggested that he speak on some
“vitally important” topic. Since Peirce viewed philosophy as a theoretical science that did not
necessarily address such areas of life, he laid out his view that it is “vitally important” that
scientists separate their work from practical concerns. Peirce’s lecture is unfortunately filled
with sarcasm, irony and overstatement; at least it reveals how he really felt about the relation of
theory to practice. John K. Sheriff provides a very helpful discussion of Peirce’s philosophical
sentimentalism [11, 83-89].

S Peirce’s account of the role of experience in shaping beliefs and habits suggests that there are
very few innate instincts.
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they are instantly ready guides to action. What these desires are is a matter not entirely
of chance, because they are determined by the previous experience of the race and the
individual. From the individual’s perspective, these antecedents may appear largely acci-
dental. From the species’ perspective, though, we find that most instinctive behaviors are
basically admirable and beneficial: think of parents’ inclination to care for their children
or the neighbor’s selflessness in helping in time of need. Such situations admit of a high
degree of moral certitude. Consider also the kind of conceptual certitude we enjoy when
we find, or establish, useful binary oppositions and hierarchical orders of priority within
an unfamiliar or confused area of knowledge. On the basis of this general reliability of
instinctive behavior, Peirce argues in favor of “philosophical sentimentalism” when it
comes to ordinary practical action and thought [RLT, 111].

Nobody has a problem with the maternal instinct, of course. It is when our estab-
lished instinctive approaches motivate inappropriate and destructive actions, or generate
fruitless theories, that we look to philosophical reason for critique and reform. John
Michael Krois observes that “The blind ‘morality’ of all true believers is more read-
ily understandable in terms of ‘sentiment’ than argumentation. The objection might be
raised that these are exceptional, extreme cases, that supporters of such causes identify
with them to a degree that is untypical of ordinary ethical consciousness. But, and this
is Peirce’s point, they are not exceptions. They are typical — albeit deviant — examples of
ethical attitudes” [5, 34]. Western philosophy has tended to suggest that once reflective
and critical reason has identified a better way, our actions ought to immediately change.
From there it is only a small step to the Enlightenment dream of a world in which all of
our conduct, all our moral attitudes, arise from deliberate, reasoned decision: thus was
born the economic fiction of the “rational consumer” who brings full information and
ratiocination to every choice, for example.

Peirce was astute enough to realize three problems with this dream. First, it is not
necessary to reason about every one of our actions. If the baby is hungry at 3 a.m.,
we simply get up and feed her. Second, it is not possible to reason about every action:
time does not always permit it, and in many cases reason is inconclusive even though a
decision must be made. Finally, Peirce points out that it is often not even desirable to
do so: individual ratiocination is highly fallible in matters of “vital importance.”’” The
twentieth century has suffered far too many ill effects of a misguided trustin experts who
would reform the world on the basis of their theoretical expertise. Kenneth Laine Ketner
proposes the following illustrations of this phenomenon, though there are countless
others: “Consider the widespread destruction of our planet’s environmental resources,
or the use of rationalized systems of life (such as are reflected in political bureaucracies,
collapsing Stalinism being a ubiquitous instance) in place of traditional systems of
life” [4, 9]. Blind moral certitude can be destructive, but as Camus observed in The
Rebel, there is an extra dimension of horror involved when the certitude is “justified”
by philosophy, when reason is used to transform “murderers into judges.” Philosophy
and reason themselves are rendered impotent when they “justify” the specter of “slave
camps under the flag of freedom” [2, 3-4]. Peirce goes so far as to say that, compared to

7 This last point is especially important in response to Deweyan criticisms of Peirce’s separation
of theory and practice, such as that presented by John Stuhr [12].
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the errors of limited reason, instinct and sentiment are “practically infallible” guides to
action in ordinary affairs [RLT, 111].
How, then, should reason, in the form of theoretical science, influence action? Peirce

suggests that the channel of influence here is as slow and sure as the method of science
itself:

Instinct is capable of development and growth, — though by a movement which
is slow in the proportion in which itis vital;... [I]t chiefly takes place through the
instrumentality of cognition. The soul’s deeper parts can only be reached through
its surface. In this way the eternal forms, that mathematics and philosophy and
the other sciences make us acquainted with will by slow percolation gradually
reach the very core of one’s being, and will come to influence our lives. [RLT,
121]

I suggest that we recognize two kinds of normative sciences: alongside the Heuretic
(theoretically oriented) Normative Sciences described in Table 1, there are also Practical
Normative Sciences, as indicated in Table 2. These relate in exactly the same way that the
heuretic sciences of (theoretical) physics or mathematics relate to the practical science
of engineering. Practical sciences use results from the heuretic sciences to attain some
specific end other than the increase of knowledge about the world. These ends may be
regarded as habits in the Peircean sense (think of predictably fluid traffic flow patterns or
the stability of a bridge, which are the concrete instantiations of general laws in designed
systems).

Table 2. The Influence of Reason on Habit

Practical Normative Science Habit to be Cultivated

Arts of Enjoyment Practical Esthetics Nobility of Feeling
Action, and Practical Practics Propriety of Action
Reasoning in Practical Logic Veracity of belief

Routine Matters

In like manner the practical normative sciences use theoretical knowledge about
esthetics, ethics, and logic to achieve particular ends — to cultivate habits of feeling,
action and thought.

One example would be for us to use Peirce’s system of existential graphs to teach
basic critical thinking skills to students, who then exhibit the habit of not committing
common fallacies in their own thinking (see [3]). In acquiring familiarity with the rules
and tools of sound thinking they are at the same time internalizing both ethical and
esthetic lessons. There is an “direction of learning” to this process that reflects the
interdependence of the practical normative sciences: learning the logical techniques of
how to think well brings one to understand the ethical imperative that one ought to
think well. Various successful and unsuccessful efforts to think well bring one, in turn,
to appreciate the esthetic experience of what it is to think well or not. Thus the last
stage in the direction of learning good reasoning is esthetic discernment. One comes to
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recognize the attractiveness or elegance that expert inquirers associate with certain ideas
or theories; one’s ear becomes attuned to their “ring of truth.”

S Systematic Abduction: Toward a Logic of Creativity and
Discovery

Peirce’s account of the role of the normative sciences in systematic inquiry suggests that
there is a describable structure to the process of creative discovery. It is not guided merely
by arbitrary and irrational accidents of history, but neither is it a narrowly logical process.
Discovery is rooted in a thick “tacit knowledge.” This includes finely attuned ethical and
esthetic sensibilities alongside well-ordered technical knowledge. The veteran inquirer
who has internalized the logical, ethical, and esthetic norms of a field is able to retrace
the direction of learning, to follow it backwards. This process begins with the esthetic
insight that an established order, a habitual way of structuring the world, is unsatisfactory
in some way: an accepted theory does not “sit right,” respected social conventions seem
suddenly intolerable, trusted procedures of inquiry feel sterile or misguided. A creative
response can emerge from such esthetic insights.

Here we confront the question of the basis of originality and creativity. Peirce main-
tained that all inquiry, the “struggle to attain a state of belief” or settled habits of thought
and action, arises from a genuine experience of doubt [EP, 1:114]. Inquiry begins with
the suggestion of a new hypothesis about how things are in the world. Peirce identified
hypothesis formation, or abduction, as a distinct form of inference. He did not make
much progress toward describing and analyzing the structure of abductive inference,
and perhaps we cannot hope to fully understand the logical and psychological processes
by which original and true ideas are developed. As a starting point I suggest that ab-
duction is often initiated by a specific kind of doubt, namely, an awareness of esthetic
dissonance. From this starting point the inquirer traces the direction of learning back-
wards through ethics to discover alternative logical and conceptual configurations. As
the details of these alternative orders are worked out, two esthetic phenomena emerge.
The first is the distinctive esthetic flavor that accompanies the alternative order. The sec-
ond is the feeling that accompanies the development of increasing order and harmony,
as the details of the alternative order are worked out. This phenomenon, I think, is the
Peircean esthetic summum bonum itself.

Let me conclude this discussion of the esthetic ground of ordered thought with
some speculation about how the process works, following the lead suggested by Peirce’s
account of the normative sciences. I will first consider an illustration of how this process
may unfold in specific cases in the sphere of ethics and politics, then sketch a general
model of the process. This may in turn suggest a way to more fully articulate the logic
of abduction.

Consider the difference in experience that must exist between ordinary people and
such social reformers as Thoreau, Tolstoy, King, and Gandhi. Most people are con-
ventionally moral: they generally adhere to established norms of thought, conduct, and
perception. Other ordinary people regularly violate those norms, perhaps out of a sense
of rebellion or because of moral blindness, or for some other unreflected and ultimately
indefensible reason. Though these may be censured as immoral persons, or punished
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as criminals, they too are functioning within the sphere of established norms: neither
rejection of nor blindness to an established order constitutes fundamental change to that
order. Social reformers likewise challenge established conventions, but they do so for
admirable reasons: their challenge is directed toward realizing a novel and ethically de-
fensible felos. From the esthetic insight that something is “out of order” they begin a
systematic critique of established sensibilities. This leads to experimentation with ac-
tions that give rise to a different order of things, that follow a different logic of events,
and that come with a different esthetic flavor. Thoreau’s objection to a war led him to
question the comfortable esthetic sensation of being a law-abiding citizen (he does seem
to have been disposed to question this kind of comfort in any case), and to consider the
alternative action of not paying his taxes on principle. This was Thoreau’s creative move:
his one act of non-payment established the novel general idea of civil disobedience as
a citizen’s duty. Once created or discovered through a process of experimentation that
begins in mere possibility, civil disobedience entered into the established reality of the
social and political order. It became a recognized way to advance the telos of the society
in certain circumstances, and it has its own esthetic flavor that can be recognized and
experienced by others. Once a part of the established order, civil disobedience itself
becomes a matter of interest and critical analysis. In their efforts to understand it as a
political strategy, people come to recognize the ideals promoted by civil disobedience
(such as freedom of individual conscience, and the fundamental democratic right to
non-revolutionary opposition to government) as legitimate ideals in themselves. These
newly-prominent ideals define a new institutional order in the society. A similar spec-
ulative story might be told for other significant movements toward social reform, such
as Tolstoy’s esthetic anarchism or Gandhi and King’s development of nonviolent direct
action as a response to institutional violence and oppression.

We may discern a common pattern in these movements toward ethical and social
reform. The abductive inference originates in an esthetic insight about the wrongness of
things and leads to a deliberate and specific change in conduct. The experimental change
in conduct opens the way to an alternative conception of ordered social reality. Once
formed, this alternative conception is recognized as esthetically more noble than what it
replaced. The struggle to bring it into being, too, is characterized with the esthetic quality
peculiar to the summum bonum. This esthetic apprehension of the general movement
toward greater harmony and reasonableness is a crucial aspect of what drives the reform
movement forward. On the other hand, when this esthetic flavor is lost, the individuals
who were promoting the reform lose hope and energy. The movement may die of a kind
of esthetic starvation.

These speculations about the basis of social reform have probably already placed us
too far outon alimb of inference for our own good. Finding ourselves this far out, though,
we may as well inch along to the end. I suggest that the pattern of creative discovery
just described may be typical of all fruitful abductive inference, whether the sphere
of inquiry is moral and political, or artistic, or scientific. Constructive innovation and
true discovery are by no means inevitable aspects of change: history shows that we can
regress as well as progress. History also shows that happy accidents play a major role in
much of what we consider progress. On the view I propose here, though, progress toward
the true and the good is not merely the accidental result of irrational power relations and
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historical contingencies. They occur when competent inquirers systematically critique
and then investigate the implications of anomalous esthetic insights. Such critique and
investigation serves to establish defensible new interests that influence action; these
actions allow us to develop the concrete reality of a new order of things, which embodies
a fresh esthetic sensibility.

Peirce’s theory of the normative sciences is a framework of relations among esthetic
insight, practical action, and logical structures. The non-foundational realism of his
theory suggests two crucial things about creative activity. First, it may be possible to
articulate acommon method for fruitful abductive inferences. We may be able to describe
alogic of discovery grounded in esthetic insight. Second, the Peircean framework allows
us to critically evaluate proposed innovations to established systems of order in terms
of their motivating impulse and emergent felos. This principle should apply whether
we are considering “practical” systems like social and political institutions, or “logical”
systems like philosophical approaches and scientific theories. Although some changes
are merely expressions of power or the results of historical contingencies, others are
the fulfillment of a new order of things whose value can be publicly understood and
critically judged even as they are unfolding.
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Abstract. The concept of meme misidentifies units of cultural information as
active agents, which is the same “shorthand” that misleads our understanding of
genes and obscures the dynamic logic of evolution. But the meme concept does
offer hope by contributing something missing from many semiotic theories. In
treating memes as replicators, Dawkins fails to distinguish mere patterns from
information (and replication from interpretation), which leads to the problem en-
countered in all realms of information processing: what counts as information is
context dependent. Nothing is intrinsically meaningful, to be so it must be inter-
preted. In the evolution of both genes and words, replication has always been a
multilevel affair in a dynamic system, from which what we conceive as “adapted”
or “interpreted” units emerge. Memes are replicas not replicators, and I suggest
that the iconic function of signs, as identified by Peirce, is the essence of the meme
concept. As in sign function, both gene and meme functions are informed by what-
ever relationship exists between the physical pattern of the token and the system
of processes in which each is embedded (so these are semiotic relationships). I
argue that two, not-clearly-articulated aspects of the meme concept could rescue
semiotic from mere descriptive taxonomy and lead the way for a general theory
of semiosis and a unifying methodology for the semiotic sciences to emerge.

1 Introduction: The Logic of Replicators

Few scientific terms introduced into scientific and popular vernacular have enjoyed the
impact on intellectual debate as has the term “meme.” The meme concept, introduced
by Richard Dawkins in his influential book The Selfish Gene [1], has spawned a vast
following of “memetics” enthusiasts and not a few books expanding on Dawkins’ original
insight at great length. This popularity owes much of its widespread appeal to Dawkins’
corollary characterization of genes as “replicators” and his reformulation of evolutionary
theory from a “gene’s-eye” perspective. His analysis of replicator selection in biology
led directly to his proposal that one could also think of social-communicative processes
as though there were a gene-like unit of replicator selection driving the evolution of
cultures: the meme.

The meteoric rise of molecular biology to preeminent status as the epitome of cut-
ting edge scientific-technical progress of the last half of the 20th century has only been
matched by that of the information sciences. The serendipitously parallel explosion of
knowledge in these two fields has provided the perfect context for Dawkins’ refram-
ing of evolution in molecular-informational terms. Dawkins, following the lead of such
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pathbreaking biological theorists as W. D. Hamilton, G. C. Williams, and E. O. Wilson,
shifted the focus of evolutionary thinking to genes themselves as the ultimate unit of bio-
logical information and as the locus of natural selection, rather than traits (phenotypes),
whole organisms, or populations, as the then current evolutionary theories assumed. Or-
ganisms were characterized by Dawkins as “lumbering robots” designed by the genes
to carry out their (the genes’) reproductive imperatives, because after reproducing most
organisms perish. Even offspring in sexually reproducing species are not copies. In con-
trast, genes, or more precisely the sequences of information embodied by them, are
conserved from generation to generation. They are passed down minimally modified, if
at all, across countless generations. In this way gene sequences retain the possibility of
near immortality. Evolution thus appears to be about preservation of gene information
at the expense of all else.

According to Dawkins, the critical defining feature of a gene that makes evolution
possible is its ability to make precise copies of itself. Focusing on this remarkable
molecular predisposition, Dawkins described genes as “replicators”: units of information
capable of copying themselves and also capable of influencing the probability of being
copied in other indirect ways. He argued that this propensity is the most fundamental
factor in biological evolution. Evolution could thus be reduced to a kind of molecular
information processing based upon this one basic operation - molecular biology meets
computation theory.

The patterns exhibited in evolution, then, could be described as merely playing
out the statistics of replicators competing with one another. Replicators that, besides
merely copying themselves, also happened to exert some additional positive influence
on the probability of their own replication, thus biasing the statistics, would be favored
over those with less positive effect or none at all; hence genes could be said to exhibit
a kind of “selfishness.” There are many ways that such biasing can occur. Virus genes
produce structures that fool other organisms into treating the virus genes as their own and
copying them willy-nilly; genes in multicellular bodies produce structures that increase
the probability that the organism will reproduce and thus be likely pass on copies of these
genes; and sometimes these organism behaviors may even increase the probability that
kin will reproduce, and pass on copies of both gene sequences inherited from parents. The
“genes-eye-view” of evolution, then, was supported by the recognition that in all these
cases, making copies of genetic information, not organism structure, was paramount.
Everything else tended to be sacrificed before gene fidelity, fecundity, and longevity in
evolution.

Framing this core feature of life in such general terms, also led Dawkins to consider
(almost as an afterthought) that genes might not be the only potential replicators in the
world. Cultural information capable of being passed on to others by mimicry or copying
could also qualify. He named this sort of replicator a mimeme (unit of mimesis) or meme
for short. Any cultural artifact or habit that could be transmitted by being copied could
qualify as a meme. Dawkins offers such examples as popular songs, fads, mannerisms,
recipes, tools, etc., and other memeticists have even suggested that languages, religious
traditions, foraging techniques, and folk stories (to name just a few of thousands of
suggested examples) might be considered memes. By Dawkins’ own reckoning over
two decades later the term “meme” has indeed exemplified itself in being propagated at
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an unusual rate for a newly coined jargon term [2: xiv]. In his search of mentionings of
the term on the world-wide web, he noted half a million mentions as of August 1998, out-
reproducing by orders of magnitude such recently coinedjargon words as “sociobiology”
and “spin-doctor.”

2 Memetic Difficulties

But memes have not won wide acceptance as a useful theoretical construct in most
fields where they might be relevant. Instead, with a few exceptions they remain a sort
of analogical stand-in for concepts not fully fleshed out and so unsuitable for precise
analysis. In a recent overview, Dawkins and Blackmore offer three commonly cited
areas of disagreement and unresolved definitional problems regarding memes [2: x-xvi,
53-66].

(1) Memes appear to have insufficient copying fidelity to be evolvable. This problem
long troubled geneticists prior to the discovery of the molecular basis of genetic
information, because if the units of inherited information could mix or grade into
one another evolution would quickly regress toward the mean and grind to a halt.
Information would be rapidly eliminated and subtle deviations never accumulated.

(2) Nobody really knows what a meme physically is. Dawkins and others talk about
memes as information. And in many contexts writers often substitute the term “idea”
for meme, since memes are defined as whatever is passed on when something is
copied by one person from another, either directly or indirectly. This is evident when
writers describe memes with such phrases as “ideas begin to ’have a life of their
own’” [2:29] and “aunit of information residing in abrain” [3: 47]. And is also made
evident by the plethora of near synonymous terms (e.g., cultural traits, culturgens,
corpuscles of culture) and the disagreements as to whether only copied information
qualifies or whether any transmissible cultural feature qualifies.

(3) There is difficulty finding agreement on how large a unit deserves the name “meme.”
Is it as small as a word or a morpheme (root meaningful unit constituting a word)
or a type of handle on a pot, or as large as a language and a religious tradition?

(4) Finally, some have questioned whether there is a memetic parallel to the geno-
type/phenotype distinction in biology. For example, is a recipe the meme and the
cake the memetic phenotype; is a performance of a song the phenotype of the re-
membered idea of the song?

Both Dawkins and Blackmore summarize and address these problems in a recent discus-
sion [see 2]. They conclude that all are in one way or another unresolved, but that they
are either non-problems and can be ignored or else can be shelved for the time being,
awaiting some memetic Watson and Crick to sort out their material basis.

I am far from convinced by these responses, but won’t attempt to recount them or
systematically critique them here, and argue only that we cannot shelve these problems
and still have a science of memetics. To do so abandons this concept to remain the
subject of pop science and internet discussion groups, but not of technical research.
Though some reviewers would recommend this, I think there is a baby somewhere in
this cloudy bathwater. To rescue it I wish to focus on a couple of tacit assumptions that
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I think underlie these persistent problems and to suggest a change of perspective that
may help clear up what exactly we are talking about.

3 Core of the Problem

The trouble with memes, as I see it, is that they have been misidentified. I am convinced
that there is indeed something that bears social-cultural information and which evolves
by means that are roughly analogous to processes of natural selection acting on DNA
sequences and the living processes linked to them. That something is not, however, ideas.
It is not something residing in brains. And it is not something imbued with the power to
affect its own replication (but then again, neither is a naked strand of DNA, except in
very special laboratory processes called PCR). It is not some new class of entity hitherto
unrecognized, unstudied, and unnamed.

To state my conclusion at the outset: Memes are signs, or more accurately, sign
vehicles (or representamens, to use Charles Peirce’s clumsy but precise terminology).
They are not some intangible essence that is passed from brain to brain when something is
copied. Signs are concrete things, or events, or processes and they have been categorized
and studied systematically for centuries. Memes are thus the subject of a body of theory
that Peirce called Semiotic!

Having said this, one might think that I will conclude that memetics is much ado
about something already steeped in a vast literature and a rich theoretical basis, and to
which memes have little to offer but an alternative terminology. But I don’t think so.
The meme concept has generated recent excitement precisely because it seems to offer
hope of providing something that other theories of social and semiotic processes have
not succeeded in providing. It address the process of semiosis, i.e., the dynamical logic
of how the symbolic and concrete constituents of culture arise, assume the forms they
assume, and evolve and change over time. This ambitious promise can only be met,
however, if the problems with memetic theory are remedied and if a synthesis within a
broader semiotic theory can be realized [see Note 1]. This is a tall order.

So, beyond recognizing this correspondence, what needs to be done? First, we must
use this insight to remedy some of the theoretical problems that plague the meme concept,
and second we must use it to discover what is uniquely emphasized by the meme concept
that can contribute to a theory of semiosis and which may be overlooked or misunderstood
in current semiotic analyses.

The core problem of this theory, I think, is a kind of misplaced agency, that gives
the impression that both genes and memes - replicators - can be understood without
considering their embeddedness in a dynamic system which imbues them with their
function and informational content. This, then, is not just a problem with memes, but a
problem with the replicator concept in general, inherited from Dawkins’ short-circuited
description of information processes in biology. I say “short-circuited” because it is
not wrong, it just cuts corners that suggest that certain essential aspects of information
processing in biological systems can be treated as merely derivative from the replicator
concept. In fact, this inverts the reality.

Though an anthropomorphic shorthand has often been used to describe replicator
“behavior” (e.g., itis common to read such phrases as “for the benefit of the gene, not the
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organism” or “genes promote their own self-interest” or “genes act selfishly,” etc.), this
phraseology was never presumed to project any purposeful or even animate character on
genes. Genetic replicators are just strings of DNA sequence information that happen to
get copied and passed on to the future successfully. Genes are not active automatons, they
are not “agents” of evolution; but are just structures, passive information carriers that
can become incorporated into biochemical reactions, or not, depending on the context.
Referring to genes as though they were active agents promoting their own copying
process is a shorthand for a more precise systemic account of how a gene’s effect on its
molecular, cellular, organismic, social, and ecological context influences the probability
of the production of further copies. Taken out of this almost incomprehensibly rich
context - placed in a test tube, for example - DNA molecules just sit there in gooey
clumps, uselessly tangled up like vast submicroscopic wads of string.

So what is wrong with this shorthand, if everyone agrees that genes are just patterns
of DNA sequence information? It is the information content that defines a replicator, not
its material or even energetic embodiment. The physical gene (i.e., the string of atoms
comprising the DNA molecule) is not what evolution conserves and passes on. It is the
information, embodied by the nucleotide sequence that is the point. Well, the problem is
that the DNA sequence is not intrinsically information, it is just a pattern. Indeed, much
of the sequence information in my genes may never be treated as information in the
construction and operation of my cells, even if it may at some point become information
for evolution. What makes a pattern information? And how does some information
become involved in its own replication?

4 Replication in Context

The problem of defining the difference between mere pattern and information is encoun-
tered in all realms of information processing and has the same unhelpful answer: what
counts as information is context-dependent. The information some pattern can convey
is both a function of its distinguishable physical characteristics with respect to other
patterns and of its embeddedness in a living/semiotic system that can incorporate this
into its functional organization. No thing is intrinsically meaningful, it is interpreted to
be so. And interpretation is more than replication - yet these two processes are intimately
related.

We are all familiar with the fact that in different interpretive contexts the same
typographical words or spoken phrases can function quite differently. This can be true
of homophones used in different sentences or of cognates in different languages that
have historically diverged in their denotations and connotations while their phonological
or typographical forms have remained the same. In genetics this is also evident. Gene
sequences (homeobox genes, for example) that contribute to the embryogenetic assembly
of heads and brains in flies have almost identical counterparts in humans, so much so
that inserting the human gene into mutated flies with the corresponding gene damaged
can partially restore normal fly head development. But notice, that it does not produce
human heads (as in a science fiction parallel). The cross-species sequence similarity
(and evolutionary common ancestry) is essential to this function, but the information is
interpreted in a fly context.
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In both the evolution of words and of genes, these units of pattern have been pre-
served over time because of the ways they contributed to the usefulness and replication
of the larger systems in which they were embedded. Replication has always been a
multilevel affair. It is not a function vested in a gene or in a word, or even in a com-
plex of genes or words, but in a dynamic system in which these are only one kind of
unit. It is only in certain unusual and degenerate cases, such as viruses or their com-
puter counterparts, that we can provisionally speak of the functional interpretation of
the pattern being self-replication itself, and then only because we recognize that even
this function is parasitic and depends on a short-circuiting of a more complex system’s
functional-interpretational organization. Viruses contain only self-referential replicative
information, only if considered without their host.

The selfish gene perspective views genes on the analogy of viral genes, ignoring their
implicit parasitism. The caricature of genes as agents competing to inhabit organisms
(and the parallel memetic version: “The haven all memes depend on reaching is the
human mind” [4: 207]) brackets out any consideration of the systemic origin of gene
(and meme) information, as well as its means of replication. This tacitly suggests that
the system in which a replicator is embedded can be treated as a passive vessel and the
information that constitutes the replicated unit can be understood independent of this
context. It assumes that gene/meme replicators are primary and primordial and that the
systems in which they are found are derived solely from their interactions.

Quite the opposite is true in both biologic and semiotic processes. These units actually
emerge out of the systemic relationships, crystallize out, so to speak, as regularities and
bottlenecks in the passage of information become entrenched in the course of these
systems’ evolution [see 5; Note 2].

Life did not begin with genes. Most biologists now believe that DNA probably came
into the process of evolution long after life began, as a more stable, more easily copiable,
and functionally compartmentalized molecular storage medium, with proteins and RNA
preceding. The sub-sequences along a DNA molecule that subsequently came to be
recruited as “genes” are in this sense artifacts that reflect prior regularities of higher-
order systemic molecular relationships comprised by different kinds of molecules than
DNA. True, once life adopted this sequestered form of molecular information storage
it changed the nature of the evolutionary process, but one should not make the mistake
of thinking that this makes genes more primary than the functional chunking of the
molecular systems to which they evolved to encode.

The same can be seen to occur with word change. Eliminative and deconstruc-
tive processes that simplify and subdivide what count as meaningful linguistic units,
and synthetic processes that lump formerly separate meaningful units into larger un-
analyzed wholes, are both at work in language change, driven by the social-discursive-
typographical-pragmatic chunking that determines their selective advantage with respect
to other alternatives (I won’t speculate on whether there could have been a protolanguage
before words, etc., that they replaced).

Genes and memes are not the locus of the replication process, nor are they somehow
the functional unit of information. They are replicas not replicators. They are rather more
like the concretion of information bottlenecks in a system. Like a computer operation
that mechanically manipulates patterned elements irrespective of their interpretation as



Memes as Signs in the Dynamic Logic of Semiosis 23

symbols and yet still produces outcomes that correspond to symbolic operations, the
advantage of replicas that capture the functional chunking of a larger system is that they
too can be operated on (e.g., mutated, recombined, and selected) irrespective of function
and yet have functional consequences when interpreted into a system [see Note 3].

Recognizing this computational parallel leads to an important redefinition of what
constitutes a meme. Once the meme concept is divested of virtual agency we find that it
is not an idea, nor some “unit of information residing in a brain” [see 4], nor “something
however intangible, ... passed on .. when we copy each other” [3: 52], it is not even
the information encoding some cultural function, it is merely a physical pattern. It is
something concrete, mostly outside of brains (though something like the instructions for
making it may be in a brain), that can be easily and unambiguously copied, precisely
because it is some tangible thing [see Note 4].

Genes and memes are the physical loci where the replicative and adaptational func-
tions intersect, but these loci do not “contain” the information that constitutes these two
functions any more than they determine their own replication. The information for both
functions is constituted by whatever relationship exists between the physical pattern of
the token and the system of processes in which each is embedded. This helps to resolve a
number of the problems determining what constitutes a meme. It is not insubstantial. It is
some artifact form or type. Its information content is not intrinsic. Itis a physical pattern
that can be both copied and mapped into the functional relationships of other systems.
It conveys information via replication of this pattern directly or by having the pattern
re-expressed (i.e., transcribed) in terms of features of some other higher-order system.
Its physical boundaries are also not intrinsic, but rather are a function of the interpretive
processes into which it gets recruited (as is the case for DNA sequence information, by
the way). Bounded interpretation may nevertheless be aided if the artifact in question
is itself physically bounded. Because this medium has its own physical and copying
characteristics, irrespective of its information content, there is an effect of these physical
constraints on the ways that the information it bears can evolve.

5 A New Synthesis: Replication in Semiosis

That returns us to the equation that started this critical evaluation. A meme is a sign:
some physical thing which, by virtue of some distinctive feature, can be recruited by an
interpretive process within a larger system as re-presenting something else, conveying
information into that system and reorganizing it with respect to that something else.
So what does the meme concept add to semiotic analyses? The answer is that it
could rescue semiotic from being a merely descriptive taxonomic enterprise by leading
the way to a theory of semiotic causality and of the generation of representational forms
and interpretive systems. The key to this derives from two prominent aspects of meme
theory that are not so clearly articulated by most semiotic analyses: (1) a focus on the
primacy of replication, or literally “re-presentation” for grounding (evolving) referen-
tial processes (functions); and (2) the recognition that re-presentational relationships
emerge from competitive/cooperative evolutionary processes which determine the form
and persistence of the interpretive systems in which they are embedded. Though in this
short essay I cannot hope even to outline such a theory [see Note 5], I will conclude with
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a few suggestive comments on the direction such an enterprise might take with respect
to these overlapping conceptual issues.

First, let’s consider the primacy of replication in semiosis. According to Peirce, “The
only way of directly communicating an idea is by means of an icon; and every indirect
method of communicating an idea must depend for its establishment upon the use of an
icon” [6: 2.278]. Another aspect of this same relationship can be grasped by noticing
that when you communicate an idea to someone else, the fact of its being communicated
and understood consists in its being replicated, or re-presented in the other so that there
is now a kind of implicit iconism between what is in your mind and in their mind. This
is also the essence of the meme concept.

Peirce intends to convey more than this, however, by suggesting that communicat-
ing via icons or by indirect reference to icons is how all communication is inevitably
grounded. This is because all other forms of reference are indirect and dependent on
reference to icons. This hierarchic relationship is critical, and is not fully spelled out
in meme theory nor is it agreed upon by semioticians. I give a superficial account of
it in my book The Symbolic Species [see 7: 69-101]. To summarize three chapters of
that book in a single sentence: indices are constituted by relationships among icons (and
are thus indirect re-presentations) and symbols are constituted by relationships among
indices (and are thus doubly indirect re-presentations). In other words, to interpret any
sign is ultimately to analyze it to its constituent iconic basis. So at this level of analysis,
mimesis can be seen as both the primary mode of information transmission and also the
ground of interpretation.

In evolutionary terms, these two relationships - replication of the significate pat-
tern and transcription of it into some other medium and with respect to some systemic
adaptation - also overlap when it comes to the explanation of evolved forms. Natural
selection favors the replication of genetically encoded information that in some way or
other internalizes critical features of the organism’s environmental context that affects
its replication (e.g., up-regulation of microbial enzyme production in response to the
increased concentration of a food substrate). Thus an adaptation is a kind of mapping
of internal organization to some relevant environmental feature: a representation of the
outside inside. The “goodness” of the representation of this external feature is thus prag-
matically assessed with respect to its effects on the probability of replication of the DNA
sequence patterns that helped generate it. In this way adaptation is defined with respect to
gene replication and vice versa, producing linked replications at two levels, but neither
makes sense without the other. Without any (even indirect) adaptation genes have no
information; without some substrate to embody and replicate the information implicit
in the adaptation there is nothing for it to be an adaptation for.

A parallel argument can be made for semiosis in general. The ultimate significance
of a sign is grounded in the consequences of the system of interpretive habits and dis-
positions it generates and is generated by (i.e., in the larger context of patterns of sign
usage of which it is a part). As in biology, then, the relative prevalence and probability
of a sign’s use will be a function of the correspondences between its significant conse-
quences and some relevant aspects of the larger context in which it is embedded. Peirce
himself appeared to recognize this in his later writings, hinting that pragmatism might
naturally follow from a universal evolutionary logic.
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Until now, classic semiotic theories have not had much to say about why certain
signs persist and others do not, or why certain semiotic systems evolved the forms they
now exhibit. Indeed they have been mostly synchronic and descriptive in their intent.
But if the evolutionary analogy is appropriate here, then we may be able to understand
fully the structure of semiotic systems and the types of sign relationships and interpre-
tive processes that constitute them only if we analyze them as products of competing
replicative processes: signs competing with signs. However, rather than competing for
space in human memory, signs must be understood as physical markers competing for
representation in the physical media of the semiotic systems that surround us. Their
incorporation into brains is not the measure of signs (memes) evolutionary “success,”
as though signs were parasites. Rather, like the interpretation of genetic sequence infor-
mation when it is transcribed into the machinery of the cell, a sign’s replication depends
upon its effect on what brains do, via the behavioral adaptations the signs promote. To
the extent that this behavioral or cognitive phenotype increases the probability that the
signs will be produced and used again, especially by others emulating similar functions
that also make use of them, they will be spread and stabilized in the semiotic corpus.

Semeotic theories since Peirce have distinguished between the replica and the func-
tional aspects of sign relationships. Specifically, Peirce recognized that one could restrict
analysis to consider only the physical qualities that serve as sign vehicles without ex-
plicit consideration of their relationships to their referent objects or interpretation (an
enterprise Charles Morris called Syntactics). Computation theory and mathematical in-
formation theory make use of this analytic compartmentalization. And it is to some
extent what meme theory attempts as well. However, in these cases it is tacitly assumed
that the items under study are already involved in interpretive processes and bear sig-
nificance to a larger system. Provisionally “forgetting” this antecedent assumption (as is
the case here) has often led theorists in all three domains to claim primacy of this lowest
level of analysis. So, for example, the idea that cognition is nothing but “computation”
- the rule-governed mechanical manipulation of markers according to their shapes - is a
parallel fallacy to the memetic fallacy [see Note 6].

Peirce also argued that one could analyze referential relationships without explicit
consideration of their relationships to the pragmatic consequences that are their ultimate
basis of interpretation (a realm Morris identified with Semantics). Though this hierarchic
analytic strategy is implicit in the biological analogy from which the meme concept is
drawn, it was obscured by the apparent autonomy of the replicator concept. But the
systemic embeddedness cannot be totally ignored, even if a coherent analysis of only
the “syntactic” aspect is possible. Both living processes and other semiotic processes
imbue the patterns of their constituents (genes or signs) with informative power by
virtue of their roles in a larger functional system. Something is only a sign (a meme, a
gene) when interpreted, and interpretation is ultimately a physical process involving the
production of additional significant patterns: replicating more signs (or “interpretants”
as Peirce called them). In other words, sign interpretation is ultimately mediated by sign
production (i.e., replication), as gene function (i.e., interpretation into an adaptation) is
ultimately assessed with respect to gene replication. As the biological parallel suggests,
this is basis for an evolution-like process that can lead to ever more complex systems of
interpretation (adaptation).
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6 Some Concluding Remarks

The power of recognizing that memes are signs is that it offers a bridge to help us recog-
nize that biological evolution and life in general are semiotic processes, and conversely
that semiotic processes are intrinsically dynamic physical evolutionary processes. Signs
evolve, and they have pragmatic consequences, by virtue of which they are selectively
favored to remain in circulation or become eliminated over time. It is by virtue of the
memetic analogy to genetic evolution that we may discover the dynamical logic still
required for a complete theory of semiosis, rather than merely a semiotic taxonomy.

Biology is a science concerned with function, information, adaptation, representa-
tion, and self-other relationships - semiotic relationships, not merely physical relation-
ships. Biologists tend to focus on the physical relationships among the information-
bearing units in living processes whereas semioticians tend to focus on the significate
relationships of the units of human communication, but ultimately these apparently
unrelated analyses in different domains are entirely complementary. Taking this corre-
spondence between biological information processes and social information processes
more seriously may provide some new insights into the dynamical logic by which rep-
resentational relationships form and evolve. I believe that this new synthesis will be the
crucible from which a general theory of semiosis will eventually emerge. The theory of
memetics is not the answer to a theory of social and psychological evolution, but reinter-
preted it may suggest some bridging concepts that can lead to a unifying methodology
for the semiotic sciences.

Acknowledgment. 1 thank Mary Keeler for editorial assistance in preparing the
manuscript for this paper.
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Notes

1. Such a theory would conceive language as an evolved biological phenomenon,
with its core architectonic logic conceived in evolutionary terms; then our con-
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ception of the relevant evolutionary processes may need to be considerably
broadened to deal with the complexities involved.

The key concept for understanding this logic is what I will call “masking.”
I am using this term to refer to shielding or protecting something from natural
selection. Selection is often viewed as a negative or subtractive factor in evo-
lution. This is explicit, for example, in Baldwin’s theory of evolution, and in
part motivates his theory as a means to introduce a “positive factor” (Baldwin,
1896). But this is an oversimplification. Selection is generated by any bias af-
fecting reproduction of genes or traits, positively or negatively. What links all
these multilevel co-evolutionary theories together is that they involve differen-
tial exposure to selection: either as something is shielded from natural selection
or else is unshielded and newly exposed to selection by virtue of some action
of the organism itself.

By unpacking the causal logic of the competing evolution theories and recog-
nizing the central role played by masking functions, and the way these distribute,
collect, and reorganize selection factors, we have begun to glimpse the gener-
ality of these processes, and how they may actually contribute to such complex
multilevel adaptations as language behavior. This can liberate us from the ten-
dency to think in terms of single evolutionary causes and simple accounts of
adaptive structures. It also creates a biological context within which to begin to
consider the contributory roles of systemic self-organizing processes, without
succumbing to the tendency to attribute Lamarckian functions to them, or in
any way envisioning that they undermine the constraints and logic of natural se-
lection. Natural selection is simply far more complex than is often appreciated.
But it would be a mistake to imagine that we could reduce the logic of these
processes to nothing but natural selection. The very topology of the process
is fundamentally altered in this case. The simple feed-forward of phenotypic
effects on reproductive success has become embedded in another feed-forward
loop in which other features of the phenotypic effect come to be amplified and to
play a significant role in the direction that evolutionary change takes. This kind
of directional-biasing effect (although it does not imply that evolution is “di-
rected” in any vague intentional sense) cannot be addressed by natural selection
theory itself.

Approaching evolutionary processes in a way that respects the complexity
and self-organizing character of the substrates in which they occur can offer
hints of a higher-order logic concerning nested levels of evolutionary processes
within evolutionary processes. In the language evolution example, we can be-
gin to see the essential interplay that must exist between self-organizing and
selection processes that constitutes evolution. Not only must we recognize that
evolutionary processes include self-organizing processes, but also that they may
include nested levels of other evolutionary dynamics. To understand the details
of language origins (including both the origins of biological language adapta-
tions and the origins of linguistic structures) we need to understand how one
evolutionary dynamic can emerge from another, i.e., how linguistic evolution
can emerge from molecular evolution, and how this can feed back to alter the
very nature of the antecedent process.

27
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Language evolution was shown to be analogous to niche construction in some
regards. Niche construction introduces a complicated compound interest effect
into evolution in which products of behavioral intervention in the environment
can feed forward to become selection pressures in future generations. What
we might call the “linguistic environment” is a “niche” that is both a complex
behavioral habit shared by a population of humans and yet also a set of highly
specific cognitive constraints that places special demands on neural functioning.
Though created by human activity the constraints that define it are not derived
from human brains, but have emergent features derived from the demands of
inter-individual communication and the demands of symbolic reference itself.
These niche-like effects have likely shaped human brain evolution as much or
more than any ecological demands in the past 2 million years.

In many ways, then, the niche construction model is far too narrowly con-
ceived to capture the sort of phenotypic feed-forward effects that language
entails. This analogy needs to be extended to include the special dynamism
of linguistic evolution if it is to model brain-language coevolution accurately.
Language and symbolic culture are not merely extrinsic inanimate products of
human evolution. They are emergent, parasitic (or rather symbiotic), evolution-
ary processes whose independent dynamics (driven in part by semiotic factors
never before relevant to biological evolution) have essentially become the tail
that wagged the dog. These semiotic processes are active evolving systems that
have their own self-organizing principles and evolutionary dynamics. These
have been imposed on human evolutionary biology from the top down produc-
ing a totally unprecedented evolutionary dynamic. This evolutionary dynamic
linking genes, brains, and symbolic culture is, in effect, a third-order evolution-
ary process. Itis alevel above Baldwinian or niche construction processes, both
of which may be recruited in its service. In it, complex feed-forward effects
predominate, amplifying their influence through an independent selection loop,
making human bio-cultural evolution far more convoluted and unpredictable
than anything biology has previously produced. There is, literally, no telling
where it will lead! [For more detail, see refs. 5 and 8]

2. The explosion of interest in emergentism (“something more from nothing
but”) among both natural scientists and philosophers has not surprisingly gen-
erated considerable ambiguity in what is meant by the term emergence. I offer
an inventory of emergent phenomena in the natural world, proposing that emer-
gence takes three forms.

First-Order Emergence: Properties emerge as a consequence of shape inter-
actions. Example: The interaction of water molecules (nothing but) generates a
new property, surface tension (something more).

Second-Order Emergence: Properties emerge as a consequence of shape in-
teractions played out over time, where what happens next is highly influenced
by what has happened before. Example: The formation of a snowflake, where
initial and boundary conditions become amplified in effect over time. In general,
complex or “self-organizing” systems display second-order emergence.

Third-Order Emergence: Properties emerge as a consequence of shape, time,
and “remembering how to do it.” Example: Biology, where genetic and epige-
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netic instructions place constraints on second-order systems and thereby specify
particular outcomes called biological traits. These traits then become substrates
for natural selection by virtue of the fact that 1) their instructions are encoded
and 2) they endow organisms with adaptive properties.

3. Though the special demands of communicating with symbols are in one sense
abstract and formal, human neural biology has been made sensitive to them
for the simple reason when these requirements are respected and embodied in
culture they can produce incredible changes in the physical conditions of life
and reproduction. This view of language evolution can be seen as a natural
extension of developmental systems theory, but it is much more than this. It is
no more than a glimpse into a much larger domain that has yet to be exposed:
evolutionary semiotics. Until a more principled analysis of the logic of these
sorts of processes is understood, we will remain in a prescientific phase of
cognitive and social science, and lack a considerable part of the story of human
brain evolution.

4. A vaguely similar reversal of Dawkins’ view that memes are ideas and their
external exemplars are something like the phenotype is presented by W. Ben-
zon in his article “Culture as an evolutionary arena” (Journal of Social and
Evolutionary Systems, Vol. 19, p. 321-362), though his justification of this is
somewhat different.

5. Language, for example, didn’t just evolve in the standard sense of that term.
Language is an “emergent” biological phenomenon in ways unlike almost any
other biological product [see ref. 7]. Many biologists have been forced to con-
clude, as I have, that language is as unprecedented in biology as was the very
origins of the molecular genetic code. Imagining that explaining it would not re-
quire significant augmentation of existing evolutionary theory is, in my opinion,
naive. Attempting to understand its emergent character by reducing it to a mere
change in anatomy, an increase in intelligence, or a special case of computation
inevitably obfuscates this central emergent nature. Because of this special status
among evolved phenomena, the mystery of language forces us to explain it on
different terms than say the evolution of upright posture or color vision. It is a
problem analogous to explaining the evolution of an evolutionary process.
There are three additional considerations that I believe are indispensable to
devising an adequate evolutionary approach to this mystery: (1) an appreciation
of the role of self-organizing dynamics in the production of the complex sys-
tematicity recognized in language structures; (2) an evolutionary analysis that
takes into account the multilevel interactions between biological evolutionary
processes and non-biological linguistic evolutionary processes; and (3) an anal-
ysis of the semiotic infrastructure of language that is sufficient to articulate its
ultimate functional constraints. Ultimately, the emergence of language offers a
puzzle that requires us to rethink the concept of evolution itself in many sig-
nificant ways, and demonstrates that it is intimately linked with processes of
self-organization and semiosis [see 8]. One of the most important elements of
this is the emergence of a new level of evolutionary dynamic out of biological
evolution. With the emergence of language a second-order level of evolutionary
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process begins at the level of symbols themselves: linguistic evolution. This
changes everything.

6. This is, of course, a bald statement with enormous implications that I cannot
unfold here, but do deal with in depth in two upcoming books: Homunculus:
How Brains make Experience and Golem: Making Things Think.



Graphics and Languages
for the Flexible Modular Framework

John F. Sowa

Abstract. Every communication has syntax, semantics, and pragmatics. For
computer communications, software designers have addressed syntax explicitly
while leaving semantics and pragmatics implicit in their programs. But as
software becomes more complex, the range of meanings (semantics) and
purposes (pragmatics) grows without bounds. The failure to address purpose
and meaning explicitly has led to different languages and GUIs for every
conceivable purpose. By making meaning and purpose explicit, the designers
can relate the bewildering variety of notations to a single semantic form: logic.
Internal representations for logic can be any notation that is convenient for
computer processing. External representations can be any form that people find
convenient: graphics tailored for the applications, controlled versions of
whatever natural languages the users speak, or any programming notations the
developers happen to prefer. The unifying principle is the common logical form
for both internal and external communications. To show how this principle can
be implemented, this paper addresses the graphic and language interfaces for
the Flexible Modular Framework (FMF) and their use in a semantically
integrated development environment.

1 A Framework for Communication

The Flexible Modular Framework, as described by Sowa (2002), is an architecture for
communication among interacting agents, which may be physical devices, computer
programs, or human beings using any auditory, visual, or tactile interfaces.
Computationally, the modules of an FMF may be specialized for any purpose
whatever. Physically, they may be collected in a single box or be scattered anywhere
across the Internet. Any module might have its own FMF nested within itself, and the
nested modules could also be localized or distributed. The number of modules in an
FMF may be growing and changing dynamically, and they may be accessed directly
by a unique identifier or associatively according to the functions they perform. The
communication protocol that relates the modules of an FMF emphasizes semantics
and pragmatics, while allowing individual modules to use any syntax that may be
appropriate for an application. This paper addresses the question of how a common
logic-based protocol can support an open-ended range of human interfaces externally
and computational notations internally.

The semantics of any computer program, including any module of the FMF, can
be expressed in logic. Internally, the logic may be represented in any suitable
notation, of which the most general and flexible is conceptual graphs (CGs). The
human interface relates the logic to one of three forms:

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 31-51, 2004.
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¢ Controlled natural languages, which are formally defined subsets of
whatever natural language the user prefers. Examples in this paper are stated in
Common Logic Controlled English (CLCE), but any other controlled NL that
can be translated to and from logic may be used.

¢ Application-oriented diagrams, whose semantics is defined by the logic. If
the users are software developers, the diagrams may be expressed in the
Unified Modeling Language (UML), but there is no limit to the number or
kinds of diagrams that may be used.

e Multimedia resources, which may be partly described in logic, but which
cannot be fully represented in any symbolic notation. Examples include
photographs, sounds, movies, and tactile simulations of three-dimensional
structures.

Programmers who are familiar with computer-oriented languages and notations
can use them when appropriate, but it is difficult for programmers to be fluent in
multiple programming languages. For communications outside their core competency,
even software professionals can use graphics and controlled NLs. By itself, pure first-
order logic (FOL) can be used for only one purpose: to assert propositions. But
Peirce (1904) observed that propositions can be used for many purposes other than
making assertions:

A proposition, as I have just intimated, is not to be understood as the
lingual expression of a judgment. It is, on the contrary, that sign of
which the judgment is one replica and the lingual expression another.
But a judgment is distinctly more than the mere mental replica of a
proposition. It not merely expresses the proposition, but it goes further
and accepts it.... One and the same proposition may be affirmed, denied,
judged, doubted, inwardly inquired into, put as a question, wished,
asked for, effectively commanded, taught, or merely expressed, and
does not thereby become a different proposition. (EP 2.311-312)

In natural languages, the purpose of a proposition can be expressed in several
ways: sometimes by syntax, as in questions and commands; sometimes by the
context of a message, a conversation, or an extended discourse; and sometimes by a
complex statement with multiple nested statements. As an example, the sentence Tom
believes that Mary wants to marry a sailor, contains three clauses, whose nesting may
be marked by brackets:

Tom believes that [Mary wants [to marry a sailor]].

The outer clause asserts that Tom has a belief, which is expressed by the object of
the verb believe. Tom’s belief is that Mary wants a situation described by the nested
infinitive, whose subject is the same person who wants the situation. Each clause
states the purpose of the clause or clauses nested in it.

For logic to express the semantics and pragmatics of an English sentence, it must
have an equivalent structure. The nested structure of the logic is shown explicitly in
Figure 1, which is a conceptual graph for the sentence about Tom’s belief. The large
boxes, which contain nested CGs, are called contexts. The labels on those boxes
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indicate how the contexts are interpreted: what Tom believes is a proposition stated
by the CG nested in the context of type Proposition; what Mary wants is a
situation described by the proposition stated by the CG nested in the context of type
Situation. The relations of type (Expr) show that Tom and Mary are the
experiencers of states of believing or wanting, and the relations of type (Thme) link
those states to the contexts that express their themes. The two relations attached to
[Person: Mary] indicate that Mary is the experiencer of [Want] in one context
and the agent (Agnt) of [Marry] in another context.

Person: Tom Believe @

Proposition:

Person: Mary Want @
@ Marry Sailor

Situation:
Fig. 1. A conceptual graph with nested contexts

When a CG is in the outermost context or when it is nested in a context of type
Proposition, it states a proposition. When a CG is nested in a context of type
Situation, the stated proposition describes the situation. When a context is
translated to predicate calculus, the result depends on the type of context. In the
following translation, the first line represents the subgraph outside the nested
contexts, the second line represents the subgraph for Tom’s belief, and the third line
represents the subgraph for Mary’s desire:

(Fa:Person) (db:Believe) (name(a, 'Tom') A expr{a,b) A thme(b,
(3c:Want) (Id:Situation) (person(Mary) A expr(c,Mary)
A thme(c,d) A dscr(d,
(de:Marry) (df:Sailor) (agnt(e,Mary) ?A thme(e,f))))))

For the subgraph nested inside the context of type Situation, the description
predicate dscr relates the situation d to the proposition expressed by the subgraph.

Each context of a CG or its translation to predicate calculus is limited in
expressive power to pure first-order logic, but a proposition expressed in any context
can make a metalevel assertion about the purpose or use of any nested proposition. To
represent the model-theoretic semantics for a hierarchy of nested metalevels, Sowa
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(2003) developed nested graph models (NGMs), which support a first-order style of
model theory for each level and a first-order style of interconnections between levels.
A hierarchy of metalevels with the NGM semantics can express the equivalent of a
wide range of modal, temporal, and intentional logics. Equivalent hierarchies can also
be expressed in controlled NLs by translating the syntactic structure of a complex
sentence or discourse to the contexts of CGs or their equivalents in predicate calculus.
During the twentieth century, Peirce’s observations about the various uses and
purposes of propositions were independently rediscovered and elaborated by various
philosophers and linguists. Each version focused on a different aspect of language
use:
¢ Language games. Wittgenstein (1953) applied the term language game to a
systematic way of using the vocabulary and syntax of a natural language to
enable two or more people to collaborate or compete in a particular activity.
Using the analogy of a chess game, he compared words to chess pieces,
utterances to moves in the game, and purpose or pragmatics to the ultimate
goal of winning the game. As examples, Wittgenstein gave more detail than
Peirce:
Giving orders, and obeying them; describing the appearance of
an object, or giving its measurements; constructing an object
from a description (a drawing); reporting an event; speculating
about an event; forming and testing a hypothesis; presenting
the results of an experiment in tables and diagrams; making up
a story, and reading it; play acting; singing catches; guessing
riddles; making ajoke, telling it; solving a problem in practical
arithmetic; translating from one language into another; asking,
thanking, cursing, greeting, praying.

e Speech acts. Austin (1962) developed a classification of speech acts as
ways of using sentences in natural languages. The traditional three uses -
declarative, interrogative, and imperative - are typically marked by syntax,
but they can also be indicated by the verbs tell, ask, and command followed
by a nested clause that states some proposition. Austin analyzed dozens of
verbs, which he classified in five major categories: verdictives for passing
judgment; exercitives for exercising authority; commissives for making
commitments; behabitives for social behavior; and expositives for expository
structure.

¢ Discourse analysis. Linguists have analyzed the structure of discourse in
terms of anaphoric references, temporal sequence, argument structure, context,
focus, and overall cohesion (Halliday and Hasan 1976). Of the various
approaches, Rhetorical Structure Theory (Mann and Thompson 1987) has a
high overlap with Austin’s categories of speech acts, and it emphasizes
the relationships among speech acts in the structure of the entire
discourse.

These developments were not completely independent, since Wittgenstein had
some acquaintance with Peirce’s work (Nubiola 1996), Austin was familiar with
Wittgenstein’s work, and most linguists doing research on discourse analysis were
familiar with Austin’s work; but the connections among them have seldom been
emphasized. When each approach is viewed as an aspect of the social processes
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underlying communication of any kind, they clarify and reinforce one another.
Language games provide the structure that determines the purpose, the relevant
topics, the appropriate speech acts, and the expected sequence for expressing them
within the discourse.

In the FMF, any community of interacting agents can be viewed as the participants
in a language game that motivates the interactions, both logical and physical, and the
associated speech acts. For communications among the agents, McCarthy (1989)
proposed a language called Elephant, which uses logic as the metalanguage for stating
speech acts and as the object language for stating the propositional contents. The FMF
incorporates a version of Elephant, in which the logic may be expressed in any
suitable notation: controlled natural languages for communication with humans and
any machine-oriented notation that may be appropriate for software agents. Graphics
may also be used to supplement the logic for presenting relationships that are easier to
show than to describe.

Section 2 of this paper surveys various notations for logic and their expression
in controlled NLs. Section 3 presents a more detailed example of CLCE and ist
use in describing a three-dimensional structure and its mapping to and from a
relational database. Section 4 discusses tools and methods for integrating
language and graphics. Section 5 discusses the use of logic and controlled NLs in
a semantically integrated development environment. The concluding Section 6
shows how techniques for processing unrestricted natural languages can be used to
detect and correct errors in controlled NLs and to help authors stay within the
restrictions.

Supreme genus: Su bstance\
Dhfferentiae: material immaterial

'\ \ N
Subordinate genera: Body Spirit
Differentiae: animate inanimate
Subordinate genera: Living Mineral
Differentiae: sensitive insensitive

\ \
Proximate genera: Animal Plant
Differentiae: rational irrational

\ \
Species: Human Beast
Individuals: Socrates Plato Aristotle etc.

Fig. 2. Tree of Porphyry by Peter of Spain (1239)
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2 Notations for Logic

For over two thousand years, controlled natural languages, supplemented with
diagrams such as the Tree of Porphyry (Figure 2), were the only notations used for
formal logic. In the late 19th century, the new mathematical notations for logic
supported great technical advances. Unfortunately, they transformed logic from an
introductory subject taught to every college freshman to an esoteric specialization
known to an insignificant fraction of university graduates. With the development of
computer science in the 20th century, syntax became a solved problem; the focus of
research shifted to ontology and related semantic issues. Formal notations are still
valuable for research, but for the practical problems of reading and writing knowledge
representations, there is no reason why people should be forced to use notations
designed for computer processing.

For his syllogisms, the first version of formal logic, Aristotle defined a highly
stylized form of Greek, which became the world’s first controlled natural language. In
describing the relationships between Aristotle’s logic and ontology, the philosopher
Porphyry drew the first known hierarchy of categories. The version shown in Figure 2
was used in the middle ages to illustrate categories and their relationships to
the syllogistic patterns, which were expressed in controlled Latin. Figure 3 shows the
four types of propositions used in syllogisms and the sentence patterns that express
them.

Type | Name ‘: Pattern -
A Universal affirmative | Every body is a material substance.
1| Particular affirmative | Some body is animate.
2 Universal negative | No mineral is animate. -
(8] Particular negative Some body is not animate.

Fig. 3. The four sentence patterns used in syllogisms

The sentence of type A indicates that a category such as Body is distinguished by
the differentia material from its genus Substance. Sentences of types I, E, or O state
implications or constraints on the hierarchy. The differentiae are the features or
properties that distinguish a category from its supertypes, subtypes, or siblings. The
hierarchy of types and subtypes of categories can be defined with the verb is.
Differentiae and other properties can be expressed with any verb phrase, as in the
following sentences:

Every human has two parents.
Every animal X can move some part of the body of X.
Every cat eats some food that is derived from an animal.

Although these sentence patterns may look like English, they are limited to a
highly constrained syntax and semantics: each sentence has a fixed quantifier pattern,
at most one negation, and a predicate that is true or false of the individuals indicated
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by the subject. This subset of English is sufficient to support the description logics,
such as the Web Ontology Language (OWL), whose logical foundation is based on
Aristotle’s syllogisms. Every category or class of entities can be defined by one or
more sentences of type A. Inheritance of properties from a type to an individual is
determined by syllogisms of the following form:

Every human has two parents.
Socrates is a human.
Therefore, Socrates has two parents.

Other patterns determine inheritance from a supertype to a subtype, and
syllogisms with negations (type E or O sentences) can check for inconsistencies.
These sentence patterns can be mapped to specifications in many versions of logic.
Following is the OWL representation for “Every human has two

parents’:

<owl:Class rdf:about="#Human">
<rdfs:subClassOf><owl:Restriction>
<owl:cardinality rdf:datatype="&xsd;nonNegativeInteger">2
</owl:cardinality>
<owl:onProperty rdf:resource="#Parent"/>
</owl:Restriction></rdfs:subClassOf></owl:Class>

Another subset of logic is expressed by the Entity-Relationship diagrams, which
are widely used in database design and software specifications. Figure 4 shows an E-

R diagram that relates four entity types: Student, Department,

Course, and Section. The entities are represented by boxes, and the relations
by diamonds. Each path of box-diamond-box can be expressed by a pair of controlled
English sentences, one for each direction of reading the path. The lower right corner
of Figure 4, for example, may be expressed by the following two sentences:

Every section presents exactly one course.
Every course is taught in one or more sections.

As this example shows, the readings for the two directions may use different
words, which need not occur inside the diamond node. However, the mapping from
those words to the name of the relation must be specified by declaration statements
for the chosen vocabulary. Those words are used in variants of type A sentences in
which the second quantifier specifies a number or a range of numbers, such as
exactly one or at least 3 and no more than 7.

The Unified Modeling Language (UML) includes type hierarchies similar to
Figure 2, E-R diagrams similar to Figure 3, and several other kinds of diagrams used
for software specifications. All UML diagrams can be expressed by controlled NL
sentences that map to some subset of first-order logic (FOL). As an example, the
UML activity diagrams, which are variants of Petri nets, can be expressed by the
Horn-clause subset of FOL. Each activity or Petri-net transition can be specified by an
i £ - then statement in which the i f£-part is a conjunction of preconditions, and

the then-part specifies the activity and its postconditions:
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If a copy of a book is checked out,
the copy is returned,
and a staff-member is available,
then the staff-member checks in the copy,
the copy is available,
and the staff-member is available.

Department

Course

Section

Fig. 4. E-R diagram for students, departments, courses, and sections

The three clauses of the if-part specify three preconditions. The clause

immediately after the word t hen includes a verb that names the activity (check-in)
and two noun phrases that identify its participants (the staff member and the copy).
The final two clauses are the postconditions. Further details about the check-in
activity could be specified by another activity diagram, Petri net, or paragraph of
controlled English sentences. Sentences of this form are translated to executable form
by the ACE system (Fuchs et al. 1999, Schwitter 1998). More recently, Fuchs,
Schwitter, and others have extended the English syntax they support and the
expressive power of the logic they generate.

All the controlled English examples in this paper can be expressed in Common
Logic Controlled English (Sowa 2004). The CLCE translator maps CLCE to an
internal representation in conceptual graphs, which it can then map to several
notations for first-order logic: predicate calculus, Conceptual Graph Interchange
Format (CGIF), and Knowledge Interchange Format (KIF). Following is the CGIF

representation of the previous i f-then sentence:
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[If: (Copy [Copy: *x] [Book]) (CheckedOut ?x)
(Returned ?x) (Available [StaffMember: *z])
[Then: (CheckIn ?z ?x) (Available ?x) (Available ?z)] ]

And following is the corresponding KIF statement:

(forall ((?x Copy) (?y Book) (?z StaffMember))
(=> (Copy ?x ?y) (CheckedOut ?x) (Returned ?x) (Available ?vy)
(and (Checkin ?z ?x) (Available ?x) (Available ?vy))))

CLCE, KIF, and CGIF can represent the full range of operators and quantifiers of
first-order logic. By using FOL as the metalanguage, CLCE, KIF, and CGIF can be
used to define and express extensions to FOL that can support versions of modal logic
and higher-order logic. Gerbé and his colleagues (1998, 2000) used conceptual graphs
as a metalanguage for software specifications, which are automatically translated to
versions of controlled English and controlled French. Martin (2002, 2003)
implemented a translator that maps controlled English to several notations, including
UML, RDF, OWL, CGIF, and KIF.

3 Declaring the Syntax and Semantics of Words

Some examples in CLCE can be used to illustrate the mappings from controlled NLs
to logic and related notations. Figure 5 shows two structures of blocks and pyramids
and their representation in database tables named Objects and Supports.
The first step is to declare the syntax of the words used in CLCE and relate them to
the two database tables. Then CLCE descriptions of the structures can be
automatically translated to logic, SQL, UML, or other notations.

Objects Supports
D ID Shape Color Supporter | Supportee

'B\ g A pyramid red A D

Al /C B pyramid green B D

c pyramid yellow c D

D black blue D E

—’ E pyramid orange F G

“ F block blue H G
G block orange
H bleck blue

Fig. 5. Two structures represented in a relational database

For this example, CLCE nouns can be mapped to selections from the database
tables, and CLCE names can be mapped to data in the tables themselves. In the
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following declaration, the syntax of each word is specified by its part of speech (e.g.,
noun or functional noun) and by a pattern for words that require more than one
argument (e.g., x1 shape of x2). The semantics of each word is specified by the
name of a predicate or relation that represents it in FOL and by an SQL query that
maps the FOL relations to some selection from the database.

Declare object as noun
from SQL ("SELECT ID FROM OBJECTS"),
shape as functional noun (x1 shape of x2)
from SQL("SELECT SHAPE, ID FROM OBJECTS"),
color as functional noun (x1 color of x2)
from SQL ("SELECT COLOR, ID FROM OBJECTS"),
supporter as noun (x1 supporter of x2)
with relation (support)
from SQL(*SELECT * FROM SUPPORTS"),
supportee as noun (x2 supportee of x1)
with relation (support);

The first line of the declaration states that the CLCE word obj ect is a noun. Its

default relation obj ect is monadic when no variables are stated in the pattern, and
the data that defines the relation is obtained from the SQL statement enclosed in
parentheses. That statement extracts the 10 column from the table named oBJECTS to
define object (x) . The next four lines define the words shape and color as
functional nouns represented by dyadic relations, each of which corresponds to two
columns of the oBJECTS table. The fifth line defines supporter as a relational noun,
whose relation named support contains the complete data from the database table
named supporTs. The last line defines supportee as a relational noun with the
same support relation, but with the arguments reversed.

The next declaration specifies all the entries in the database tables as CLCE
names. In FOL, it is represented an existential quantifier for each name. Unlike
variables, whose scope is limited to a single sentence, names have the entire text as
scope.

Declare pyramid, block as name of shape,
red, green, yellow, blue, orange as name of color,
A, B, C, D, E, F, G, H as name of object.

After the nouns and names have been declared, the top structure shown in Figure 5
can be described by the following CLCE sentences. To illustrate the various stylistic
options in CLCE, each object is described with a different stylistic convention.

The shape of A is pyramid; the color of A is red;
A is a supporter of D.

Pyramid is the shape of B; green is the color of B;
a supporter of D is B.

C has pyramid as shape; C has yellow as color;
D is a supportee of C.
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D is an object that has block as shape;
the object D has blue as color;
a supporter of the supportee E is the supporter D.

The shape of E is pyramid, and the color of E is orange.

Different stylistic choices in CLCE may lead to different representations in FOL,
but they are all logically equivalent. Much of the variation is reduced or eliminated in
the translation from CLCE to FOL, and the FOL rules of inference can be used to
determine the equivalence of any remaining variability. The CLCE translator would
map the above sentences to ground-level assertions in any notation for FOL, and the
tools that map to SQL would generate database updates.

The declaration statements above defined nouns and names that were sufficient to
describe the two structures of blocks and pyramids; no verbs, adjectives, or
prepositions are needed. However, a logically equivalent description could be stated
by representing the database table Suppoxrt s by the English verb suppozrt .
The following declaration defines that verb with two patterns for expressing relations
in either active voice or passive voice:

Declare support as verb (instrument supports theme)
{theme is supported by instrument)
from SQL("SELECT * FROM SUPPORTS"):

In the active pattern, the role instrument (Inst), which comes before

the verb, occurs in subject position, and the role theme (Thme ) , which comes
after the verb, occurs in object position. In the passive pattern, those two positions are
reversed: the theme is the subject, and the instrument is the object of the preposition

by. Those two roles are used in the role representation for verbs; the presence of two
roles in the declaration indicates that the relation is dyadic. The SQL statement
indicates the source of the data; it may be omitted if the relation
support (x1,x2) has already been specified by an earlier declaration.

With the verb supports many propositions, such as A supports B,
can be stated more simply than with the nouns supporter and supportee.
But for some propositions, the nouns can be used to simplify the statements:

For every object x that has orange as color,
every supporter of x has block as shape.

For every object x that has orange as color,
every object that supports x has block as shape.

Instead of using the word block as the name of a shape and orange as the
name of a color, it may be more convenient to declare b1ock as a special kind of

object and to declare orange as an adjective. Those declarations would require

more complex SQL statements to define the monadic predicates that correspond to the
noun and the adjective:
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Declare block as noun
from SQL("SELECT ID FROM OBJECTS
WHERE SHAPE='block'"),
orange as adjective
from SQL("SELECT ID FROM OBJECTS
WHERE COLOR='orange'").

With these declarations, the previous statements become

For every orange object X,
every supporter of x is a block.

For every orange object X,
every object that supports x is a block.

The current version of CLCE prohibits universally quantified noun phrases from
being used as the object of a preposition. Without that restriction, the previous
statement could be simplified further:

Every supporter of every orange object is a block.

These examples show how CLCE can be related to a relational database by means
of the keyword SQL in the declarations. The SQL syntax is not recognized by the
CLCE translator, which merely passes the quoted SQL statement to an interface
program that links CLCE to the database. Other keywords, such as UML or URI,
could be used to link CLCE to data from UML definitions or from resources located
anywhere on the Internet.

4 Relating Language and Graphics

A picture may be worth a thousand words, but a few words can often explain a
thousand pictures. Silent movies used text to explain the action, and as soon as sound
became available, the silent movies became obsolete. Language and graphics are both
important, and good tools are needed to integrate them. The central requirement for
integration is a common logical representation, but a wide range of tools are needed to
relate language and graphics, translate them to and from logic automatically, and help
analyze informal versions of natural language and graphics.

Translating informal graphics to logic is as difficult as translating unrestricted
natural language to logic, but it is much easier to translate logic or a controlled NL to
graphics. Cyre and his students (1994, 1997, 2001) have developed tools and
techniques for analyzing both the language and the diagrams of patent applications
and translating them (semiautomatically) to conceptual graphs. They also designed a
scripting language for automatically translating CGs to circuit diagrams, block
diagrams, and other graphic depictions. Their tools can also translate CGs to VHDL, a
hardware design language used to specify very high-speed integrated circuits
(VHSIC). To add comments to the VHDL specifications, they developed the
Controlled English Commenter (CEC) for helping human designers write controlled
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English and stay within its restrictions. After writing a few comments and being
corrected and guided by the CEC, the users quickly learned to adapt to the CE
restrictions and stay within its limited syntax and vocabulary.

For Cyre’s constructions, one kind of graph is translated to another: some
concepts of a CG map to icons; other concepts specify modifiers that may change the
size, shape, color, or other properties of the icons; and relations specify various
connections among the icons and their properties. Three-dimensional scenes allow a
greater range of variability, which require a considerable amount of background
knowledge for determining how objects are related. The WordsEye system (Coyne &
Sprout 2001) analyzes descriptions stated in controlled English, translates them to a
logical form, constructs a 3D scene containing the objects mentioned, and maps the
scene to a 2D display. Following is the description from which WordsEye generated a
scene and displayed it:

John uses the crossbow. He rides the horse by the
store. The store is under the large willow. The small
allosaurus is in front of the horse. The dinosaur
faces John. A gigantic teacup is in front of the
store. The gigantic mushroom is in the teacup. The
castle is to the right of the store.

For each object mentioned, WordsEye has a default representation. Adjectives
such as small, large, and gigantic modify the representations, and verbs such as uses
and rides relate the objects and adapt their representations appropriately. As the
authors admit, WordsEye will not replace other methods for creating scenes, but even
in its current form, it is a quick way of setting up a scene that can be refined by other
graphics tools.

For software development, many visual tools allow programmers to generate
applications by drawing lines between predefined modules. But a combination of
graphics and controlled NL can be used to design, specify, and implement every
aspect of a system at any level of detail. Petri nets are one of the most general
graphics tools, and they have been used successfully to design and implement
complex network applications with distributed interactions among multiple agents.
Yet every link and node of a Petri net can be specified in the Horn-clause subset of
FOL, and every Horn-clause can be written as an if-then sentence in controlled
English, as illustrated in Section 2. A combination of Petri nets with controlled NLs
can provide a complete programming language. Programmers should have the option
of using conventional programming languages, but they could also create or modify
modules by graphic manipulation or by statements in a controlled NL, and the system
could respond by explaining any node or link by a comment in the same NL. Any
declarations or details that cannot be shown graphically can be stated in a controlled
NL.

Under the name of activity diagrams, Petri nets are one of the diagrams used in the
Unified Modeling Language. The UML diagrams specify information at one of four
metalevels: the metametalanguage defines the syntax and semantics of the UML
diagrams; the metalanguage defines the general-purpose UML types; a systems
analyst defines application types as instances of the UML types; finally, the working
data of an application program consists of instances of the application types. To
provide a unified view of all these levels, Gerbé and his colleagues (1998)
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implemented design tools that use conceptual graphs as the representation language at
every level. For his PhD dissertation, Gerbé (2000) developed an ontology for using
CGs as the metametalanguage for defining CGs themselves. He also applied it to
other notations, including the UML diagrams and the Common KADS system for
designing expert systems. Using that theory, Gerbé and his colleagues developed the
Method Repository System as an authoring environment for editing, storing, and
displaying descriptions of business rules and processes. Internally, the knowledge
base is stored in conceptual graphs, but externally, the graphs can be translated to web
pages in either English or French. About 200 business processes were modeled in a
total of 80,000 CGs.

5 Semantically Integrated Development Environment

A smooth migration path is essential to ease the introduction of any new technology.
Many excellent languages and tools have languished because they made an abrupt
break with the past without supporting a period of peaceful coexistence of old and
new. The Flexible Modular Framework is designed to support coexistence by
providing “wrappers” that enable existing hardware and software modules to
participate as first-class citizens in an FMF. The transition to a logic-based technology
requires similar support for human users and developers who never studied logic.
Fortunately, every human speaks a natural language, and the syntax and semantics of
every NL contains a subset of first-order logic. Furthermore, many technologies that
are familiar to programmers and systems analysts are also based on subsets of FOL:
UML diagrams for software specifications, the SQL database language, the Express
language for manufacturing specifications, the RDF and OWL languages for the
semantic web, and many specialized notations for metadata and metalanguage
specifications. All these languages and notations can be translated to and from logic
for computer processing and controlled NLs for human consumption.

Widespread acceptance of any new language or interface occurs when the total
effort for application design, development, and deployment is significantly reduced in
comparison to more familiar methods. Over the past thirty years, many natural-
language query systems (which could more accurately be called controlled NL
systems) were developed, and they were generally much easier to use than SQL. The
major stumbling block that has prevented them from becoming commercially
successful is the amount of effort required to define the vocabulary terms and map
them to the appropriate database fields. If that effort is added on top of the application
design and development, acceptance will be slow. If it requires trained linguists or
even people who remember their high-school grammar lessons, acceptance will be
nearly impossible.

For controlled NLs to be successful, the tools for building applications based on
them must be easy to use by current software developers, and they must accommodate
legacy applications based on older technologies. One way to achieve that goal is to
give the developers an interface that is as easy to use as the ones they design for their
own users. Such an interface should be supported by the following kinds of tools and
resources:
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1. Dictionaries. The kinds of syntactic declarations illustrated in Sections 2
and 3 should be derived from predefined dictionaries and terminologies. For

specialized terms, such as staf f -membexr, the tools could suggest the

syntactic features of membexr, and let the developer accept them or modify
them as needed.

2. Starting ontologies. Despite the many ontology projects that have been
active during the past decade, no standardized ontologies exist, and no
universally accepted ones are likely to appear any time soon. Furthermore,
totally new ontologies are guaranteed to be incompatible with legacy
applications. For a long time to come, ontologies will have to evolve from
the current mix of vocabularies, terminologies, and libraries of ad hoc
piecemeal solutions. New tools must be able to use and build upon the older
resources.

3. Mappings to existing tools. New tools must coexist with old tools. One
approach is to design new ones as plug-ins that supplement the tools
designed for older notations with a more readable alternative. One example
would be to supplement the popular UML diagrams with tools that can
automatically translate any link or subgraph to and from logic or controlled
NLs. No developers would be forced to change overnight, but all developers
could benefit from the use of controlled NLs for a gradually increasing range
of applications.

4. Legacy re-engineering. The best time to convert to a new system is when
managers have already decided that the old system is inadequate. At that
point, a major conversion effort is underway, and tools that can analyze both
the old implementation and old documentation are needed. If those tools
generate controlled NLs as a supplement to the documentation, they can
generate the dictionaries and ontologies needed for the new application as a
byproduct.

5. Integrated interface. The ultimate goal is to make a controlled NL the
primary language for all human-computer interactions and to use it in both
written and spoken forms. Graphics will also be important, but controlled
NLs are necessary for help, explanations, and complex information that
cannot be expressed in menus and icons. Anybody who knows traditional
computer languages can use them for niche applications or for working with
internal computer processes. But computer experts are also human, and they
can benefit from using their own native language when appropriate.

A very important side effect of using controlled NLs as the implementation
language for computer applications is that the documentation and the implementation
become identical. Every change to the documentation also updates the
implementation, and no discrepancy between them is possible.

Completely new tools can be introduced for purposes that have not been handled
adequately by older tools. An important example is the task of analyzing, editing, and
translating documentation to a computable form. Skuce and his colleagues (2000)
designed tools that help an editor select, analyze, and translate unrestricted natural
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language to a controlled NL called ClearTalk. The knowledge editing (KE) tools for
writing controlled NLs have the following advantages over specialized notations for
defining ontologies, rules, and other knowledge representations:

® Reduced training. Anyone who can read English can immediately read
ClearTalk, and the people who write ClearTalk learn to write it while using it.
The ClearTalk system itself does most of the training through use: the
restrictions are shown by menus and templates and are enforced by immediate
syntactic checks. By consistently using ClearTalk for its output, the system
reinforces the acceptable syntactic forms.

¢ Reduced complexity. During the knowledge editing process, KE tools detect
ambiguities in the source documents and help the human user select relevant
passages and clarify or correct vague passages. After the knowledge has been
translated to ClearTalk with human assistance, the restricted syntax of
ClearTalk eliminates the syntactic ambiguities of ordinary language. The
semantic ambiguities are eliminated by the system, which enforces a single
definition for every term. As a result, the system can automatically translate
ClearTalk to and from logic and other computer-oriented languages.

¢ Self-documenting. People can read ClearTalk without special training, and a
computer system can translate it automatically to an executable form. As a
result, the comments and the implementation become identical, and there is
never a discrepancy between what the human reads and what the machine is
processing.

¢ Annotations. The ClearTalk generated by the KE tools can also be written as
an annotation to the original source documents. Those annotations can serve as
humanly readable comments or as input to other tools that process ClearTalk.

As an example, the students in Skuce’s operating systems course used the KE tools
to map information from on-line Linux manuals to a knowledge base for a Linux help
facility. The people who wrote the manuals were experts, but the students who edited
the knowledge base were novice users of both Linux and the KE tools. Skuce and his
colleagues developed a system called FactGuru, which organizes the knowledge base,
presents it in a convenient form, and helps users find and use the knowledge.

Even IT professionals need help in dealing with the proliferation of new languages
and notations for every aspect of their jobs. The tools that are supposed to help them
often add to their burden, as one systems programmer expressed in a poignant cry:

Any one of those development tools, by itself, can be a tremendous aid
to productivity, but any two of them together can kill you.

No one should be required to learn different languages for the database, the
ontologies, the web pages, the programming, the servers, the clients, the network, and
the open-ended variety of “helpful” development tools. Everything can be done with
the syntax and vocabulary of the user’s native language, supplemented with
appropriate graphics for each aspect of the process. Any expert who prefers to use a
more specialized language for some aspect of software development is welcome to
use it, but nobody can be an expert in every aspect simultaneously.
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By itself, a controlled NL solves only the syntactic part of the problem, which is
not the most difficult aspect of learning any programming system. Even harder is
learning the names, icons, or menu locations that somebody chose for every feature.
What one person calls a directory, another will call a folder. One person says
“import”, and another says “include”; “bookmarks” or “favorites”; “branch” or
“jump”’; “network” or “graph”; “call”, “perform”, “execute”, or “do”; “subroutine”,
“procedure”, “function”, or “method”. Sometimes these terms are synonyms,
sometimes they mark important distinctions, and sometimes different people
distinguish them differently. Standardized terminologies are useful, but new terms are
constantly being invented, old terms become obsolete, and the total number of terms
grows beyond anyone’s capacity to learn, remember. or use. The semantic structures
and behaviors associated with those terms are still harder to learn. Finally, the hardest
to learn and most important of all is knowing how to use these things and why. The
fundamental issues are semantics and pragmatics.

6 Using Structure to Interpret Language

Natural languages are often called unstructured, but it is more accurate to say that
NLs can express such a wide range of structures that it is difficult for a computer
program to detect which structure is being expressed by any particular phrase. In
effect, An unstructured NL is the totality of all language games that can be played
with a given syntax and semantics. A controlled NL is easier to process because it is
constrained to one or at most a small number of predefined language games. Each
language game has an associated set of semantic structures, which determine what can
be said and how each statement relates to any other. Being able to retrieve the right
structures at the right time is essential for both computers and humans to understand
the language and play the game.

The techniques for finding and using the correct semantic structures, which are
essential for understanding unrestricted NLs, can also be used to assist users who
stray outside the boundaries of a controlled NL. As an example, Sowa and Majumdar
(2003) showed how the Intellitex parser and the VivoMind Analogy Engine
(VAE) were able to retrieve semantic structures and use them during the process of
language interpretation. In one major application, LeClerc and Majumdar (2002) used
Intellitex and VAE to analyze both the programs and the documentation of a large
corporation, which had systems in daily use that were up to forty years old. Although
the documentation specified how the programs were supposed to work, nobody knew
what errors, discrepancies, and obsolete business procedures might be buried in the
code.

The task, called legacy re-engineering, required an analysis of 100 megabytes of
English, 1.5 million lines of COBOL programs, and several hundred control-language
scripts, which called the programs and specified the data files and formats. Over time,
the English terminology, computer formats, and file names had changed. Some of the
changes were caused by new computer systems and business practices, and others
were required by different versions of federal regulations. The requirements were to
analyze any English text or programming code that referred to files, data, or processes
in any of the three languages (English, COBOL, and JCL), to generate an English
glossary of all process and data terminology, to define the specifications for a data
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dictionary, to create UML diagrams of all processes and data structures, and to detect
inconsistencies between the documentation and the implementation.

To understand the power and limitations of the Intellitex parser and semantic
interpreter, it is important to realize that Intellitex cannot, by itself, translate informal
English to executable programs. That possibility was dismissed by the pioneer in
computer science Alan Perlis, who observed “It is not possible to translate informal
specifications to formal specifications by any formal algorithm.” English syntax is not
what makes the translation difficult. The difficulty arises from the enormous amount
of background knowledge that lies behind every word in English or any other natural
language.

But Intellitex was not used to translate informal English to formal conceptual
graphs. Instead, Majumdar first used it to analyze the formal specifications encoded
in the programs and the database. Those unambiguous specifications were translated
to conceptual graphs and became the semantic structures for interpreting the
English documentation. When Intellitex processed English sentences, it used the
previously generated CGs to resolve ambiguities and to provide the necessary
background knowledge. As an example, the following paragraph is taken from the
documentation:

The input file that is used to create this piece of the Billing Interface for
the General Ledger is an extract from the 61 byte file that is created by
the COBOL program BILLCRUA in the Billing History production
run. This file is used instead of the history file for time efficiency. This
file contains the billing transaction codes (types of records) that are to
be interfaced to General Ledger for the given month. For this process
the following transaction codes are used: 32 - loss on unbilled, 72 - gain
on uncollected, and 85 - loss on uncollected. Any of these records that
are actually taxes are bypassed. Only client types 01 - Mar, 05 - Internal
Non/Billable, 06 - Internal Billable, and 08 - BAS are selected. This is
determined by a GETBDATA call to the client file. The unit that
the gain or loss is assigned to is supplied at the time of its creation in
EBT.

Most of the words in this paragraph are found in the VivoMind dictionary, which
is based on WordNet with numerous additions and extensions. Many other words,
however, are not found, such as BILLCRUA, GETBDATA, and EBT. In isolation,
this paragraph would be difficult for a human to understand. However, this paragraph
did not appear in isolation. The background knowledge necessary to interpret most of
the unknown words was found by first processing the COBOL and JCL programs.
The names, types, and interrelationships of all the files, programs, data structures, and
variables were found in those programs. As Intellitex processed the COBOL and JCL
programs, it added those names to its dictionary along with their types and the CGs
that represented their relationships to other data. When it processed English, Intellitex
used that information to resolve ambiguities and to relate information from different
sources. This task is sometimes called knowledge fusion.

This example also illustrates how Intellitex can process a wide range of syntactic
constructions with a rather simple grammar. A phrase such as “32 - loss on unbilled”
is not covered by any published grammar of English. When Intellitex found that
pattern, it did not reject it; instead, it translated it to a rudimentary conceptual graph
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that linked the concept [Number: 32] by an unknown relation to a CG of the
following form:

[Loss] ? (On) ? [Unbilled]

The result was stored as a tentative interpretation with a low weight of evidence.
But Intellitex soon found two more phrases with the same syntactic pattern: “72 -
gain on uncollected” and “85 - loss on uncollected®. Therefore, Intellitex assumed a
new grammar rule for this pattern, gave a name to the unknown relation, and
associated it with the new grammar. By using VAE to find analogies to the CGs
found in the COBOL programs, Intellitex discovered the particular COBOL program
that defined the unknown relation, and it verified that 32, 72, and 85 were transaction
codes assigned to subprocedures in that program. Although that syntactic pattern is
not common in the full English language, it is important for the analysis of at least
this one document. Such patterns, which may be called nonce grammar, often occur in
specialized sublanguages of technical English, as used in business, law, medicine,
science, engineering, and the military.

In three weeks of computation on a 750 MHz Pentium III, VAE combined with
the Intellitex parser was able to analyze all the documentation and programs and
generate one CD-ROM containing the required results. Several factors enabled
Intellitex to process unrestricted English:

1. The unambiguous COBOL and JCL programs were analyzed first in order to
provide Intellitex with the semantic structures necessary to interpret relevant
information in the English documentation.

2. Any English sentences that did not match anything found in the COBOL or
JCL were discarded as irrelevant.

3. The high-speed analogy engine enabled the relevant semantic structures to be
accessed and used during the process of parsing and interpreting the English
sentences. Any ambiguities were resolved immediately by comparing
tentative parses to the expected semantic connections.

4. Unusual syntactic patterns that were not covered by the grammar were
accepted if their constituents matched semantic patterns found in the COBOL
and JCL. Patterns that occurred repeatedly acquired the status of new
grammar rules.

In effect, the first stage of processing the COBOL and JCL defined the semantics
of a new language game, which enabled the documentation to be processed as if it
were a special kind of controlled English.

The method of using VAE to find the semantic structures needed for interpreting
natural language can also support a powerful help facility for correcting sentences that
fall outside the boundaries of a controlled NL. By supplementing a controlled NL
parser with Intellitex and VAE, the KE tools could support a two-level system:

1. Syntactic correction. The first level would be an ordinary parser for the
controlled NL. The usual error-processing methods could detect and correct
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many simple errors in spelling and syntax. This level of processing would be
sufficient for most routine errors.

2. Semantic correction. If the first-level parser was unable to correct the error,
it could invoke Intellitex and VAE to find an appropriate semantic structure
that might be used to interpret the input and suggest a possible semantic
correction. For example, a programmer who was switching from Windows to
Linux might specify the wrong options for some command. By using
analogies, VAE might be able to find a recommended alternative from the
Linux manuals or present a menu of the correct options.

A two-level system of this sort would blur the boundary between controlled
and unrestricted NLs. The first-level parser would handle the inputs that are
syntactically correct or can be corrected by minor adjustments. The second-level
parser would use the techniques developed for unrestricted NLs to find background
knowledge that enable semantic corrections, suggest alternatives, or lead to more
extensive help and tutoring facilities. The user would experience a more forgiving
system that would make context-sensitive suggestions instead of rejecting an incorrect
input.
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Abstract. This paper introduces implicational concept graphs as special
existential concept graphs of power context families and shows how such
implicational concept graphs give rise to a mathematical semantics of
implications. The advantage of the offered mathematical semantics is
that it opens the door to mathematical structure theory with its rich
structural insights and patterns of argumentations. As a consequence, it
could be proved that the implicational theory of implicational concept
graphs is equivalent (in the main) to the theory of attribute implications
of formal contexts. This result could even be generalized to an analogue
result for clausal concept graphs.

1 A Mathematical Semantics of Implications

Implications are in the heart of logics. Therefore implications should have a cen-
tral status in Contextual Logic too. Since Contextual Logic is understood as a
mathematization of traditional philosophical logic with its doctrines of concepts,
judgments, and conclusions [Wi00], in Contextual Logic, implications as special
judgments have to be semantically determined as mathematized judgments, i.e.,
as specific concept graphs of power context families. But how to obtain such
semantical representation of implications? Our solution is guided by the obser-
vation that there are always some variables implicitly or even explicitly involved
in linking the premise of an implication to its conclusion. Therefore implications
are mathematized in this paper as special existential concept graphs [Wi02]
which are the union of two designated subgraphs playing the role of premise
and conclusion; such existential concept graphs are called “implicational concept
graphs”.

The advantage of such a mathematical semantics of implications is that it
opens the door to mathematical structure theory with its rich structural insights
and patterns of argumentations. This is demonstrated in Section 4 by proving
two propositions which have as consequence that the implicational theory of im-
plicational concept graphs of power context families is equivalent (in the main)
to the theory of attribute implications of formal contexts (cf. [GW99b]). In Sec-
tion 5, the implicational concept graphs are generalized to clausal concept graphs
whose theory can be linked to the theory of attribute clauses of formal contexts.
This again opens connections to known mathematical structure theory which
substantially enriches Contextual Judgment Logic. An example of applying the
Contextual Logic semantics of implications will be presented in [Wi04].

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 52-61, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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2 Concept Graphs of Power Context Families

The proposed Contextual Logic semantics for implications is based on notions
and results of Contextual Judgment Logic which shall be recalled from [Wi02] to
make this paper more easy to read. For basic notions and results from Formal
Concept Analysis, the reader is referred to [GW99a].

A power context family is a sequence K:= (Ko, K1, Ky, ...) of formal contexts
Ki = (G, My, I) with Gy C (Go)* for k = 1,2,.... The formal concepts of
Ky with & = 1,2,... are called relation concepts, because they represent k-ary
relations on the object set Gy by their extents.

A relational graph is a structure (V, E,v) consisting of two disjoint sets V
and E together with amap v : E = Uiy o, . V¥, the elements of V and E are
called vertices and edges, respectively, and v(e) = (vi,...,vg) is read: vy,..., v
are the adjacent vertices of the k-ary edge e (|e| := k is the arity of e; the arity
of a vertex is defined to be 0). Let E®) be the set of all elements of V U E of
arity k (k=0,1,2,...).

A concept graph of a power context family K:= (Ko, Ky, Ko, ...) with K :=
(Gr, Mg, It) for £k =0,1,2,... is a structure & := (V, E, v, k, p) for which

- (V,E,v) is arelational graph,

- KV UE = U, .2,... B(Ky) is a mapping such that x(u) € B(Ky) for all
u € EW®),

- 'V = PB(Gp)\{B} is a mapping such that p(v) C Ext(x(v)) forall v € V
and, furthermore, p(vy) x --- X p(vg) € Ezt(x(e)) for all e € E with v(e) =
(v1,...,vk); in general, Ext(c) denotes the extent of the formal concept .

It is convenient to consider the mapping g not only on vertices but also on edges:
for all e € E with v(e) = (v, ...,V), let p(e) := p(v1) X - -+ x p(vk).

For illustrating notions and results presented in this paper, a power context
family K(N) shall be considered which have

- N:={1,2,3,4,5,...} as its object set G,

even, odd, prim, square, etc. in its attribute set My,

less than 10, greater than 100, etc. in its attribute set My,

successor of, less than, equal to, divides, etc. in its attribute set Ma,

— between, sum up to, greatest common divisor of, etc. in its attribute set Ms.

|

Fig.1 shows some examples of concept graphs of the power context family K(N)
which are drawn according to Sowa’s convention of representing conceptual
graphs (cf. [So84]).

A subgraph of a concept graph & := (V, E, v, &, p) is a concept graph &, :=
(Vs, Es, Vg, Kg, ps) forwhich V; C V, E; C E, v, = VIE,;, ks = kl|v,uE,, and
ps = plv,. In Fig.1, the concept graph (1) is obviously a subgraph of the concept
graph (3).

The union and intersection of subgraphs &, := (V;, B, v, ke, p) (t € T) of a
concept graph & := (V, E, v, k, p) is defined by

U &, = (U Vi, U E:, U Vi, U K, U Pt),

teT teT teT teT teT teT
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(1) [uleven):2] \
(sum up to) - [p(prim):3]
[u(odd)1] /

(2) [P(e‘]eﬂ)ﬂ] [M(OTd):ll
(divides) (less than)

| |
[1(square):4] - (successor of) - [u(prim):3] - (equal to) - [u(odd):3]

(3) [m(even):2] ———— (sumupto) —— [u(odd):1]

| | |
(divides) | (less than)

[1(square):4] - (successor of) - [u(prim):3] - (equal to) - [u(odd):3]

Fig. 1. Concept graphs of the power context family K(N)

ﬂﬁt = (ﬂ Vi, ﬂEt, th, ﬂﬁt, ﬂpt),

teT teT teT teT teT teT

respectively. In Fig.1, the concept graph (3) is obviously the union of the concept
graphs (1) and (2).

Lemma 1. The union and intersection of subgraphs of a concept graph & is
always a subgraph of ® again.

Proof. Let &, := (Wi, Ey, v, k¢, pt) (t € T) be subgraphs of a concept graphs
& :=(V,E,v, &, p). Obviously, U,er Vs SV, User E: € E, Uth vy = 1/|U%€T Ey»
User £t = ElU, e ViU, 7 Eer a0d User pt = ply, . vi- This affirms the claim for
the union. Replacing each | J by a [ in the proof for the union yields a proof for
the intersection (notice that &g := (@, 0,0, 0,0) is a concept graph, too). O

A power context family K:= (Ko, K;,Ks,...) can be considered as a represen-
tation of facts which may function as background knowledge for determining the
conceptual content of the concept graphs of K (cf. [Wi03]). From the background
knowledge coded in K, two types of material inferences shall be made formally
explicit (cf. [Br94]): Let k = 0,1,2,..;

1. object implications: for A,C C Gk, K satisfies A — C if AT C CT* and,
2. concept implications: for B,D C B(K;), K satisfies B - Dif AB < AD.

The formal implications A — C and B — D give rise to a closure system C(K)
on S"P(Ky) := {(g,b) € Gk x B(Ky) | g € Ext(b)} consisting of all subsets Y
of S*"?(KK,) which have the following property:

(Pr) fAX®B CY and if K satifies A - C and B - D then Cx D CY.
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Using the described closure system, the conceptual content of concept graphs
(understood as formalized judgments) may be defined as follows: For k = 1,2, .. .,
the k-ary conceptual content Cr(®) (also called the Kg-conceptual content) of a
concept graph & := (V, E, v, &, p) of a power context family K is defined as the
closure of {(g,x(e)) | e € E®) and g € p(e)} with respect to the closure system
C(Ky); the 0-ary conceptual content Co(®) (also called Kq-conceptual content) of
& is defined as the closure of {(g,x(v)) | v € V and g € p(v)}U{(g:, (Go, GY)) |
A((g1,---,9k),¢) € Cr(®) with g; € {g1,-..,9x}} with respect to the closure
system C(Kg). Then

is called the (K-)conceptual content of the concept graph @.

The conceptual contents give rise to an information (quasi-)order S on the
set of all concept graphs of a power context family: A concept graph &; :=
(V1, E1,v1, K1, 01) 1s said to be less informative (more general) than a concept
graph &g := (Va, Eg,va,K2,p2) (in symbols: &1 S &g) if Cr(61) C Ck(Ss)
fork = 0,1,2,...; 1 and &, are called equivalent (in symbols: &1 ~ &s) if
61 S Gy and G5 S B (ie., Cp(®1) = Cr(®s) for k =0,1,2,...). The set of all
equivalence classes of concept graphs of a power context family K together with
the order induced by the quasi-order < is an ordered set denoted by I"(K) The
ordered set f'(]K) is even a complete lattice as shown in [Wi02].

3 Existential Concept Graphs

For defining existential concept graphs as done in [Wi02], the construction of
free extensions of power context families by given sets X of variables is needed.
To introduce such a construction, for a set X of variables, an X-interpretation
into a set Go with Go N X = @ is defined as a mapping x : Go U X — G¢ with
x(g) = g for all g € Gp; the set of all X-interpretations into Gy is denoted by
B(X, Gy).

Now, let K = (Ko,K1,Ks,...) be a power context family with Ky :=
(Gr, My, I)for £ =0,1,2,... and let X be a set of variables with Go N X = §.
Next, it is explained how the formal contexts Ko, K;, Kg, ... are “freely” extented
by X:

— let Ko[X] := (Go[X], Mo[X], Ip[X]) with
GolX] == GoUX, Mo[X]:= Mo, Io[X]:=IoU(X x {m € Mo | {m}! # 0}),
— let Kk[X] = (Gk[X],Mk[X],Ik[X]) (k=1,2,.. ) with
GilX] := {(u1,. . .,ux) € Go[X]¥|3x € B(X,Go) : (x(u1),-..,x(ur)) € Gk},
Mg [X] := Mg, and
(u1,...,up) R [X]m : <= Ix € B(X,Go) : (x(u1),...,x(ux))Iem.

Then K[X] := (Ko[X],K1[X],Kz[X],...) is again a power context family
which is called the free X-extension of the power context family K. In general,

power context families of the form K[X] are called existential power context
families.
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Finally, for defining existential concept graphs, the surjective A-homomorph-
isms 7% : B(Kp[X]) —» B(Ky) (k=0,1,2,...) are needed which are determined
by

7k (A, B) := (AN Gk, (AN Gk)™) for (4, B) € B(Ki[X]).

An existential concept graph of a power context family K is now defined as a
concept graph & := (V, E, v, k,p) of a free X-extension K[X ] for which an X-
interpretation x into G exists such that &X := (V| E, v, kX, pX) with kX(u) :=
7¥ (k(uw)) and pX(v) := x(p(v)) is a concept graph of K; x is then called an X-
interpretation admissible on &. For a fixed variable set X, & is more precisely
named an existential concept graph of K over X. Examples of existential concept

graphs are given in Fig.2.

(1) [u(even):a] \
(sum up to) - [p(prim):3]
[u(odd):y] /

©) o) utoddys
(divides) (less than)

F |

[u(square):4] - (successor of) - [p(prim):3] - (equal to) - [p(odd):3]

(6) [u(even):z] ————— (sumupto) ——— [p(odd):y]
| | |
(divides) | (less than)

[(square):4] - (successor of) - [u(prim):3] - (equal to) - [u(odd):3]
Fig. 2. Existential concept graphs of K(N) over the variable set {x,y}

Since an X-interpretation admissible on & is also admissible on each sub-
graph of &, we immediately get the following lemma:

Lemma 2. The subgraphs of an existential concept graph over X are existential
concept graphs over X, too.

The conceptual content of an existential concept graph & x of a power context
family K is defined as the conceptual content of &x understood as a concept
graph of the free X-extension ]K[X ]. For the understanding of existential concept
graphs and their conceptual contents, it is helpful to clarify how variables give
rise to object implications of the relational contexts Ki[X]. This is the aim of
the following lemma:

Lemma 3. Ler Ki[X] := (Gi[X], Mi[X], I[X]) with k € {1,2,...} be a re-
lational context of an existential power context family K[X); furthermore, let
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o be a map of Go U X into itself satisfying a(g) = g for all ¢ € Gy. Then
Ki[X] has the object implications {(a(u1),...,a(ux))} — {(u1,...,ux)} with
Uy,...,ug € GoUX.

Proof. Let ((a(uy),...,a(uk)), m) € I[X]. Then there exists an X-interpreta-
tion x into Go with (x{c(u1)),...,x{(a(uk)))Igm. For the X-interpretation y,
with xa(u) := x(a(u)), we obtain (xa(u1), ..., xa(ue)) = (x(a(u1)),. .., x(a(uk
))) € mT*; hence ((u1,...,ux), m) € Ix[X]. Thus, we proved the desired inclusion
{(a(w), .., a(ue)) X C {(un, ..., ue) YKL a

Let us only consider a special case of applying Lemma 3 to imagine its conse-
quences: For a permutation 7 of the variable set X, let a;; be the mapof GoUX
into itself with a,(g) = g for all g € Gy and a,(z) = n(z) for all z € X. Then
we obtain the object implication {(ax(u1),...,ar(uk))} — {(u1,...,ux)} with
u1,-..,Uur € GoUX. Together with the corresponding object implication for 77!,
this yields that changing variables according to a permutation of X in a (k-ary)
object of Ki[X] does not change the intension of that object.

An existential concept graph &, := (V4, E},v1, K1, p1) is said to be less in-
Sformative (more general) than &g := (Va, Ey, 13, kg, p2) (insymbols: &; < &) if
Cr(61) C Cr(Bg)for k£ =0,1,2,...; & and B, are called equivalent (in symbols:
&G ~ 62) if &; £ By and B2 S B, (ie., Ck(ejl) = Ck(62) for k =0,1,2,...).
The set of all equivalence classes of existential concept graphs of a power context
family K over a fixed set X of variables together with the order induced by the
quasi-order $ is an ordered set denoted by I'(K; X).

4 Implicational Concept Graphs as Existential Concept
Graphs

An implicational concept graph of a power context family K is defined as an
existential concept graph & := (V, E,v, &, p) of K over a variable set X with a
designated pair (p®, c®) of subgraphs such that

1. & is the union of p& and ¢®, and
2. each X-interpretation admissible on p® is also admissible on ¢® (and hence
on & too).

If the implicational nature of & shall become more transparent, p& — ¢® may
be written instead of &; the designated subgraphs p®& and c¢® are called the
premise and the conclusion of the implicational concept graph &, respectively.
An example of an implicational graph is presented by graph (6) in Fig.2 which
has graph (4) as premise and graph (5) as conclusion.

To clarify the inferential potential of implicational concept graphs, it is useful
to represent implicational concept graphs by attribute implications. How this can
be effectively done shall now be explained: For an existential concept graph & of
a power context family K over a variable set X, we introduce the formal context
K(X;®8) := (B(X,Go), Sub(®),>) of which
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~ the object set B(X,Go) consists of all X-interpretations into the object set
Gy of the formal context Ko in K, .
— the attribute set Sub(®) is the set of all subgraphs of &, and

— xP& means that the X-interpretation x is admissible on the subgraph & of
&.

Proposition 1. {&; | s € S} — {&; | t € T} is an attribute implication of
K(X;®) if and only if Uses Bs = User Gt is an implicational concept graph of
K over X.

Proof. Let {8, | s € S} — {®; |t € T} be an attribute implication of the for-
mal context K(X;®). By Lemma 1 and 2, ({J,cg :s)U(U,cr ) is an existential
concept graph over X having |J,cg ®, and |, ®; as subgraphs. Now, let x
be an X-interpretation admissible on |J,cg ;. Then x € &> forall s € S and
hence x € L‘5‘t> for all t € T by our assumed attribute implication; therefore x is
also an X-interpretation admissible on | J,cg &;. Thus, (U,cg ®s) U (Uier 1) is
an implicational concept graph of K over X. Conversely, let { J,cg s = Uper B+
be an implicational concept graph over X and let x € {&, | s € S}D. Since x is
then an X-interpretation admissible on {J .4 ®s, X is also an X-interpretation
admissible on J,c ®; because of the assumed implicational concept graph. It
follows that x € {&; |t € T}l> which proves the stated attribute implication. [

Proposition 2. K(X;®) := (B(X,Go), Sub(®),>) is always a formal con-
text of which all extents are non-empty attribute extents. Conversely, let K =
(G,M,I) be a clarified formal context of which all extents are non-empty at-
tribute extents; then K is isomorphic to the clarified quotient context of the
formal context K({z};®) = (B({z},G), Sub(®),>>) where & := (V,E,v, &, p)
is the existential concept graph of the power context family K := (K) over {z}
withV := M, E =0, v:=0, k(m) := pm, and p(m) := {z}.

Proof. Since &y € Sub(®) and QS% = B(X,Gy), each extent of K(X;®) is
non-empty. Let A be any extent of K(X;®). Then &4 := {J AP € Sub(®) by
Lemma 1. By Proposition 1, we obtain AP - B,, ie. A C QSE. Since each
& € AP is a subgraph of & 4, it follows that QSE C 8" for all & € A> and hence
QSE - AP — 4 Thus, A = 65. Conversely, we consider the clarified quotient
context of K({z};®) which is the formal context

(B({.’t}, G)/al’ Sub(@)/02,l>/03)

with x101x2 : <= X§ = x5, 610282 : <= 687 =65, and [x]6:1(>/05)[8)6;
: <= xP>®&. For g € G, let x4 be the {z}-interpretation into G with x,(z) =g
and, for m € M, let &, := (Vin, Em, Vm, Km, Pm) be the existential concept
graph of (K) with Vi, := m!!, E., := 0, vy, :=0, km(n) := un, and pp(z) == z.
Since [xg] = xn] <= XX =38 = w=7 = g="hwe
have [x,] = {xg}; furthermore, for &5 € Sub(®) with vertex set N, we have
[Bn] = [By] = & =68 «— m! =N — um = (N, N
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Therefore a : G — B({z},G)/61 with afg) = [x4]01is a bijection and
B : M — Sub(®)/0; with B(m) := ([6,,]82) is a bijection too. Since gIm is
equivalent to [x4]01(>/03)[®m]02, it follows that (a, 3) is a context isomorphism
from K onto the clarified quotient context of K({z};®). O

Corollary 1. The concept lattices of the specific formal contexts K(X;®) are
up to isomorphism the concept lattices of formal contexts.

For further investigations of implicational concept graphs, Proposition 1 and
2 open the rich research area of attribute implications of formal contexts (see for
instance Section 2.3 in [GW99a]). Many results on attribute implications carry
over so that they have no more to be elaborated and proved in terms of implica-
tional concept graphs. In particular, the important results on bases of attribute
implications and their computations and applications are extremely valuable for
the theory of implicational concept graphs within Contextual Judgment Logic.
Cum grano salis, we could say that the implicational theory of implicational
concept graphs is essentially equivalent to the theory of attribute implications.

S Clausal Concept Graphs as Generalized Implicational
Concept Graphs

The Contextual Logic treatment of implications can be extented straightforward
to a Contextual Logic treatment of clauses. For this, the definition of an implica-
tional concept graph is generalized as follows: A clausal concept graph of a power
context family K is defined as an existential concept graph & := (V, E, v, &, p)
of K over a variable set X with a designated pair (p®, {c;:® | t € T'}) consisting
of a subgraph p® of & and a set {¢;® | t € T} of subgraphs of & such that

1. & is the union of p& and all the ¢;® with ¢t € T, and
2. each X-interpretation admissible on p® is also admissible on at least one
c¢;® witht e T.

If the implicational nature of & shall become more transparent, p& — \/, . ¢;®
may be written instead of &; the designated subgraphs p® and ¢;® (¢t € T) are
called the premise and the disjunctive conclusions of the clausal concept graph
&, respectively.

As in the case of implicational concepts graphs, the formal contexts K(X; &)
can be used to link clausal concept graphs to Contextual Attribute Logic, the
basics of which are outlined in [GW99b] (see also [BS97]). Here, let us only
recall the definition of an attribute clause of a formal context K := (G, M, I):
For subsets A and B of the attribute set M, A A — \/ B is an attribute clause
of Kif g € AT always implies glm for at least one m € B. It can be shown
that the correspondence between clausal concept graphs and attribute clauses
is analogous to the correspondence between implicational concept graphs and
attribute implications:
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Proposition 3. Let ® be an existential concept graph of a power context family
K over a variable set X and let &5 (s € §) and &, (t € T) be subgraphs of
&. Then N{&; | s € S} = V{&; | t € T} is an attribute clause of the formal
context K(X; &) if and only if Uses ®s = Vier Bt is a clausal concept graph of
K over X.

Proof. Let A{&,|s e S} — V/{®; |t e T} be an attribute clauseof K(X;®).
By Lemma 1 and 2, ([J,c5®s) U (U,er ®¢) is an existential concept graph over
X having U,cg ®s and the &; (t € T) as subgraphs. Now, let x be an X-
interpretation admissible on {J,cg®;. Then x € &% forall s € S and hence

there is some t* € T with x € (’5{; by our assumed attribute clause, i.e., x is
also an X-interpretation admissible on ;.. Thus, (J,cg®s) U (U,er ®:) is a

clausal concept graph of K over X. Conversely, let (J,cg®s = Vier @t be a

clausal concept graph over X and let x € {&, | s € S}*. Since x is then an X-
interpretation admissible on (J,cg ®s, x is also an X-interpretation admissible
on at least one &;- with t* € T because of the assumed clausal concept graph.
It follows that x € Qilf. forsome t* € T which proves the stated attribute clause.

O

Proposition 2 and 3 show that the theory of clausal concept graphs is es-
sentially equivalent to the theory of attribute clauses of formal contexts. The
advantage of this equivalence is that many results about attribute clauses can
be transferred to clausal concept graphs which substantially enriches the research
on Contextual Judgment Logic. A detailed elaboration of such an enrichment by
clausal concept graphs shall be postponed to a subsequent paper.

Here we conclude in particularly pointing out how the expressibility of Con-
textual Judgment Logic increases by introducing implicational and clausal con-
cept graphs. For instance, &y — & is an implicational concept graph of a power
context family K over a variable set X if and only if all X-interpretations into
Go are admissible on &; this shows that certain universal quantifications are
expressible by implicational concept graphs. More generally, &g — V, - ®; is a

clausal concept graph of K over X if and only if for all X-interpretations x into
Gy there exists a t, € T such that x is admissible on &, ; thus, clausal concept
graphs allow to express certain disjunctions. For a full understanding of the ex-
pressibility of Contextual Judgment Logic, it would especially be necessary to
clarify the connections between the logic of implicational and clausal concept
graphs and the informationally (quasi-)ordered set of existential concept graphs
of power context families; this is a main task for further research.
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Abstract. It is well accepted that diagrams play a crucial role in hu-
man reasoning. But in mathematics, diagrams are most often only used
for visualizations, but it is doubted that diagrams are rigor enough to
play an essential role in a proof. This paper takes the opposite point of
view: It is argued that rigor formal logic can carried out with diagrams.
In order to do that, it is first analyzed which problems can occur in dia-
grammatic systems, and how a diagrammatic system has to be designed
in order to get a rigor logic system. Particularly, it will turn out that a
separation between diagrams as representations of structures and these
structures themselves is needed, and the structures should be defined
mathematically. The argumentation for this point of view will be em-
bedded into a case study, namely the existential graphs of Peirce. In the
second part of this paper, the theoretical considerations are practically
carried out by providing mathematical definitions for the semantics and
the calculus of existential Alpha graphs, and by proving mathematically
that the calculus is sound and complete.

1 Motivation and Introduction

The research field of diagrammatic reasoning investigates all forms of human rea-
soning and argumentation wherever diagrams are involved. This research area
is constituted from multiple disciplines, including cognitive science and psychol-
ogy as well as computer science, artificial intelligence, logic and mathematics.
But it should not be overlooked that there has been until today a long-standing
prejudice against non-symbolic representation in mathematics and logic. With-
out doubt diagrams are often used in mathematical reasoning, but usually only
as illustrations or thought aids. Diagrams, many mathematicians say, are not
rigorous enough to be used in a proof, or may even mislead us in a proof. This
attitude is captured by the quotation below:

[The diagram] is only a heuristic to prompt certain trains of inference;
... it is dispensable as a proof-theoretic device; indeed ... it has no proper
place in a proof as such. For the proof is a syntactic object consisting
only of sentences arranged in a finite and inspectable area.

Neil Tennant 1991, quotation adopted from [Ba93]

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 62-93, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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Nonetheless, there exist some diagrammatic systems which were designed for
mathematical reasoning. Well-known examples are Euler circles and Venn dia-
grams. More important to us, at the dawn of modern logic, two diagrammatic
systems had been invented in order to formalize logic. The first system is Frege’s
Begriffsschrift, where Frege tried to provide a formal universal language. The
other one is of more relevance for this conference, as Sowa’s conceptual graphs
are based on them: It is the systems of existential graphs (EGs) by Charles
Sanders Peirce, which he used to study and describe logical argumentation. But
none of these systems is used in contemporary mathematical logic. In contrast:
For more than a century, linear symbolic representation systems (i.e., formal lan-
guages which are composed of signs which are a priori meaningless, and which are
therefore manipulated by means of purely formal rules) have been the exclusive
subject for formal logic. There are only a few logicians who have done research
on formal, but non-symbolic logic. The most important ones are without doubt
Barwise and Etchemendy. They say that

there is no principle distinction between inference formalisms that use
text and those that use diagrams. One can have rigorous, logically sound
(and complete) formal systems based on diagrams.

Barwise and Etchemendy 1994, quotation adopted from [Sh01]

This paper advocates this view that rigor formal logic can carried out by means
of manipulating diagrams. The argumentation for this point of view will be
embedded into a case study, where the theoretical considerations are practically
carried out to formalize the Alpha graphs of Peirce. Although the argumentation
is carried out on EGs, it can be transferred to other diagrammatic systems (e.g.,
for conceptual graphs) as well.

For those readers who are not familiar with EGs, Sec. 2 provides a short introduc-
tion into EGs. There are some authors who explored EGs, e.g. Zeman, Roberts
or Shin. All these authors treated EGs as graphical entities. In Sec. 3, some of
the problems which occur in this handling of EGs are analyzed. For this, the ap-
proach of Shin (see [Sh01]) will be used. It will turn out that informal definitions
and a missing distinction between EGs and their graphical representations are
the main problems. In fact, due to this problems, Shin’s (and other authors as
well) elaboration of EGs is from a mathematicians point of view insufficient and
cannot serve as diagrammatic approach to mathematical logic. I will argue that
a separation between EGs as abstract structures and their graphical represen-
tations is appropriate, and that a mathematical definition for EGs is needed. A
question which arises immediately is how the graphical representations should
be defined and handled. In Secs. 4 and 6, two approaches to solve this ques-
tion are presented. It will be shown that a mathematical formalization of the
graphical representations may cause a new class of problems. In Sec. 5 we will
discuss why mathematical logic does not have to cope with problems which arise
in diagrammatic systems. It will turn out that the preciseness of mathematical
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logic is possible although the separation between formulas and their represen-
tation is usually not discussed. From this result we draw the conclusion that a
mathematical formalization of the diagrammatic representations of EGs is not
needed. In Sec. 6, the results of the preceding sections are brought together in
order to describe my approach for a mathematical foundation of diagrams. In
the remaining sections, the results of the theoretical discussion are applied to
elaborate mathematically a complete description of the Alpha-part of EGs.

2 Existential Graphs

In this paper, we consider the Alpha- and Beta-part of existential graphs. Alpha
is a system which corresponds to the propositional calculus of mathematical
logic. Beta builds upon Alpha by introducing new symbols to Alpha, and it
corresponds to first order predicate logic (FOPL), that is first order logic with
predicate names, but without object names and without function names.

We start with the description of Alpha. The EGs of Alpha consist only of predi-
cate names of arity 0, which Peirce called medads, and of closed, double-point-free
curves which are called cuts and used to negate the enclosed subgraph. Medads
can be considered as (atomar) propositions, i.e., they correspond to proposi-
tional variables in propositional logic. Propositions can be written down on an
area (Peirce used the term ‘scribing’ instead of ‘writing’), and writing down a
proposition is to assert it. The area where the proposition is written on is what
Peirce called the sheet of assertion. It may be a sheet of paper, a blackboard
or any other surface. Writing several propositions next to each other (this op-
eration is called a juxtaposition) asserts the truth of each proposition, i.e. the
juxtaposition corresponds to the conjunction of the juxtaposed propositions. For
example, writing the propositions ‘it rains’ and ‘it is cold’ next to each other
yields the graph
it rains itis cold

which means ‘it rains and it is cold’.

Encircling a proposition is to negate it. The line which is used to encircle a
proposition is called a cut, the space within a cut is called its close or area. For

example,
C it rains itiscold )

has the meaning ‘it is not true that it rains and that it is cold’, i.e. ‘it does not
rain or it is not cold’. Cuts may not overlap, but they may be nested. The next
graph has two nested cuts.

= )
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This graph has the meaning ‘it is not true that it rains and that it is not cold’,
i.e. ‘if it rains, then it is cold’. The device of two nested cuts is called a scroll.
From the last example we learn that a scroll can be read as an implication.
A scroll with nothing on its first area is called double cut (it corresponds to a
double negation). As mentioned before, the space within a cut is called the area
of the cut. In the example above, we therefore have three distinct areas: All the
space outside the outer cut, i.e. the sheet of assertion, the space between the
outer and the inner cut, which is the area of the outer cut, and the space inside
the inner cut, which is the area of the inner cut. An area is oddly enclosed if it
is enclosed by an odd number of cuts, and it is evenly enclosed if it is enclosed
by an even number of cuts.

We have the possibility to express conjunction and negation of propositions, thus
Alpha has the expressiveness of propositional logic. Peirce also provided a set of
five derivation rules for EGs. For Alpha, these rules are:

— Erasure: Any evenly enclosed subgraph may be erased.

— Insertion: Any graph may be scribed on any oddly enclosed area.

— Iteration: If a subgraph & occurs on the sheet of assertion or in a cut, then
a copy of & may be scribed on the same or any nested area which does not
belong to &.

— Deiteration: If a subgraph & could be the result of iteration, then it may be
erased.

— Double Cut: Any double cut may be inserted around or removed from any
graph of any area.

This set of rules is sound and complete. In the following, a simple example of a
proof is provided (which will be an instantiation of modus ponens in EGs).

Let us start with the graph on the

right. It has the meaning ‘it rains, it rains (it rains j
and if it rains, then it is cold’.
=D}

be considered a copy of the outer
instance of ‘it rains’. Hence we can
erase the inner instance of ‘it rains’
using the deiteration-rule.

The inner instance of ‘it rains’ may
it rains

This graph contains a double cut, it rains it is cold
which now may be removed.

Finally we erase the proposition ‘it it is cold
rains’ with the erasure-rule.

So the graph with the meaning ‘it rains, and if it rains, then it is cold’ implies
the graph with the meaning ‘it is cold’.

If we go from the part Alpha of EGs to the part Beta, predicate names of
arbitrary arity may be used, and a new syntactical item, the line of identity
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(LI), is introduced. LlIs are used to denote both the existence of objects and the
identity between objects. They are attached to predicate names and drawn bold.
Consider the following graph:

man— loves —— woman

It contains two LlIs, hence it denotes two (not necessarily different) objects. The
first LI is attached to the unary predicate ‘man’, hence the first object denotes
a man. Analogously the second LI denotes a woman. Both lines are attached to
the dyadic predicate ‘loves’, i.e. the first object (the man) stands in the relation
‘loves’ to the second object (the woman). The meaning of the graph is therefore
‘there are a man and a woman such that the man loves the woman’, or in short:
A man loves a woman.

LIs may cross cuts." Consider the following graphs:

—man

The meaning of the first graph is clear: it is ‘there is a man’. The second graph
is built from the first graph by drawing a cut around it, i.e. the first graph is
denied. Hence the meaning of the second graph is ‘it is not true that there is a
man’, i.e. ‘there is no man’. In the third graph, the LI begins on the sheet of
assertion. Hence the existence of the object is asserted and not denied. For this
reason the meaning of the third graph is ‘there is something which is not a man’.

Now we have the possibility to express existential quantification, predicates of
arbitrary arities, conjunction and negation. Hence we see that the part Beta of
EGs corresponds to FOPL.

Essentially, the rules of the calculus for Beta are extensions of the five rules for
Alpha such that they now encompass the properties of the lines of identity. For
example, the erasure-rule and the insertion-rule are now formulated as follows:

— Erasure: Any evenly enclosed graph and any evenly enclosed portion of a LI
may be erased.

— Insertion: Any graph may be scribed on any oddly enclosed area, and two
LIs (or portions of lines) oddly enclosed on the same area, may be joined.

! This is not fully correct: Peirce denies that a LI may cross a cut (a corollary in [Pe03]
states ‘It follows that no line of identity can cross a cut.”), Roberts allows it, and it
is not clear whether Shin allows it or not. In Peirce’s view, the third graph has two
lines of identity which ‘meet’ at the cut. But the discussion of this needs a much
deeper understanding of EGs and shall therefore be omitted here.
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For the formulation of the remaining three rules we refer to [Ro73] (we have
taken the other formulations of the rules from this source).

3 Problems with Existential Graphs

To illustrate some of the problems which may occur in the handling of diagrams,
we focus on the EGs as they are described in the book of Shin ([ShO1]), but we
will refer to other authors like Peirce, Zeman or Roberts as well. For our discus-
sion, it is sufficient to consider the definitions Shin provides for Beta graphs. It
is labelled ‘Non-Math, (ematical) Definition’ to distinguish it from mathematical
definitions as they will appear later in this paper.

Non-math. Definition 1 (Beta Graphs)
The set of beta graphs, Gga, is the smallest set satisfying the following:

1. An empty space is in Gga.

2. A line of identity is in Gg.

3. Juxtaposition closure  If Gyis in Gg, ...,and Gn is in Gg, then the juxta-
position of these n graphs,i.e. G1,...,Gn, (wewrite 'Gy...Gy’ for juxta-
position) is also in Gg.

4. Predicate closure If G is in Gg, then a graph with an n-ary predicate
symbol written at the joint of n loose ends in G is also in Gg.

5. Cut closure If G is in Gg, then a graph in which a single cut is drawn
in any subpart of G without crossing a predicate symbol is also in Gg.

6. Branch closure If G is in Gg, then a graph in which a line of identity in G
branches is also in Gg.

There are two points remarkable in this definition:

1. Although some mathematical terms are used, the definitions are formulated
more or less in common spoken language and cannot be seen as mathematical
definitions.

2. EGs are considered to be graphical entities (this can particularly seen in the
cut closure rule for Beta graphs).

This approach, particularly the two points mentioned above, yields different
kinds of problems which shall be elaborated in this section. We start with prob-
lems caused by the use of common language.

First of all, many important technical terms are defined either in an insufficient
way or not at all. For example, the terms sentence symbol, juxtaposition or single
cut (this holds already for Shin’s definition of Alpha graphs) as well as the terms
lines of identity, loose ends or branching of Lls are not defined. Even if we have
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some pre-knowledge on terms like ‘single cut’ (e.g. we know that a single cut is a
closed, double-point-free curve on the plane) or Lls, these definitions leave some
issues open. E.g., is it not clear whether two cuts may touch, cross, intersect, or
partly overlap, or whether a LI may terminate on a cut. For example, we might
ask which of the following diagrams are well-defined diagrams of Beta graphs:

=) 80 30 @& ==

Examining the first three examples, in Shin’s book we do not find any example
of an Beta graph where a LI terminates on a cut. But, in contrast, this case is
explicitly investigated in Peirce’s manuscripts or in the book of Roberts. The
fourth example is not explicitly excluded by Shin, but it is implicitly excluded
based on the background a reader should have of EGs. Considering the fifth
example, Peirce used to draw to nested cuts, i.e., scrolls, asfollows: @ So it
seems that a touching of cuts is allowed. But we can raise the question whether
scrolls should be handled as own syntactical devices, or whether Peirce’s drawing

is a sloppy version of two nested cuts which do not touch, i.e. of @ So we
have to make a decision whether cuts may touch or not.

Answering these question is not only about deciding whether a diagram is an EG
or not. It is even more important to have rigor definitions for all technical terms
when transformation rules, e.g. the rules of a calculus, are applied to EGs. An
important example for this is the in most publications undefined term subgraph.
A rule in the calculus allows us to scribe a copy of a subgraph in the same
cut (this is a special case of the iteration-rule), which occurs in the treatises of
Peirce, Shin, Roberts, and later on in this paper.

To get an impression of the problems, we raise
some simple questions on subgraphs. Consider 6, := | B @
the Alpha graph on the right:

In order to know how the iteration-rule can be applied, it must be possible

to answer the following questions: Is a subgraph of &,7 Is

A A a subgraph of &,? Do we have one or two subgraphs of &,
(this is a question which corresponds to the distinction between subformulas and
subformula instances in FOPL)?

For Beta, it is important to know how LlIs are

. . . P
handled 1n. subgraphs. Consider the following By = R}@
Beta graph:

We might ask which of the following diagrams are subgraphs of G4:

P P~ P
g @ @ R— g2
Shin (and other authors) does not offer a definition for subgraphs: The answer

of the questions above is left to the intuition of the reader. From the discussion
above, we draw a first conclusion:
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Thesis 1: The definitions of Shin (and other authors) are insufficient
for a precise understanding and handling of existential graphs.

If EGs are considered as graphical entities, a new class of difficulties has to be
coped with. Consider again &,. Remember that the iteration-rule should allow
us to draw a copy of the subgraph into the outer cut. But if we want to
understand EGs and subgraphs as (graphical) diagrams, then this is obviously
not possible, because in the outer cut, there is simply not enough space left
for another copy of . But, of course, this is not intended by the rule, and

everybody who is familiar with EGs will agree that | B (a) @] is a

result of a valid application of the iteration-rule. Why that? The idea behind
is that we may change the shape of LIs or cuts to a ‘certain degree’ without
changing the meaning of an EG. For this reason it is evident that any attempt
which tries to define EGs as purely graphical entities runs into problems.

(@® ) (2o

Fig. 1. Diagrams of Alpha graphs

For a discussion of the term ‘certain degree’, consider the three Alpha graphs in
Figure 1. From the left to the right, we decrease the size of the outer cut. Thus
there are obviously visual differences between these three diagrams. The question
is whether the differences between the first two diagrams are comparable to the
differences between the last two diagrams. We have already seen that the shape
of a cut is — in some sense — of no relevance. The only thing we have to know is
which other items of a graph are enclosed by the cut and which are not. Thus we
see that the first two diagrams are (in some sense) the same graph, particularly
they have the same meaning. In contrast to that the third diagram has a different
meaning and has therefore to be treated differently.

If we — due to the visual differences — treat the first two diagrams to be syn-
tactically different, we would get a syntax which is much too fine-grained. Any
kind of equivalence between graphs would be postponed to the semantical level.
Furthermore, we would need transformation rules which allow to transform the
first graph into the second graph (and vice versa). This syntax would become
very complicated and nearly unusable. Thus we see that any appropriate syntax
should not distinguish between the first two diagrams.

Now the question arises which properties of the first two diagrams cause us to
identify them. Should we syntactically identify graphs when they have the same
meaning? This would inappropriately mix up syntax and semantics. For example,
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the empty sheet of assertion and the graph @ have the same meaning, but
they should obviously be syntactically distinguished.

In defining a reasonable syntax for the graphs, we see that we have to prescind
from certain graphical properties of the diagrams (e.g. the form of a cut), while
other properties are important (e.g. the number of cuts and other items, or
whether an item of the diagram is enclosed by a cut or not). Particularly, EGs
should not be understood as graphical entities at all. Instead of this, we have to
distinguish between graphs and the diagrams which represent the graphs. This
is according to Peirce’s view. He says: ‘A graph [...] is a symbol, and, as such,
general, and is accordingly to be distinguished from a graph-replica.” Thus, Peirce
distinguishes between graphs, which are so-to-speak abstract structures, and
their representations. Due to this understanding, the first two diagrams in Figure
1 are not different graphs with the same meaning, but different representations,
i.e., diagrams, of the same graph, and the third diagram is a representation of
a different graph. Peirce explicitly said that arbitrary features of the diagrams
may vary, as long as they represent the same diagram. At the beginning of [Pe03]
he says:

Convention No. Zero. Any feature of these diagrams that is not expressly
or by previous conventions of languages required by the conventions to
have a given character may be varied at will. This “convention” is num-
bered zero, because it is understood in all agreements.

For Lls, he says even more explicit in [Pe03] that ‘its shape and length are
matters of indifference.’

The distinction between graphs and graph-replicas obviously corresponds to the
distinction between types (graphs) and tokens (graph replicas), as it is known
from philosophy. The type-token issue if far from being settled; nonetheless, this
important distinction helps us to draw our next conclusion:

Thesis 2: EGs should not be defined as graphical entities. Instead of
that, we need a definition of EGs which copes exactly the crucial features
of EGs, and the diagrams should be understood as (mere) representations
of an underlying EG.

Roughly sketched, we now have the following situation:

corresponds to corresponds to
Type Ex. Graph +~—————  Math. Structure
represents represents represents
corresponds to corresponds to
Token Ex. Graph Replica +—————  Diag. Represent.
N — ~ ~ — e
Semiotics Peirce This Paper
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4 The First Approach to Diagrams

One of the most important features of mathematics is its preciseness. The pre-
ciseness of mathematics is based on a very strict understanding of mathematical
definitions and proofs. We have seen that the informal definitions of EGs lead
to problems in their understanding and handling. I claim that mathematics is
the best language to cope with problems of these kind, i.e.:

Thesis 3: Mathematics provides the highest level of precision available
for definitions and proofs.

Thus, in my view, mathematics turns out to be the best instrument for cop-
ing the problems discussed in Sec. 3. Particularly, EGs should be defined as
mathematical structures (and these structures prescind certain graphical fea-
tures from diagrams), and the diagrams are representations for these structures.
Nonetheless, the last thesis raises the question whether the graph replicas, i.e.,
the diagrams of EGs, should be defined mathematically as well. This approach
shall be discussed in this section.

Let us assume we want to define the graphical representations of Alpha or Beta
graphs mathematically. Then we would have two different kinds of objects: Math-
ematical structures which model EGs, and mathematical structures which model
the representations of EGs, i.e., the diagrams. Let us call the first structures
type-structures and the second structures foken-structures. In finding a defini-
tion for the token-structures, we have two fundamental problems to cope with:
First to find a definition for the token-structures which encodes the informally
given diagrams as best as possible. Secondly, we have to show how the type-
structures are represented by the token-structures. It should be possible to show
that each token-structure represents uniquely a type-structure, and that each
type-structure is represented by at least one token-structure. Let us call these
two principal problems representation problem.

An obvious approach is to model the lines of an EG (i.e., the cuts and the LlIs)
as families of curves in the Euclidean plane R2. For example, we can model
each LI by a smooth, double-point-free curve and each cut by a by a smooth,
double-point-free and closed curve.” Consider the fist two graphs of Figure 1.
They are two different tokens of the same type. Diagrams like these shall be
called type-equivalent (this term is adopted from [HS02]).

If we define type-equivalence, we have to refer to the relationship between types
and tokens. But the diagrams can be compared directly as well. If we consider

2 It should be noted that Peirce’s understanding of EGs depends on his understanding
of the continuum, and this understanding is very different from the set R. Never-
theless a mathematization of the diagrams as a structure of lines and curves in
R? is convenient as R? is the standard mathematization of the Euclidean plane in
contemporary mathematics.
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again the first two graphs of Figure 1, we see that we have mappings from the
cuts resp. the occurences of propositional variables from the first graph to the
second which fulfill certain conditions. For example, the mappings are bijective
and the preserve some entailment-relations (e.g. if an occurence of a propositional
variable or a cut is enclosed by a cut, then this holds for the images as well). In
some sense, we can say that the first graph can be topologically transformed into
the second graph. Graphs like this shall be called diagrammatically equivalent
(again, this term is adopted from [HS02]). If we have found adequate definitions
for the type- and token-structures as well as for the relation ‘a token-structure
represents a type-structure’, it should be mathematically provable that being
type-equivalent and being diagrammatically equivalent means the same.

In any description of the diagrams, particularly if we provide a mathematical
definition for them, we have to decide some of the bordercases we have discussed
in Sec. 3. For example, we have to decide whether (and how often) LIs may
touch cuts, or whether cuts may touch or even intersect each other. But in no
(reasonable) mathematical definition, we can encode all graphical properties of a
diagram directly (e.g. by curves). This is easiest to see for letters or words, i.e. the
occurences of propositional variables in Alpha graphs or for the relation names in
Beta graphs. Of course the location of the occurence of a propositional variable in
an Alpha graph is important, but neither the size or the font of the propositional
variable will be of relevance. Similar considerations hold for relation names in
Beta graphs. As the shape of propositional variables or relation names should
not be captured by the definition of the diagrams, it is reasonable to handle
these items in a different way. The question arises how much of the properties
of these items has to captured by a definition of the diagrams. For example,
the occurences of propositional variables in an Alpha graph could be modelled
by points or spots of the Euclidean plane to which we assign the variables. We
see that even in the definition for the diagrams, we have to prescind certain
graphical features from diagrams.

On the other hand: If we try to capture graphical properties of diagrams, some of
the items of a diagram will probably be overspecified. For example, how should
a simple line of identity — i.e., — be modelled mathematically? We al-
ready said that LI could be modelled by a curve in the Euclidean plane. But
when a diagram is given, it is usually drawn without providing a coordinate
system. Thus, which length should this curve have? Where in the Euclidean
plane is it located? Again we see that we cannot capture a diagram exactly by
a mathematical definition.

Finally, it is worth to note that we have a couple of (unconscious) heuristics
in drawing diagrams for EGs. A simple example is that pending edges should
be drawn ‘far away enough’ from any relation-signs. To see this, consider the
following diagrams:

P—0 P—Q P— P— ——
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The leftmost diagram should be understood as ‘There is thing which is P which
is in relation Q to another thing’, The rightmost diagram should be understood
as ‘There is thing which is P and there is thing which is Q’. But the meaning
of the diagrams in the middle is not clear. So, one will avoid drawing diagrams
like these.

Another heuristic is to draw a diagram as simple as possible. Furthermore, al-
though we have seen that neither the size or the font of the propositional variable
or a relation name will be of relevance, it is clear that the choice of a font and
its size is not arbitrary if a diagram is drawn in a convenient way. This should
became clear with the following three diagrams:

Although all diagrams are representations of the same graph (with the meaning
‘there exists something which is blue, but not small), it is clear that the left-
most diagram is the best representation of these three diagrams. Conventions
like these cannot by captured by any mathematical definition.

Remember that the reason for finding mathematical definitions for diagrams
was to solve the representation problem. We wanted to grasp the distinction
between non well-formed and well-formed diagrams, as well as the relationship
between graphs and their diagrams, as best as possible. We have already seen
that we cannot capture all graphical features of a diagram by a mathematical
definition (the more graphical properties are encompassed by a definition, the
more technical overhead has to be expected). Now the final question is how a
mathematically defined diagram is related to a concrete drawing of a diagram
on a sheet of paper. This is a crucial last step from mathematical objects to
objects of the real world. Thus, even if we provide mathematical definitions for
the diagrams, we still have a representation problem. The initial representation
problem between mathematically defined graphs and mathematically defined di-
agrams has shifted to a representation problem between mathematically defined
diagrams and diagrams — i.e., drawings — in the real world. A mathematical
definition for diagrams can clarify a lot of ambiguities, but it cannot solve the
representation problem finally.

5 Linear Representations of First Order Predicate Logic

In the last section we have raised some questions concerning the representation
problem, and we have seen that mathematics alone is not enough to solve these
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problems. It is likely the often unclear relationship between diagrams and repre-
sented structures which causes mathematicians to believe that diagrams cannot
have a proper place in mathematical argumentation, esp. proofs. It is argued that
only a symbolic system for logic can provide the preciseness which is needed in
mathematical proofs (for a broader discussion of this see [ShO1]). It seems that
the problems we have discussed in the last section simply do not occur in math-
ematics, esp. mathematical logic. In this section we will have a closer look on
this. We start with a definition of the well-formed formulas of FOPL.

Definition 2. The alphabet for first order logic consists of the following signs:

— Variables: xy,x3,%s, ... (countably many)

— Relation symbols: Ry, Ra, Rs, ... (countably many). To each predicate symbol
R; we assign an arity ar(R;) € N.

— Constant symbols: ¢1,€2,C3,...... (countably many)

— Connectives: A,—,3

—~ Auxiliary Symbols: .,,,(,)

Definition 3. The formulas of FOPL are inductively defined as follows:

1. Each variable and each constant name is a term.

2. If R is a predicate symbol with arity n and if t1,...,t, are terms, then
f = R(ty,...,tn) is aformula.

3. If f' is a formula, then f = —=f' is a formula.

4. If f1 and fs are formulas, then f := (finf2) is a formula.

5. If f' is aformula and o is a variable, then = Joa.f’ is a formula.

It is easy to capture the idea behind this definitions: First, we fix a set of signs,
and a formula is a sequence of these signs which has been composed according
to certain rules.

Let us consider the following two strings (the relation name R; has arity 2):

3(L'1.E|.'1?2.R1($1,(L‘2)
31‘1. 31:2. R1 ((1:1, 1’2)

Although these two strings are written in different places and although they look
slightly different, they clearly represent the same formula. For our considerations,
it is worth to raise the question which steps a reader has to pass from the
perception of a string to the identification of a formula which is represented by
the string. Roughly spoken, if a reader reads the two strings above, she passes
the following steps:

1. The region on the paper (the blackboard, ...) must be identified where the
representation of the formula is written on. In the example above, this is
possible because we have written the two different strings into two different
lines.
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2. In this region, we must be able to identify representations of the signs which
may occur in a formula (e.g. the sign ‘3’, which appears twice, or the sign
‘R;’, which appears only once). Nothing else may occur.

3. The representations of the signs must be assembled in a way such that we
are able to identify their ordering on the region. That is: We must be able
to identify the sequence. For our examples, we identify the ordering of the
instances of signs by reading them from left to right.

4. Finally, after we have reconstructed the sequence of signs (internally), we
can check whether this sequence is a well-defined formula, i.e., whether it is
composed with the rules of Definition 3.

In the following, we will use the label () to refer to these four steps. The process
(x) yields the same result for the two strings above: In both cases, the lines
represent the same sequence of signs, which is in fact a well-formed formula. Thus
every mathematician would (hopefully) agree that these two strings represent
the same (well-defined) formula.

We want to stress that the process of perceiving a representation of a formula
is not ‘deterministic’: It is not clear without ambiguity for each string whether
it represents a formula or not. To see this, consider the following strings (the
‘type-setting problems’ are intended). The question is: Which of these strings
represents a well-defined formula?

3eaRe 1) (1)
3 .;2 Rl( . ) (2)
T~ TR

3z,.39.Ry (21, z2) 3
), .. Riz1371 (2222 (4)
Ix; .Axe . Ry (x1,%2) (5)
321372, Ry (21,22) (6)
3z3.3s, .5, (21, Z2) (7)
dz. o Ry ( z1,T2) (8)
3 Ti. Fey.ry( Ty,%Z3) (9)

In line 1, we are neither able to identify the signs, nor to identify their ordering.
That is we cannot pass the steps (2) and (3) of (), thus this line does not
represent a formula. In line 2, we are able to identify the signs, but we are not
able to identify their ordering. That is we cannot pass the step (3) of (x), thus this
line does not represent a formula as well. Moreover, it may be doubted whether
step 1 of (*) can be passed without problems. In line 3, we are able to identify
the signs, but one of these signs does obviously not belong to our alphabet of
first order logic, thus this line does not represent a formula. In line 4, we are able
to identify the signs, all of them belong to to our alphabet of first order logic,
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and we are able to identify their ordering, that is we reconstruct a sequence of
signs of our alphabet. But we see that this sequence is not build according to our
rules (we cannot pass the step (4) of (). ). Thus this line does not represent a
formula. In the remaining lines, it is not uniquely determined whether the lines
represent a formula or not. In line 5, the font for the variables has changed.
In mathematical texts, different fonts are often used to denote mathematical
entities of different kinds, but this is not a general rule. So it depends on the
context whether lines 5 or 6 are accepted to represent formulas. Using different
sizes of a font is usually driven by a specific purpose. The same holds for the
use of significantly different distances between signs. It is hardly conceivable to
find a purpose for using different font sizes or significantly different distances in
formulas. Thus it is possible, but not sure, that the lines 7-9 are not accepted
by a mathematician to represent a formula.

In standard books on logic, usually only the last step of (*) is discussed. The
main reason for this is the following: The linear notion of formulas corresponds
the way ordinary text is written: Text is assembled of letters which are written
side by side and which are read from left to right. As we are used to read texts, we
are trained as well to read strings which shall represent formulas. Thus the first
three steps of () are unconsciously executed when we perceive a representation
of a formula.

But as soon we perceive an unfamiliar representation (like in the strings 1-
9), we become aware of the whole process described by (x). We realize that
mathematical structures need representations, and in mathematics we have a
clear separation between structures and their representations. The representa-
tions rely on conventions, either implicit or explicit, based on common cultural
background as well as on mathematical socialization, and they are not fully
explicated. Nonetheless, this usually poses no problems: Although these con-
ventions can never be fully explicated, as long as we provide representations
of mathematical structures in accordance to these conventions, they are strong
enough to provide a secure transformation from the external representation of
a structure (e.g. on a sheet of paper or on a blackboard) into an internal repre-
sentation of any mathematician, i.e., they refer to the represented structures in
a clear and and non-ambiguous way (as Barwise says in a broader discussion of
representations: ‘Every representation indicates a genuine possibility’ [Ba93]).

The next thesis claims that this approach can be adopted for diagrammatic
systems.

Thesis 4: In a mathematical theory, the mathematical structures need
representations. A rigor mathematical theory can be developed without
providing mathematical definitions for the representations. Instead of
that, it is sufficient if we have conventions — either implicit or explicit —
which describe the representations, as well as the relationship between
structures and their representations, in a clear and non-ambiguous way.
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6 The Second Approach to Diagrams

In Sec. 3, we have argued that in literature, EGs are described in an informal and
insufficient way (Thesis 1). Furthermore, we should not mix up graphs and their
representations. Particularly, EGs should be defined as formal structures and
not as graphical entities (Thesis 2). Thesis 3 claims that mathematics is the best
method to describe formal structures. From this we can conclude that EGs should
be defined as mathematical structures. Nonetheless, we haven’t already solved
the question whether the representations should be defined mathematically as
well.

In Sec. 4, we presented some difficulties when we try to define the diagrams
mathematically. The arguments of Sec. 4 are not strong enough to claim that a
mathematical definition of diagrams will always run into problems. In contrast:
Finding a appropriate mathematical definition for the diagrams should clarify
the points mentioned in Sec. 3. That is a mathematical definition would make
clear without ambiguities which diagrams should be considered to be well-formed
diagrams of EGs, and which not. Furthermore, the relation between graphs and
their representations can be elaborated mathematically as well. But providing
mathematical definitions for the diagrams may result in a technical overhead or
overspecification of the formalization of EGs and their representations, and none
mathematical definition can solve the representation problem finally.

On the other hand, as seen in Sec. 5, mathematical logic is a mathematical
theory, although the representations of the types in logic, i.e., formulas, are not
fully explicated, but they rely on different conventions.

In contrast to the attempt to capture the representations by mathematical defini-
tions, we have seen that logic is a rigor mathematical theory, although represen-
tations are only captured not fully explicated conventions. This works because
these conventions are mainly based on a common and solid cultural background,
namely the form how text is presented. For diagrams, we have a lack of conven-
tions.

Thus, in both approaches, we have to provide a set of conventions on how dia-
grams are written. Particularly for EGs, we have to make clear without ambigui-
ties which diagrams shall be considered to be well-formed diagrams of EGs. In the
first approach, these conventions are provided informally in common language.
In the second approach, these conventions are described by a mathematical def-
inition. Thus, the mathematical definition should capture as best as possible
the informally provided conventions of the first approach. The advantage of a
mathematical definition is its preciseness, but we gain this preciseness for the
cost of a technical overspecification of the diagrams. Furthermore, we have seen
that a mathematical definition cannot capture exactly the diagrams.

As already said above, arguments like these are not strong enough to generally
discard mathematical definitions for the token-structures. It has to be estimated
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whether a mathematical definition is really needed, or whether the conventions
for drawing diagrams and for the relationship between representing diagrams and
represented structures can be captured sufficiently by descriptions in common
language. If the latter is possible, we are able to gain the rigorousness and
preciseness of a mathematical theory without a technical overspecification of
the diagrams. Thus, in this case, I claim that this approach should be preferred.

We have already mentioned that the Alpha system of EG is said to be equivalent
to propositional logic, the Beta system of EG is said to be equivalent to first order
predicate logic. In fact, we find good arguments for that in the books of Zeman,
Roberts or Shin. But, as EGs are described informal and insufficiently, these
argumentation cannot be seen as (mathematical) proofs. With our approach, we
can solve these problems: If we define EGs as mathematical structures, we are
now able to prove mathematically the equivalences between the Alpha system
and the Beta system to propositional and first order predicate logic, respectively.

In the following section, we exemplify this approach for Alpha graphs. Of course
this is a fairly simple example. Its advantage is that we can work out the def-
initions of Alpha and the proof of the equivalence to propositional logic on a
couple of pages. Its disadvantage is that the problems we discussed in Sec. 3
appear much stronger in Beta, thus the benefit of a mathematical foundation of
graphs cannot be seen that clearly for Alpha. An elaboration of this approach
for the Beta system is in progress (a first step towards Beta can be found in
[Da03]).

7 Syntax for Alpha Graphs

Alpha graphs are built up from two syntactical devices: sentence symbols and
cuts. We first fix the sentence symbols, which we call propositional variables.

Definition 4 (Propositional Variables).

Let P := {Py, P52, Ps,...} be a countably infinite set of propositional variables.

Alpha graphs can be seen to built up from propositional variables and cuts by an
appropriate inductive definition. We can try to transform this into a inductive
mathematical definition. This is possible, but here Alpha graphs are defined
in one step. To emphasize that these structures are abstract structures, not
diagrams, they are termed formal Alpha graphs.

Let us briefly discuss what we have to capture in the mathematical definition.
Consider first the two diagrams depicted in Figure 2.

According to the discussion in Secs. 3-6, these two diagrams represent the same
Alpha graph: In fact, we have a one-to-one-correspondence between the cuts
resp. the occurences of propositional variables in both diagrams such that a cut
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Fig. 2. Two Diagrams of the same Alpha graph
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or an occurence of a propositional variable is enclosed by another cut in the first
diagram if and only if this holds for their counterpart in the second diagram.
For example, in both diagrams of Figure 2 the outermost cut encloses exactly
all other cuts, one occurence of the propositional variable P, and all occurences
of the propositional variables P3 and Py. We will say more specifically that the
occurence of the propositional variable P, and the two cuts are enclosed directly,
while all other enclosed items are enclosed indirectly, and we will say that the
items which are directly enclosed by a cut are placed in the area of this cut.
It is convenient to say that the outermost items (the outermost cut, the two
occurences of Py and one occurence of P, are placed on the area of the sheet
of assertion. This enclosing-relation is the main structural relation between cuts
and the other items of a graph.

A mathematical definition of Alpha graphs must therefore capture the following:

1. A set of occurences of propositional variables,
2. a set of cuts, and
3. the above-mentioned enclosing-relation.

To distinguish between propositional variables and occurences of propositional
variables, we will introduce vertices which are labelled with propositional vari-
ables. This yields the possibility that a propositional variable may occur several
times in a graph, even in the same cut. The cuts are introduced as elements of
a set Cut. It is reasonable to introduce the sheet of assertion as own syntactical
device. The enclosing-relation will be captured by a mapping area, which as-
signs to each cut (and to the sheet of assertion) the set of all other elements of
the graph which are directly enclosed by the cut. We know that we have some
restrictions for cuts, e.g. cuts may not overlap. These restrictions are captured
mathematically by conditions for the mapping area. A possible definition for
formal Alpha graphs is the following:

Definition 5 (Formal Alpha Graph).
A formal Alpha graph is a 5-tuple (V, T, Cut, area, k) with
— V and Cut are disjoint, finite sets whose elements are called vertices and
cuts, respectively,

— T is a single element with T ¢ V U Cut, called the sheet of assertion,
— area: Cut U{T} = B(V U Cut) is a mapping such that
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a) 1 # c2 = area(c)) Narea(ce) =0 ,

b) VUEUCut = Usecun(ry area(d),

¢) ¢ & area™(c) for each c € Cut U{T} and n € N (with area®(c) := {c}
and area™ (c) := U{area(d) |d € area™(c)}), and

- &:V > P is a mapping.

The elements of CutU{T} are called contexts. As we have for every x € VUCut
exactly one context ¢ with x € area(c), we can write ¢ = area™1(z) for every
z € area(c), or even more simple andsuggestive: ¢ = ctz(z).

In this definition, we have already captured some important technical terms.
Mainly we have defined the sheet of assertion and the cuts of formal Alpha
graphs, and we have introduced the informal described mapping area. In the
following, we will often speak more simply of ‘graphs’ instead of ‘formal Alpha
graphs’.

There is a crucial difference between formal Alpha graphs and most other lan-
guages of logic: Usually, the well-formed formulas of a language are built up
inductively. In contrast to that, formal Alpha graphs are defined in one step.
The structure of a formula in an inductively defined language is given by its
inductive construction. Of course we know that Alpha graphs bear a structure
as well: A cut of the graph may contain other cuts, but cuts may not intersect.
Thus, for two (different) cuts, we have three possibilities: The first cut encloses
the second one, the second cut encloses the first one, or the two cuts are in-
comparable. If we incorporate the sheet of assertion into this consideration, it
has to be expected that this idea induces an order < on the contexts which
should be a tree, having the sheet of assertion T as greatest element. As we now
have a mathematical definition of Alpha graphs, we must be able to prove this
proposition.’

In the next definition, we define an ordering on the vertices and edges which will
capture the enclosing-relation.

Definition 6 (Ordering on the Contexts).

Let & := (V, T,Cut,area, ) be a graph. We define a relation < on Cut U{T}
as follows: d < ¢ = d € o, area™(c).

3 As we mathematize informal given entities (here: Alpha graphs), we cannot prove
(mathematically) that the mathematization, e.g. the definition of formal Alpha
graphs, is ‘right’. So the attempt to prove that we have an induced tree on the
context can be understood as a test on our mathematical ‘re-engineering’ of Alpha
graphs. If we cannot prove this proposition, our mathematization of Alpha graphs
does not capture crucial features of Alpha graphs, thus we should rework the defi-
nition. If we can prove this proposition, this is a good argument that our definition
is ‘right’.
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Wesetz <y <=z<yAyLzadzx <y:$=z<yAy#z toavoid
misunderstandings. Forc € CutU{T}, we set <[c] := {x € VUCutU{T}|z < ¢}
and <[c] ;= {x e VUCut U{T}|z < c}. Every element x of <[] is said to be
enclosed by ¢, and vice versa: c is said to enclose z. For every elementof area(c),
we say more specifically that it is directly enclosed by c.

Analogously to [Da03], we get the following lemma:

Lemma 1. Let & := (V,T,Cut,area, k) be a graph. Then < is an order on
Cut U {T} which is a tree with the sheet of assertion T as greatest element.

To provide an example of a formal Alpha graph, we consider the right diagram
of Figure 2. Additionally, we have labelled the vertices and cuts with names for
pairwise distinct elements. Below the diagram, the formal Alpha graph which
is represented by the diagram is provided.

WY s GV G656 BEY G %

& = ({v1,v2,v3,4,Vs5, Vs, V7,V }, T, {C1, C2, €3, C4, C5, C6 }, } V. T,Cut
{(T, {'Ula v2,vs3,€1}), (€1, {v4,ca,c3,ca}) (c2, @)v } area
(c3, {vs}), (ca, {vs, c5, c6}), (5, {v7}), (cs, {vs}) }»
{(U1,P1),(1)2,P1),(U3,P2),(’U4,P3), } K
('U57 P2)’ ('UﬁvP3)» (’07, P4)’ (’Ug, P4)})

Next we show the mapping ctx, and the quasiorder < is presented by its Hasse-
diagram.

T
I
Ct.’L'(.’L‘)H T‘T|T|01|C3|C4|C5|CG!T|61‘CI|61|C4|C4 )
1
62/ (l:3 \\04
Cs \Ce

Note that we did not further specify the objects vy,...,vs, T, and ¢y,,...,Cs-
It is quite obvious that a diagram of an EG cannot determine the mathemat-
ical objects for vertices or cuts, it only determines the relationships between
these objects. In fact we can choose arbitrary sets for these mathematical ob-
jects (we only have to take into account that {v1,vs,vs,va,vs,ve,v7,v8}, {7},
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{c1,¢2,¢3,c¢4,C5,c6} must be pairwise disjoint). In other words: The diagram of a
graph determines the graph only up to isomorphism. The isomorphism-relation
is canonically defined as follows:

Definition 7 (Isomorphism).

Let &; := (V;, T, Cut;,area;, k), i = 1,2 be two formal Alpha graphs. Then
we call f = fy U foue isomorphism, if fyy : Vi — Vo and feou @ Cuty U
{T1} = Cuta U {T2} are bijective with fcu(T1) = To such that flarea;(c)] =
areaz(f(c)) for each ¢ € Cuty U{T1} (wewrite fIX] for {f(z)|z € X}), and
k1(v) = ka(fv (v)) for all v e Vi.

From now on, isomorphic graphs are implicitly identified.

We have seen that a diagram of an Alpha graph is a diagram which is built up
from two different kinds of items, namely of closed, double-point-free and smooth
curves which represent cuts (we will call them cut-lines), and signs which de-
note the propositional variables P;, such that two different items of the diagram
neither overlap nor intersect.

Of course each formal Alpha graph can be represented by an appropriate dia-
gram. This diagram can be constructed iteratively over the tree of its context,
using Lem. 1. Let on the other hand a diagram be given. It is easy to find (up
to isomorphism) the corresponding formal Alpha graph (V, T, Cut, area, ): We
choose sets V and Cut of which its elements shall stand for the occurences of
propositional variables resp. the cut-lines in the diagram, and the mapping &
is defined accordingly. Then, the mapping area area is now defined as follows:
Let ¢ € Cut be a cut. So we have a uniquely given cut-line ¢/ in our diagram
which corresponds to ¢. Now let area(c) be the set of all z € V U Cut such that
z corresponds to an item of the diagram (an occurence of a PV or a cut-line)
which is directly enclosed by the cut-line cl. Furthermore, let area{T) be the set
of all z € V U Cut such that  corresponds to an item which is not enclosed
by any cut-line. So we obtain a formal Alpha graph which is represented by the
diagram. (The correspondence between formal Alpha graphs and diagrams can
be much more explicated, but this is omitted due to space limitation).

Next we will define mathematically what a subgraph of a formal Alpha graph is.

Definition 8 (Subgraph).

Let & := (V, T,Cut,area, ) be a graph. The graph & := (V',T',Cut’,area’, k')
is called a subgraph of & in the context T’ if

— V' CV,Cut' CCut and T' € Cut U{T},

area’(T') = area(T)N(V'UCut') and area’(d) = area(d) for eachd € Cut’,
ctz(z) € Cut' U{T'} for each x € V' U Cut’, and

the mapping ' is the restriction of k to V.

|



Types and Tokens for Logic with Diagrams 83

We write: ' C ® and area™'(8') = T’ resp. ctz(®') =T .

We provide some examples for this definition, based on the graph of Figure 2.
We consider substructures of this graphs which are shaded in the diagram.

Fig. 4. Two substructures which are no subgraphs

If we consider a graph and a context of this graph, then this context together
with all cuts and vertices enclosed by this context form a subgraph. This is
a special case for subgraphs which is captured by the following definition and
lemma.

Definition 9 (Subgraph induced by a Cut).

Let & := (V, T,Cut,area, k) be a formal Alpha graph and ¢ € Cut U {T} be a
context. The graph ®{c] := (V',T',Cut’,ared’, k') is defined as follows: V' :=
<[]V, Cut’ := <[] N Cut, T' :=¢, area’ := area|curu(T/}, and &' := Kly:.

Lemma 2. [f& := (V,T,Cut,area,s) is a formal graph and ¢ € Cut U{T} is
a context, then ®|c] is a subgraphof &.

Proof: Trivial.

The next two definitions are neccessary for defining and understanding the cal-
culus we will present in Sec. 8. Most of the rules in this calculus modify only
parts of a graph which are enclosed by a specific context. For some rules we
have to distinguish whether this context is enclosed by an odd or even number
of cuts. For this reason Definition 10 is needed. As we modify the graph only
‘inside’ the specific context, the part of the graph outside of this context re-
mains unchanged. We will say that the starting graph and the resulting graph
are isomorphic except for the context, which is captured by Definition 11.
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Definition 10 (Even and Oddly Enclosed, Pos. and Neg. Contexts).

Let & = (V,T,Cut,area, k) be a formal Alpha graph, letx be a subgraph or let
x be an element of VU Cut U{T}. We set n:= |{c € Cut|z € <[c|}|. Ifn is
even, z is said to be evenly enclosed, otherwise x is said to be oddly enclosed.

The sheet of assertion T and each oddly enclosed cut is called a positive context,
and each an evenly enclosed cut is called negative context.

Definition 11 (Partial Isomorphism).

Fori=1,2, let &; := (V;, T;, Cut;, area;, k;), be two formal Alpha graphs and let
c; € Cut;U{T;} be given contexts. Fori = 1,2, we set V] := {v e V;|v £ ¢;} and
Cut;' :=={d € Cut; U{T}|d £ c;}. Then f = fv U feus is called isomorphism
except for ¢y € Cuti U{T1} and ¢z € Cuta U {T3} if fv : V{ — VJ and
fout : Cuty’ — Cuty’ are bijective with fout(T1) = Ta, such that flarea(c)] =
area’(f(c)) for each ¢ € Cut1 U {T1}, and k1(v) = ka(fv (v)) for all v € VY.

A common operation on diagrams is to juxtapose them, i.e. writing them side by
side. On the side of the mathematical structure, this corresponds to the disjoint
union of a set of graphs, which is captured by the next definition.

Definition 12 (Juxtaposition of Formal Alpha Graphs).

Let &, := (V;, T, Cut;, area;, k;) be graphs fori =1,...,n withn € Ng. The jux-
taposition of the &; is defined to be the following graph & = (V, T, Cut, area, &):

- V= Ui=1,.,.,nVi x {i} ,

- Cut:= U, ,Cuti x {i},

~ area is defined as follows: GTZN((SE’(E% z (Lereai(c) 2:;3{?_;5 {C;}u b )
on i 1

i=1,.

and
i=1,..

— k(v,1) := Kgi(v) for alve VE andi=1,...,n.

In the graphical notation, the juxtaposition of the &; is simply noted by writing
the graphs next to each other, i.e. we write: &1 8, ... &,

It should be noted that the juxtaposition of an empty set of graphs is allowed,
too. It yields the empty graph, i.e. (@, T,®,0,0).

8 Semantics and Calculus for Formal Alpha Graphs

We start this section with providing a semantics for formal Alpha graphs. As
in propositional logic, we assign truth values to the propositional variables by
valuations. Propositional variables stand for propositions which are simply true
or false.
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Definition 13 (Valuation). A valuation is a mapping val : P — {ff, tt}.

Now we have to extend valuations to graphs by reflection of the meaning of cuts
and juxtaposition. This is done close to the so-called endoporeutic method of
Peirce.

Definition 14 (Evaluations).

Let val be a valuation and let & := (V,T,Cut,area, k) be a graph. We evaluate
® for val inductively over c € Cut U{T}. The evaluation of & in a context ¢ is
written val &= B[], and it is inductively defined as follows: val |= &[c] <=

— val(k(v)) =t for eachv € V Narea(c) (vertex condition), and
— val }& B[] for eachc’ € Cut Narea(c) (cut condition: iteration over Cut U

{TH

For val = &[T] we write val = ® and say that & is valid for val resp. val is a
model for &. If we have graphs &y, 2 such that val |= G2 for each valuation
val, we write &1 = &3.

Next, the calculus for formal Alpha graphs will be provided. The rules have
already been informally presented in the introduction. We have now the possi-
bility to describe the rules in a mathematically precise manner. Here are the
appropriate mathematical definitions:

— Erasure and Insertion
We first provide a general definition for inserting and erasing a subgraph.
Let & := (V,T,Cut,area,k) be a graph which contains the subgraph
&g := (Vo, To, Cuto,areaqg, ko). Let ® 1= (V', T/, Cut’,area’, k") be defined
as follows:
o V'i=V\V,, T':=T and Cut’ := Cut\Cutp ,
, area(d) d # Ty
* area'(d) := area(d)\(Vo U cuiog d=To"
o &=kl
Then we say that &’ is derived from & by erasing the subgraph o from
the context Tqo, and & is derived from &’ by inserting the graph o into
the context Tg. The rules ‘erasure’ and ‘insertion’ are restrictions of the
definition above:
Let & be a graph and let & be a subgraph of & with ¢ := ctz(&,), and
let &’ be obtained from & by erasing ¢ from the context c. If ¢ is positive,
then &’ is derived from & by erasing Bo from a positive context, and if ¢ is
negative, than &' is derived from & by inserting ¢ into a negative context.
— Iteration and Deiteration
Let & := (V, T,Cut,area, k) be a graph which contains the subgraph &g :=
(Vo, To, Cuty, areag, ko), and let ¢ be a context with ¢ ¢ Cuto.
Let &' := (V'/,T',Cut’,area’, ') be the following graph:
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o V':=Vx{1} U Vox{2}, T':=T and Cut’ := Cutx {1} U Cutox{2}.
e area’ is defined as follows:
for (d,i) € Cut’ and d # c let area’((d,1)) := area(d)x {3}, and let
area’((c, 1)) := area(c)x {1} U areao(To) x {2}.
e &'((k,1)) := w(k) for all (k,i) € V'
Then we say that & is derived from & by iterating the subgraph ®q into the
context ¢ and & is derived from &' by deiterating the subgraph & from the

context c.
— Double Cuts
Let & := (V,T,Cut,area,x) be a graph and c;,cc € Cut with

area(c1) = {co}. Let ¢o = ctz(er) (i.e., ¢; € area(cy)) and set & :=
(V,T,Cut’,ared’, k) with
o Cut’ := Cut\{e1, 2}
area(d) for d
o ared(d) := area(co) U area(ggg for d iig '
Then we say that &’ is derived from & by erasing the double cuts ¢1,co and
& is derived from &' by inserting the double cuts ¢, ca.

Based on the calculus, we can now define the syntactical entailment relation.

Definition 15. Ler &,, &, be two graphs. Then &, can be derived from &,
(which is written &, & &), if there is a finite sequence (&1, a,...,6,) with
&, = &1 and &y = B, such that each &;41 is derived from &; by applying one
of the rules of the calculus. The sequence is called a proof for &, F &. Two
graphs &1, o with &1 - &9 and B - &1 are said to be provably equivalent.

If $:={8;|i € I} is a (possibly empty) set of graphs, then a graph & can be
derived from $ if there is a finite subset {®1,...,6,} C H with &;... G, - 6
(remember that &y ..., is the juxtaposition of S1,...,G,).

Before we start with the proof that the calculus is sound and complete, we finally
show in this section three simple metalemmata in the sense that they show some
schemata for proofs with EGs, i.e., they are derived ‘macro’-rules.

All rules in the calculus which are applied in a context only depend on whether
the context is positive or negative. In particular if a proof for 8, - & is given,
this proof can be carried out in arbitrary positive contexts. This yields immedi-
ately the following lemma, which can be found in [S097].

Lemma 3 (Cut-And-Paste-Theorem).
Let &, - &, for two graphs &,, &,. It follows:

— If &, is a subgraph of ® in a pos. context, then 6, may be replaced by Gy.
— If &y is a subgraph of ® in a neg. context, then &, may be replaced by &,
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In particular we have that derivable graphs ®q (i.e., graphs with - &g) canbe
inserted into arbitrary contexts of arbitrary graphs.

From this lemma we obtain the graph version of the well known deduction the-
orem.

Lemma 4 (Deduction Theorem).

Let ®,, &, be graphs. Then B,+-&, < + | 6,

Proof: We show both directions separately.

e e Jooddo
. @, L @a e qsa Fe, o Te o

The following lemma is quite obvious:

Lemma 5. Let &, &,, &, be graphs with & + &, and & - &,. Then &
&, By.

it L.3 L.3
Proof: BFES B F &, & - B, & 0

9 Soundness and Completeness

In this chapter we will show that the rules we presented in Sec. 8 are sound and
complete with respect to the given semantics. In the first section, we will prove
the soundness of the calculus, in the next section we will prove its completeness.

9.1 Soundness

Most of the rules modify only the area of one specific context ¢ (for example, the
rule ‘erasure’ removes a subgraph from the area of a positive context). If a graph
®’ is derived from a graph & by applying one of these rules (i.e., by modifying
a context ¢ in the graph &), & and &’ are isomorphic except for ¢. As it has
to be shown that no rule can transform a valid graph into a nonvalid one, the
following theorem is the basis for proving the soundness of most rules.
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Theorem 1 (Main Lemma for Soundness).

Let & := (V,T,Cut,area, k) and & = (V',T',Cut’,area’, k') be graphs and let
f=1fv U fous be an isomorphism from & to &' except forc € Cut U {T} and
d € Cut' U{T'}. Letval : P — {£f,tt} be avaluation. Let P(d) be thefollowing
property for Cuts d € Cut U {T}:

~ Ifd is positive and val |= 8[d], then val |= &'[f(d)], and
— Ifd is negative and val [~ B[d], then val [ &'[f(d)].

If P holds for c, then P holds for each d € Cut U {T} with d £ c. In particular
v = & follows from v |= .

Proof: We set D := {d € CutU{T}|d £ c}. D is a tree such that for each d € D
with d # ¢ and each e € Cut U {T} with e < d we have e € D. For this reason
we can carry out the proof by induction over D. As c satisfies P, it is sufficient
to carry out the induction step for d # c. Solet d € D, d # ¢ be a context such
that P(e) holds for all cuts e € area(d) N Cut.

First Case: d is positive and val = &[d].

We have to check the vertex- and cut-conditions for f(d). We start with the
vertex conditions for f(d), i.e., for vertices v’ € V' with ctz’(v') = f(d).

For each v € V with ctz(v) = d, it holds «(v) = &'(f(v)), hence
val(k(v)) = o <= val(k'(f(v))) = tt.
As fy is a bijection from area(d) NV to area’(f(d)) N V’, we gain the following:

All vertex conditions in d hold iff all vertex conditions in f(d) hold.

As we have val |= 8[d], we get that val [~ &[e] for all cuts e € area(d). These
cuts are negative and are mapped bijectively to the cuts €’ € area(f(d)). As they
are negative, we conclude from the induction hypothesis or the presupposition
(fore = c) that val }£ &'[f(e)] for all cuts e € area(d),i.e., val = &[] forall
cuts e’ € area’(f(d)).

As we have checked all vertex- and cut-conditions for f(d), we get val = &'[f(d)].
Second Case: d is negative and val b &[d].

This is shown analogously to the first case. ]

With this lemma, we can prove the correctness of the rules. Due to space limita-
tions, the prove will only be carried out for the rules ‘iteration’ and ‘deiteration’.
The other rules can be handled similarly.

Lemma 6 (Iteration and Deiteration are Sound).

If 6 and &' are graphs, val is a valuation with val = & and ®' is derived from
& by applying one of the rules ‘iteration’ or ‘deiteration’, then val = &'.
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Proof: Let &g := (Vp, To, Cutg, areag, ko) be the subgraph of & which is iterated
into the context ¢ < ctz(®o), ¢ ¢ Cuto. We use the mathematical notation which
was given in Sec. 8. In particular, (c,1) is the context in &’ which corresponds
to the context ¢ in &. There are two cases to consider:

First Case: val |= &q. From this we conclude val = &{c] <= val k= &'|(c,1)].
As & and &' are isomorphic except for ¢ € Cut U {T} and (¢,1) € Cut’ U {T'},
Lem. 1 can be applied now. This yields

val = & < val = & . (*)

Second Case: val = &,. This yields val & &[To] and val [~ &'[(To,1)]. As &
and &’ are isomorphic except for Tg € Cut U {T} and (To,1) € Cut' U {T'},
Lemma 1 can be applied now. This yields again ().

The direction ‘== of (*) yields the correctness of the iteration-rule. The opposite
direction ‘<=’ of (x) yields the correctness of the deiteration-rule. i

Lemma 7 (Erasure and Insertion are Sound).

If  and &' are graphs, v is a valuation with val = & and &’ is derived from &
by applying one of the rules ‘erasure’ or ‘insertion’, then val = &’.

Lemma 8 (Double Cut is Sound).

If & and &' are graphs, val is a valuation with val = & and &' is derived from
& by applying the rule ‘double cut’, then val = &',

From the preceding lemmata the soundness of the calculus follows immediately:
Theorem 2 (Soundness of the Alpha-Calculus).

Two formal Alpha graphs &, &' satisfy 8+ &' — & = &',

9.2 Completeness

As the empty sheet of assertion is always true, the graph () is always false.
This leads to the following definition and lemmata.

Definition 16. A set $ of graphs is called consistent if § () does not hold.
A graph & is called consistent if {®} is consistent.

Lemma 9. A set $ of graphs is not consistent if and only if § + &' for each
graph ®’.

Proof: Only the direction ‘==>" has to be proven. So let &,,...,6, € $ with
B1...6, (. Let & be the juxtaposition of &, ..., &,. We conclude:
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Lemma 10. Let & be a graph and let § be a set of graphs. Then we have

58 — 5U{(B8)IFD and 9+ (B8 ) = HU{B} -

Proof of the first equivalence (the second is shown analogously):

5+ & L there are &1,...,6, € § with &;...6, - &

gtherea.reeil,...,@neﬁwithI—C@L--ﬁn @
éthereare@l,...,ﬁnef)with F Gl---ﬁ’f'n @ @

4 thereare@l,...,c’ineﬁwith(’il...QSn FO

Def. ﬁu{@} L0

Consistent sets of graphs can be extended to maximal (with respect to C) consis-
tent sets graphs, which have canonically given valuations satisfying them. This
will be elaborated with the next lemmata.

0

Lemma 11. Let § be a maximal consistent set of graphs. Then:

1. Either $F+ & or HH+ @ for each graph &.
2.6 < B for each graph &.
3.8, 8,€H < G, €H and G € § for all graphs &1, G,.

Proof: It is easy to see that & @ (D . Hence if $ is consistent, § + &

and § F @ cannot hold both. Now we can prove all propositions of this
lemma:

1. Assume §) I & for a graph &. Lem. 10 yields that HU {@} is consistent.
As $ is maximal, we conclude that @E 9, hence we have § -
2. Let 5+ &. As § is consistent, we get that H I/ @ So Lem. 10 yields

that $ U {®} is consistent. As $) is maximal, we conclude & € §.
3. Follows immediately from 1. and 2. O
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Lemma 12. Let ) be a consistent set of graphs. Then there is a maximal set
5" of graphs with $' 2 9.

Proof: Let &;, 4, ®3,... be an enumeration of all graphs.We define inductively
a set of graphs $; for each i € N. We start with setting $; := £. Assume now
that $; D $ is defined and consistent.

If $; - does not hold, then $;+; = $; U {®;} is consistent due to
Lem. 10.

Otherwise, if $; F holds, then $;+1 = $; U{ } is consistent.

Now £ := {J,en 9n is obviously a consistent maximal graph set with ' 2 .
O

Theorem 3. Let $ be a maximal consistent set of graphs. Then there exists a
canonically given valuation val such that val |= ® for each graph & € $.

Proof: Let us first define a graph which states the propositional variable P;. We
set &(F;) := ({v}, T,0,0,{(v, P;)}) with an arbitrary vertex v. Let val : P —
{ff, tt} be defined as follows: val(FP;) =t : < HF G(F,).

Now let & := (V, T, Cut,area, ) be a formal Alpha graph. We show
val E®'c] <= HF &[] (10)

for each ¢ € Cut U {T}. The proof is done by induction over Cut U {T}. So let
c € Cut U{T} be a cut such that (10) holds for each d < ¢. We have:

val = &'[c] Def-qralyation 1, 01(k(v)) = tt for each v € V N area(c)
and val = 6[d] for each d € Cut N area(d)

A F B(k(v)) for each v € V Narea(c)
and $) I/ &'[d] for each d € Cut N area(d)

Def. val and Ind.Hyp.
yp

& &(k(v)) € H for each v € V Narea(c)
and € § for each d € Cut N area(d)
el &lcl €9

As we have 6 = &[T], applying (10) to ¢:=T yields val E &' «<— H+ &. O

Now we are prepared to prove the completeness of the calculus.
Theorem 4 (Completeness of the Calculus).

Two formal Alpha graphs &1, &, satisfy 1 £ By = &1+ 6.

Proof: Assume that &; - &2 does not hold. Then Cor. 10 yields that &;
is consistent. According to the last lemma, let be §3 be a maximal consistent set
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of graphs which includes this graph. Due to Thm. 3, §j has a canonically given

valuation val. This valuation is in particular a model for &, .Sowvisa
model for &1, but not for &9, which is a contradiction to the assumption. O
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Mikhail V. Samokhin
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All-Russian Institute for Scientific and Technical Information

Abstract. Graphs with labeled vertices and edges play an important
role in various applications, including chemistry. A model of learning
from positive and negative examples, naturally described in terms of For-
mal Concept Analysis (FCA), is used here to generate hypotheses about
biological activity of chemical compounds. A standard FCA technique
is used to reduce labeled graphs to object-attribute representation. The
major challenge is the construction of the context, which can involve ten
thousands attributes. The method is tested against a standard dataset
from an ongoing international competition called Predictive Toxicology
Challenge (PTC).

1 Introduction

In [1] we introduced a general construction based on a semilattice of object
description, which we called pattern structure. An example that we used was
related to a lattice on sets of labeled graphs. In general, pattern structures are
naturally reduced to formal contexts. In this paper we present a practical data
mining approach which uses JSM or concept-based hypotheses. On the data side
we use a standard FCA technique, called ordinal scaling [2] for the reduction of
labeled graphs to formal contexts. We consider a chemical application in Predic-
tive Toxicology and compare the results to those obtained with the same learning
model, but different representation language which used predefined descriptors
(attributes) for describing chemical compounds.

2 A Learning Model

2.1 Pattern Structures

In [1] we showed how such an approach is linked to the general FCA frame-
work [2]. In [3] and in [4] we showed how this approach is related to standard
machine learning models such as version spaces and decision trees.

Let G be some set, let (D, 1) be a meet-semilattice and let 6 : G — D be a
mapping. Then (G, D, §) with D = (D, ) is called a pattern structure, provided
that the set

8(G) := {d(g) | g € G}

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 94-108, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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generates a complete subsemilattice (Ds, M) of (D,MN) (e.g., when (D, 1) is com-
plete, or when G is finite), i.e., every subset X of 6(G) has aninfimum MX in
(D,N) and Dj is the set of these infima.

If (G, D, §) is a pattern structure, the derivation operators are defined as

A® :=Tgeca 6(g) for ACG

and
d°:={geG|dC yg)} for d € D.

The elements of D are called patterns. The natural order on them is given, as
usual, by
cd:<< cNd=c¢,

and is called the subsumption order.
The operators (.)° obviously make a Galois connection between the power
set of G and (D, C). The pairs {A,d) satisfying

ACG, deD, A°=d, and A=d°

are called the pattern concepts of (G, D,é), with extent A and pattern intent
d. For a,b € D the pattern implication a — b holds if a¢® C b°. Similarly, for
C, D C G the object implication C — D holds if C°® T D°.

Since (Ds, M) is complete, there is a (unique) operation Ul such that (Ds, 1, L)
is a complete lattice. It is given by

UX :=1{c € D5 | Vzex zC c}.

A subset M of D is U-dense for (Ds, M)} if every element of Dj is of the form
X forsome X C M. If this is the case, then with

ld:={eeD|eC d}

we get
c=UlecNM) for every c € Ds.

Of course, M := Ds is always an example of a Li-dense set.

If M is U-dense in (Ds,M), then the formal context (G, M, I) with I given
as gI'm: & m C §(g) is called a representation context for (G, D, §).

In [1] we proved that for any A C G, B C M and d € D the following two
conditions are equivalent:

1. (A,d) is a pattern concept of (G, D,é) and B =/ dN M.
2. (A, B) is a formal concept of (G, M, I) and d = | | B.

Thus, the pattern concepts of (G, D, §) are in 1-1-correspondence with the
formal concepts of (G, M, I). Corresponding concepts have the same first com-
ponents (called extents). These extents form a closure system on G and thus a
complete lattice, which is isomorphic to the concept lattice of (G, M, I).
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2.2 Hypotheses in Pattern Structures

In [5,6,7] we considered a learning model from [8] in terms of Formal Concept
Analysis. This model assumes that the cause of a target property resides in com-
mon attributes of objects that have this property.

For pattern structures this can be formalized as follows. Let (G,D,§) be a
pattern structure together with an external target property w. As in the case
of standard contexts, the set G of all objects is partitioned into three disjoint
sets w.r.t. w: the sets G, G-, G, of positive, negative, and undetermined ex-
amples, respectively. For positive examples it is known that they have property
w, for negative examples it is known that they do not have property w, and
for undetermined examples it is not known whether they have or do not have
w. This gives three pattern substructures of (G, D, d): (G4,D,d+), (G-, D,6_),
(Gr,D,é;), where 6, fore € {+,—,7} are restrictions of § to the corresponding
sets of examples. For brevity sake, we shall write just ¢ instead of é..

A positive hypothesis h is defined as a pattern intent of (G, D, d) that is not
subsumed by any pattern from §(G_) (for short: not subsumed by any negative
example). Formally: h € D is a positive hypothesis iff

h°NG_ =0and JAC Gy : A° = h.

A negative hypothesis is defined accordingly. A hypothesis in the sense of [9,8,7]
is obtained as a special case of this definition when (D,) = (24,n) for some
set M then we have a standard context (object-attribute) representation.

Hypotheses can be used for classification of undetermined examples as intro-
duced in [8] in the following way. If ¢ € G is an undetermined example, then a
hypothesis k with h T &(g) is for the positive classification of g if h is positive
and for the negative classification of g if it is a negative hypothesis.

An example g € G is classified positively if there is a hypothesis for its posi-
tive classification and no hypothesis for the negative classification. g is classified
negatively in the opposite case. If there are hypotheses for both positive and
negative classification, then some other methods (based on standard statistical
techniques) may be applied.

2.3 An Example with Labeled Graphs

Consider a pattern structure based on a given ordered set G of graphs (V, E)
with vertex- and edge-labels from the sets (Ly, <) and (Lg, <). Each labeled
graph I' from G is a quadruple of the form ((V,!), (E,b)), where V is a set of
vertices, F is a set of edges, I: V — Ly is a function assigning labels to vertices,
and b: E — Lg is a function assigning labels to edges. We do not distinguish
isomorphic graphs with identical labelings.

The order is defined as follows: For two graphs I := ((V4,11), (F1,b1)) and
I = ((Va,lp), (F2,b2)) from G we say that I, dominates I or I < I (or
I, is a subgraph of I) if there exists a one-to-one mapping ¢ : Vo — V; such
that it
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— respects edges: (v,w) € Fa = (p(v), p(w)) € E4,
— fits under labels: l2(v) < 11(¢(v)), (v,w) € Ez = ba(v,w) =X bi(p(v), p(w)).

Two small examples are given in Figure 1.

H..._.C”ﬂ CHI‘—H'——'OH z T‘,‘—Jt NHy—C—0OH
c < C — c
N.w/ / \NH, NF;/ \H’ C’/ \Ha
vertex labels are unordered z = A for any vertex label A € £

Fig. 1. With £y = {C, NHz, CH3, OH, z} we have subgraphs as shown in the diagrams
above. In all subsequent examples the label value x will not be admitted and unordered
vertex labels will be used

A pattern structure for these graphs then is defined as (G, D, §), where the
semilattice D := (D, M) consists of all sets of subgraphs of graphs from G (“graph
sets”), and the meet operation M on graph sets is defined as follows: For two
graphs X and Y from G

(X} {Y}:={Z|Zy< X,Y,VZ, < X,Y Z, # Z},

ie., {X}{Y}is the set of all maximal common subgraphs of X and Y. The
meet of non-singleton sets of graphs is defined as

{Xl, cy Xk} M {Yl, e ,Ym} = MAXS(LJ,;’]'({X,,;} n {Y}}))
for details see [10,6,1]. Here is an example of applying M defined above:

CHy—(C—OH CHa_E —E_Cl l—cHs
C/ st / cz

L]

To get an example of such a pattern structure, let G := G+ UG_, Where G
consists of the first four graphs I, I's, I3, Iy of Figure 2 and G_ := {I, I6, I'7}.

The pattern concept lattice of the positive pattern structure (G4, D,é) is
given in Figure 3.

2.4 Projections and Projected Hypotheses

Since for some pattern structures (e.g., for the pattern structure given by sets
of graphs with labeled vertices) even computing subsumption relation may be
NP-hard, in [1] we introduced projection operators to approximate pattern struc-
tures. A projection (kernel operator) is a mapping : D — D whichis
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QHy —(ii-—ozr OHy _T{_Oﬂ OHy —(li-—mr GHg "

n:) a f . c (r: a £ _-": a
Nf.u/ \HA NE/ \JH 1/ \Hn o/ \"
CHs —('—NHA N —('—-mr NHy—C—0H

RN NN

Fig. 2. Seven labeled graphs for a pattern structure.

monotone: if z T y, then ¢¥(z) T 9¥(y),
contractive: ¥(z) C z, and
idempotent: ¥(y(z)) = ¥(z).

Any projection of a complete semilattice (D,M) is IM-preserving, i.e., for any
X, YeD

PXNY) =(X) Ny(Y),

which helps us to describe how the lattice of pattern concepts changes when we
replace (G, D, 8) by its approximation (G, D, o §). First, we note that ¥(d) C
8(g) & ¥(d) C 9 o d(g). Then, using the basic theorem of FCA (which, in
particular allows one to represent every lattice as a concept lattice), we showed
how the projected pattern lattice is represented by a context [1]:

Theorem 1 For pattern structures (G, D, 61) and (G, D, 83) the following state-
ments are equivalent:

1. 85 = 1) 0 &1 for some projection v of D.
2. There is a representation context (G, M, I) of (G,D,81) and some N C M
such that (G, N,IN(G x N)) is a representation context of (G, D, d3).

The properties of projection allow one to relate hypotheses in the original
representation with those approximated by a projection. As in [1] we use the
term “hypothesis” to those obtained for (G, D, ) and we refer to those obtained
for (G, D, o 8) as -hypotheses. There is no guarantee that the -image of a
hypothesis will be a ¥-hypothesis. In fact, our definition allows that ¥ is the “null
projection” with ¢(d) = 0 for all d € D (total abandoning of the data with no
interesting hypotheses). However, if 1(d) is a (positive) hypothesis, then 1(d) is
also a (positive) ¥-hypothesis. If we want to look the other way round, we have
the following: if ¥(d) is a (positive) 9-hypothesis, then % (d)°® is a (positive)
hypothesis [1].
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negative example 8

) : NHz~G-OH
I Gﬂﬂ‘ﬂﬂﬂ | ~a 7 Hg !ﬁ B ‘E
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N e o w1

it axiioglia 1, 28 4
Fig. 3. The pattern concept lattice of the positive pattern structure

The set of all hypothesis-based classifications does not shrink when we pass
fromd to (d). Formally, if d is a hypothesis for the positive classification of g
and (d) is a positive ¢-hypothesis, then (d} is for the positive classification
of g.

The above observations show that we can generate hypotheses starting from
projections. For example, we can select only those that can be seen in the pro-
jected data, which is suggested by the following theorem from [1]:

Theorem 2 For any projection v and any positive hypothesis d € D the follow-
ing are equivalent:

1. +(d) is not subsumed by any negative example.
2. There is some positive 1-hypothesis h such that h°° C d.

An example is shown in Figure 4). We have used the same data as in Figure 3,
but the set D of graph sets was restricted to graphs with less then four vertices.

3 Scaling Labeled Graphs and Their Projections

In this section we shall discuss an application of the learning model, introduced
in Section 2 to the problem of bioactivity prediction. In our experiments we will
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Fig. 4. The lattice of the projected positive pattern structure

use the data from the Predictive Toxicology Challenge (PTC), an ongoing inter-
national competition. First, we shall briefly describe the format of PTC (Sub-
section 3.1). Then we shall discuss k-projections of labeled undirected graphs as
a means of approximate representation of graph data.

3.1 Predictive Toxicology Challenge

The program of a workshop on Predictive Toxicology Challenge (PTC) [11], (at
the joint 12th European Conference on Machine Learning and the 5th Euro-
pean Conference on Principles of Knowledge Discovery in Databases) consisted
in a competition of machine learning programs for generation of hypothetical
causes of toxicity from positive and negative examples of toxicity. The organiz-
ers (Machine Learning groups of the Freiburg University, Oxford University, and
University of Wales) together with toxicology experts (US Environmental Pro-
tection Agency, US National Institute of Environmental and Health Standards)
provided participants with training and test datasets.

The training dataset consisted of descriptions of 185 molecular graphs of 409
chemical compounds with indication of whether a compound is toxic or not for a
particular sex/species group out of four possible groups: male mice, female mice,
male rats and female rats. For each group there were about 120 to 150 positive
examples and 190 to 230 negative examples of toxicity. The test dataset consisted
of 185 substances for which forecasts of toxicity should be made. Twelve research
groups (world-wide) participated in PTC, each with up to 4 prediction models
for every sex/species group.
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3.2 Representation Contexts for Graph Data

The source data of the PTC datasets are molecular graphs. These are graphs in
the sense of Subsection 2.3 above, with labeled Vertices and edges. We cant there-
fore apply the methods from Section 2. Another view is the following (working
directly with a representation context): Think of the source data as a many-
valued context with a single many-valued attribute ‘“graph”, assigning to each
compound its molecular graph. This many-valued context is (ordinaly) scaled
one, such that the attributes of the derived context are all (connected) sub-
graphs of the graphs under consideration and each graph has its subgraps as
attributes.

However, generating this context is a rather time-consuming process. The
difficulty of generating all subgraphs is due to costly isomorphism and subgraph
isomorphism testing (the latter is an NP-complete problem). There are several
well-known algorithms for these problems, e.g., that of B. D. McKay [12] for
isomorphism testing and the algorithm of J. R. Ullmann [13] for testing subgraph
isomorphism. Since the generation of all subgraphs for an arbitrary labeled graph
is a computationally hard task, we use k-projections of initial graphs. The notion
of projection introduced in Section 2 for general semilattices can be specified for
the lattice on graph sets, e.g., as follows.

Definition 1. Ler I' = ((V,1),(E, b)) be a labeled graph. The set Sp = {Ix =
((Vi, L), (B, b)) | T is connected, I'. < I, |Vif < k} is called a k-projection
of I.

Thus, k-projection of a labeled graph I" is a set of all subgraphs (up to
isomorphism) of I' with up to k-size set of vertices. Obviously, k-projection
satisfies the properties of the kernel operator. When we use k-projections of
graphs, then in the corresponding representation context (G, M, I), the set of
objects G is a set of chemical compound names, M is a set of subgraphs of
molecular graphs with & or less vertices and g/m means that the graph m € M
is a subgraph of the molecular graph of the compound g € G.

So far, we have generated these contexts for the values of & from 1 up to 8.
With the growth of k, the number of attributes in the resulting scaled context
becomes very large (thousands of attributes), but reduction of attributes (a stan-
dard FCA technique) reduces the size of contexts in several times, see Figure 5.

projection size 123 4 5 6 7 8

# attributes in full context 22 95 329 1066 3275 9814 28025 76358
# attributes in reduced context|22 72 153 373 812 1548 2637 3981
reducing time (in sec.) 112 5 16 57 219 883

Fig. 5. PTC dataset: number of attributes in representation contexts before and after
attribute reduction
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4 QuDA: Qualitative Data Analysis

After the preprocessing step described above, we had 8 datasets. Each of these
datasets was an encoding of the original PTC data by means of 1- to 8-
projections, respectively. Our goal was to test whether hypotheses obtained for
these encodings can be better than those obtained for other encoding schemes
proposed by the PTC participants [11]. To do that we have used the QuDA
software [14,15].

4.1 A Brief Description of QuDA

History and motivation. QuDA, a data miners’ discovery environment was
developed at the Intellectics group of the Darmstadt University of Technology
in 2001-2003. The authors are P. Grigoriev and S. Yevtushenko. This project
was started as a “companion” data mining system for the DaMiT tutorial [16]
by initiative of the authors.

Usage. QuDA can serve as a personal data mining environment for analyzing
mid-sized datasets (up to ten thousands of records). Most of its functionality
is also accessible from external applications thus allowing the use of it in inte-
grated solutions. QuDA has an open architecture; it supports scripting and has
import/export capabilities for the most commonly used data/model formats.
Functionality. QuDA implements various data mining techniques, including as-
sociation rule mining, decision tree induction, JSM-reasoning', Bayesian learn-
ing, and interesting subgroup discovery. It provides also several preprocessing
and postprocessing utilities, including data cleaning tools, visualization of at-
tribute distributions, dynamic Hasse diagrams, and a ruleset navigator.
Implementation. QuDA is implemented entirely in Java. The system consists
of approximately 1700 classes; the source codes take approximately 3.5Mb.
Availability. QuDA is freeware. It is available for download at the DaMiT
tutorial site (http://damit.dfki.de) as well as at its own site at the Intellectics
group  (http://ki-www2.intellektik.informatik.tu-darmtadt.de/"jsm/QDA).

4.2 Using QuDA for Bioactivity Prediction: Sequential Covering

QuDA implements several variants of the learning model described in Section 2.
In our experiments we used the strategy of sequential covering with structural
similarities. This procedure does not generate the set of all hypotheses, but
generates a subset of it, sufficient to explain every of the examples in the training
set.

Briefly, this strategy can be described as follows:

1. objects in G are sorted according to some fixed linear order (e.g., in the
order they appear in the dataset);

" This name stands for a group of lattice-based machine learning methods, including
the model described in Section 2.
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2. the set of hypotheses H is initialized with an empty set;

3. first object g4+ in G4, which is not covered by any hypothesis in H is selected;

4. a hypotheses h, covering g+ is found by generalizing its description with
descriptions of other objects in G uncovered so far by H;

5. the new-found hypothesis h is added to H and the procedure continues from

the step 3 until every object in G is covered by at least one hypothesis in
H.

A pseudocode for the main loop of this procedure is given in Figure 6. Figure
7 provides pseudocode for the step 4: finding a hypothesis that explains a partic-
ular example, uncovered so far. We provide only the pseudocode for generating
positive hypotheses. Generating negative hypotheses is organized dually.

function SequentialCovering()

{
H :=0;

UnezxplainedExamples := G4 ;

for each g in G4

{

if g € Unexplained Examples
{
explanation := findExplanation(g, UnexplainedEzamples);
UnezxplainedExzamples := UnexplainedExamples \ explanation®;
H := HU {explanation};
}
}

return H;

Fig. 6. Sequential covering: the main loop

Although the sequential covering strategy has a number of obvious drawbacks
(most notably — its dependence on the selected order of objects), we decided to
use this strategy instead of generating all hypotheses for several reasons:

~ it has attractive computational complexity: linear in the number of attributes
in the representation context (see Section 2), linear in the number of negative
examples (G_), and quadratic in the number of positive examples (G..);

— in practical experiments on a number of real-world datasets [15] it has shown
classification accuracy and recall comparable to those of the strategy where
all hypotheses are generated.
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function findExplanation(g, P)

{

explanation := 6(g);

for each g4 in P

{
candidate := explanation4d(g+)
if candidate® NG- = {)
explanation := candidate;
}
return explanation;

Fig. 7. Sequential covering: findExplanation procedure

We conclude this section with a final remark, which aims at making our
results reproducible. The sequential covering strategy naturally depends on the
order on objects. This order is used in the main loop to select the next object
to find an explanation for; at the same time this order determines the sequence
in which objects are used for generalization in the findExplanation procedure.
In our experiments we have used the order in which objects were presented in
the source dataset.

5 Experiments with the PTC Dataset

One of the standard techniques used in machine learning for comparison of the
classification algorithms is the so-called ROC-analysis >. Here, results obtained
by a learning model are represented by a point on (z,y)-plane, where z stays
for the relative number of false positive predictions and y stays for the relative
number of true positive predictions. The best (usually unattaianble) point is (0,1)
and the strait line from (0,0) to (1,1) corresponds to models that are equivalent to
random guess under uniform distribution. When the costs of correct classification
and misclassification are not known in advance, “best” models correspond to
points lying on the convex hull of leftmost points. ROC-diagrams were used in
the Predictive Toxicology Challenge to select the best learning models. Here we
also use ROC-diagrams to demonstrate the usage of projected pattern structures
for bioactivity prediction in comparison to other encoding schemes and/or other
learning models.

2 ROC is the abbreviation for Receiver Operating Characteristic, see [17]
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5.1 Projected Pattern Structures ‘“On the ROC”
The results are shown in Figure 8. The following abbreviations are used:

— PRI, PR2, ..., PR8 — the results obtained using 1- to 8-Projection represen-
tations, respectively, in combination with sequential covering strategy;

— WAII, GONZ, KWAI, LEU3 are other “best” models submitted to the Pre-
dictive Toxicology Challenge for this animal group.

Note, that the Figure 8 shows both the “old” ROC-curve (composed by
LEU3, KWAI, GONZ, and WAIIl models) and the “new” one (composed by
LEU3, PR7, PR5, and WAII models).
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Fig. 8. Projected pattern structures “On the ROC”. Animal group: MR (male rats).

As one can “read” from the ROC-diagram in Figure 8:

— using 1-Projections does not lead to any classifications at all (false positive
rate and true positive rate equal zero);

— using 2-Projections results in rather bad classifications: the corresponding
point on the ROC-diagram is below the diagonal;
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Fig. 9. Projected pattern structures “On the ROC”. Animal group: FR (female rats).
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Fig. 10. Projected pattern structures “On the ROC”. Animal groups: MM and FM
(male and female mice).
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— using 3-Projections results in better classifications: the corresponding point
on the ROC-diagram is above the diagonal;

— using 4-Projections results in even better classifications: the corresponding
point is above the “old” ROC-curve;

— using 5-Projections occurs to be one of the four “new” best strategies: it
results in making 8 true positive predictions with only 2 false positive ones;

— using 6-Projections, however, does not result in better classifications: the
number of true positives decreases to 6; the number of false positives remains
the same;

— using 7-Projections, with 4 true positives and 1 false positives again appears
on the “new” ROC-curve;

— using 8-Projections increases the number of true positives to 6, but also
increases the number of false positives to 2; this strategy is thus strictly
worse than using 5-Projections (assuming positive cost of making a true
positive classification);

For the FR group (female rats; see Figure 9) the strategies with 4-, 5-, 6-,
and 8-Projections occur above the “old” ROC-curve, without, however, making
any of the “old” best models (LEU3 and KWALI) lose their positions.

For the other two animal groups (MM and FM, male and female mice) our
strategy did not bring any good results (see Figure 10).

6 Conclusions and Further Work

Our practical result is: In two animal groups of the four the classification accu-
racy obtained with molecular graph projections and sequential covering strategy
appeared to be among the best known. In the other two groups, however, this was
not the case.

Somewhat more interesting, although expected result is the demonstrated
non-monotonicity of the classification accuracy by k-Projections with the growth
of k. At first glance, this result may seem strange, as increasing the size of projec-
tions we increase the amount of information available for the learning algorithm.
However, in practice this information growth often results in generating more
irrelevant hypotheses and thus, in the decrease of classification accuracy.

The most interesting directions of further research are as follows:

— check the proposed approach on other real-world datasets involving graph
representation; these include other datasets from the bioactivity prediction
domain as well as datasets from other domains, e.g. web structure mining,
ontology-based text mining, etc.;

— incorporate standard machine learning algorithms for feature selection
and/or develop specialized ones to overcome classification accuracy decrease
when growing the size of projections;

— in our experiments we have used a trivial conflict resolution technique: if a
certain object contained both positive and negative hypotheses it remained
undefined; other strategies, e.g. voting, may prove more appropriate.
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Abstract. In this paper we study two orthogonal extensions of the classical data
mining problem of mining association rules, and show how they naturally inter-
act. The first is the extension from a propositional representation to datalog, and
the second is the condensed representation of frequent itemsets by means of For-
mal Concept Analysis (FCA). We combine the notion of frequent datalog queries
with iceberg concept lattices (also called closed itemsets) of FCA and introduce
two kinds of iceberg query lattices as condensed representations of frequent dat-
alog queries. We demonstrate that iceberg query lattices provide a natural way to
visualize relational association rules in a non-redundant way.

1 Introduction

Mining association rules is a popular knowledge discovery problem. Since the problem
was stated [1], various approaches have been proposed for an increased efficiency of rule
discovery in very large databases [2,6,8,23,24]. In parallel, researchers have extended
the original problem to knowledge representations that are either related to and/or more
expressive than the original representation in propositional logic of itemsets. These
include for instance generalized association rules [28], or frequent patterns within time
series [3].

In this paper, we consider the extension to first order logic as introduced by L. de
Haspe and H. Toivonen in [10] and [11]. Instead of considering rules of the form X — Y
where X and Y are sets of attributes (items; e. g., products of a supermarket) which
may or may not apply to objects (e. g., to transactions), they consider X and Y to
be datalog queries. This allows specifically to consider relations between objects, and
thus enhances the expressiveness of the association rules which can be discovered. The
resulting relational association rules, however, suffer to an even larger extent the main
problem of classical association rule mining: even for a small dataset, the number of
resulting rules is very high, and there are many uninteresting and even redundant rules
in the result.

In the classical scenario, several solutions (for instance measures of “usefulness”
[7]) have been proposed. These approaches can also be applied to relational association
rules, but they all have in common that they lose some information.

A complementary approach is based on Formal Concept Analysis (FCA) [37,15]. Its
simplest data structure, a ‘formal context’, fits exactly the scenario of classical association

K.E. Wolffet al. (Eds.): ICCS 2004, LNAI 3127, pp. 109-125, 2004.
© Springer-Verlag Berlin Heidelberg 2004



110 G. Stumme

rule mining. It turned out that the concepts of the concept lattice provide a condensed
representation for frequent itemsets.

This observation was independently made by three research groups around 1997/98:
L. Lakhal and his database group in Clermont-Ferrand [22], M. Zaki in Troy, NY [39],
and the author in Darmstadt [31]. The first algorithm based on this idea was Close [24],
followed by A-Close [23], ChARM [40], PASCAL [5], Closet [26], TITANIC [33,35], and
others, each having its own way to exploit the closure system which is hidden in the data.
Then different researchers started working on ‘condensed representations’ of frequent
itemsets and association rules: closed sets, free sets, k-free sets, etc. Some of them were
well-known in FCA for quite a while, (e. g., closed sets as concept intents — see for
instance [14] — and free sets as minimal generators), others (for instance k-free sets)
truly extended the set of condensed representations.

In this paper, we discuss how these representations can be applied to datalog queries
and to relational association rules. Our approach is as follows: first we re-formulate the
problem of mining relational association rules in terms of Formal Concept Analysis.
Then we are able to apply in a straightforward manner the full arsenal of FCA-based
condensed representations (closed sets, pseudo-closed sets, free sets) to frequent queries.
From them, we define iceberg query lattices and show by an example that they are
adequate for visualizing relational association rules.

This paper continues our work on iceberg concept lattices presented in [35]. It is
organized as follows. After giving an introduction to Datalog and describing the prob-
lem of mining relational association rules in Section 2, we recall the basics of mining
(classical) association rules with Formal Concept Analysis in Section 3. In Section 4 we
will restate the relational mining problem in terms of FCA and introduce iceberg query
lattices. In Section 5, we discuss their use for visualizing relational association rules,
before we conclude in Section 6.

2 Relational Association Rules

Relational association rules were inspired by adopting the classical task of mining associ-
ation rules to ILP (Inductive Logic Programming). First we recall the classical problem,
before introducing datalog and relational association rules.

2.1 Association Rules

The problem of mining association rules has been discussed for a decade now. It can be
stated as follows.

Problem 1 (Association rule mining [1]). Let M be a set of items,! G aset of transaction
IDs, and I a binary relation between G and M, indicating which items have been bought
in which transactions. An association rule is a pair X — Y of subsets of M with

"In the scenario of warehouse basket analysis, the items are products sold by the supermarket.
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X C Y .2 Its support is the relative frequency of the transactions containing ¥ among
all transactions, and its confidence is the relative frequency of all transactions containing
Y among those containing X.

The problem of mining association rules is to compute, for given thresholds minsupp
and minconf € [0, 1], all association rules such that their support and confidence are
above (or equal to) the thresholds minsupp and minconf, resp.

In a supermarket database, for instance, the rule ‘salmon — white_wine (conf =
73 %, supp = 3 %)’ would indicate that 73 % of all customers buying salmon also buy
white wine, and that this combination is bought in 3 % of all transactions.

The standard approach to the problem is to compute first all frequent itemsets Y
(i. e., all itemsets with a support above the threshold minsupp), and then check for each
of them and for each of its subsets X if conf(X — Y) > minconf. The first step is
the expensive one, as it requires (multiple) access(es) to the database. Therefore, most
research in the domain focuses on this first step.

Relational Association Rules have been introduced by L. Dehaspe and H. Toivonen in
[11], following their work on the discovery of frequent datalog patterns [10]. Relational
association rules are defined within the framework of datalog. This enhances thus the
expressiveness of the rules that can be discovered. The basic idea is to replace G and
by a datalog database, and M by a set of datalog queries. Before describing this idea in
detail, we recall some basic datalog definitions.

2.2 Datalog

A deductive datalog database r is a set of definite clauses, i. e., of universally quantified
formulas of the form V&.l, « (I3 A ... Al,) with I; being positive literals, n > 0, and
x consisting of all variables appearing in the literals [;. We abbreviate the clauses by
lo « l1,...,1,. A clause with n = 0 which does not contain any variables is called a
fact.

A substitution 8 is a set {X1/a1, ..., Xm/am} of bindings of variables X; to terms
a;. The instance C8 of a clause C for a substitution § is obtained from C by replacing all
occurrences of the variables X; by the terms a;, resp. If C8 is ground (i. e., if it contains
only constants as terms, no variables), then it is called ground instance of C, and 8 is a
grounding substitution.

A datalog query Q is a logical expression of the form ?— l,...,l, withn > 1,
where the I; are literals (i. e., predicates or negated predicates). A query Q succeeds for
a database r if there exists a grounding substitution 8 for Q such that the conjunction
(li A ... Aly)8 holds within the database, 8 is then called answering substitution for Q.
The set of all answering substitutions for Q in r is denoted by answerset(Q, r).

In order to avoid some logical problems related to negation, we restrict ourselves to
range-restricted queries, i. €., to queries where all variables that occur in negative literals
also occur in at least one positive literal.

2 Usually, one requires head and body of the rules to be disjoint, but both statements are equivalent,
since X = Y and X — Y \ X have the same support and the same confidence. Our version
of the problem statement is both closer to the way association rules are computed and more
adequate to the problem statement for relational association rules.
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Table 1. Example datalog database r

customer(allen) parent(allen, bill) buys (allen, wine)
customer(bill) parent(allen, carol) buys (bill, cola)
customer(carol) parent(bill, zoe) buys (bill, pizza)
customer(diana) parent(carol, diana) buys (diana, pizza)

Example 1. We illustrate these concepts using an example from [11], which we will use
as running example throughout the paper. The datalog database is shown in Table 1.
It consists of facts only. It could be (and usually is) extended by so-called intensional
relations as, e. g., grandparent(X, Z) «+ parent(X,Y"), parent(Y, Z). which provides
an intensional definition of the predicate grandparent.

Consider now the query

Q = 7— customer(X),parent(X,Y), buys(Y, pizza).

Applied to the database r, it will return all couples (a1, as2) of instances such that the
three facts customer(a. ), parent(a1, az), and buys(as, pizza) are all in the database. The
result is thus answerset(Q, v) = {(X/allen, Y/bill), (X/carol, Y/diana}.

2.3 Relational Association Rules

Although the intuition of ‘datalog association rules’ is quite straightforward, there are
some subtleties to be resolved. For instance, it is not clear from the start what exactly
is to be counted. These aspects have been discussed in [11] and led to the following
definition of the problem.

Definition: A relational association rule (or query extension) is an implication of the
form
?—ll,...,lm. — 77— ll,...,lm,lm+1,.,.,ln.

with 1 < m < n, where both parts separately are existentially quantified. The rule may
be abbreviated by

?—ll,...,lm’\/)lm+1,...,ln.

?7—11, ..., lm. 18 the body of the rule, and the subquery l, 1, ...,1, is the head of the
rule. The conclusion of the rule is 7— 11, ..., lm, lnt1, - - - » In- We will sometimes write
the rule in the form Q1 — Q-, where (J; stands for the body of the rule, and 2 for the
conclusion of the rule.

Note that relational association rules consist of two queries, where the second one extends
the first. In the sequel, we will consider the conclusion of the rule as query rather than
the head, as only this guarantees that the scope of the existential quantifier is as it is
intended. Different ways of ‘misinterpreting’ this have been discussed in [11].

In the standard case of association rule mining, transactions are counted to define
support and confidence. The transaction id is a key in the database (modeled as set G
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in Problem 1), so that counting becomes unambiguous. For relational association rules,
this has to be simulated. In [11], one of the relations of the datalog database (called key)
is taking over this role.

Definition: Let r be a datalog database and Q be a query containing an atom key. Then
the support (or relative frequency) of query Q with respect to database r given key is

{0 € answerset(?— key,r) | Q8 succeeds w.r.t. r}|
key) := .
supp(Q ¥ key) |answerset(? — key, r)]

The support of a relational association rule is given by the support of the conclusion of
the rule. Its confidence is the support of the conclusion of the rule divided by the support
of the body of the rule.

Now we are able to formally state the problem of mining all frequent relational
association rules.

Problem 2 (Relational Association Rule Mining [11]). Let r be a datalog database and
L a set of datalog queries that all contain an atom key. Let minsupp and minconf be
two (user-defined) thresholds between 0 and 1. The task is then to discover among
the relational association rules which can be built from £ all rules with support and
confidence above the given thresholds.

Lemma 1. The standard problem of mining association rules is a special case of this
scenario.

Proof: Let M be a set of items, G a set of transaction IDs, and I € G x M. We introduce
a unary predicate key which holds for all ¢ € G. We consider each item m € M
as a constant, and introduce a binary predicate contains(g, m) that holds whenever
transaction g contains item m. If the set £ contains all relational queries composed of
the literal key(X) and any combination of literals of the form contains(X,m), then
mining all relational association rules is equivalent to mining all association rules in the
classical sense. o

Example 2. In our running example, we are able to discover for instance the following
rules. In brackets are shown support (as decimal number) and confidence (as fraction).
They are based on the customer predicate as key.

? — customer(A), buys( A, wine) ~» parent(A, B), parent( B, C) (0.25,1/1)
? — customer(A), parent( A, B) ~» buys(B, cola) (0.25,1/3)
? — customer(A), parent( A, B) ~ buys(B, cola), buys(B, pizza) (0.25,1/3)

The first rule states that each customer buying wine is also a grandparent. The second
rule states that a third of all customers having a child also have a child buying cola.
(Remark that this statement is different from the following: a third of all children is
buying cola. In the first case, the parents are counted, and in the second the children.)
The last statement says that a third of all customers having a child also have a child
buying cola and pizza.
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The declarative language bias used in this example restricts the construction of
queries in the following way:® Variable A is bound by the customer predicate, and
may serve as input in the first position of parent and/or buys. The parent predicate may
be iterated, while buys is forced to have one of the constants cola, pizza, or wine at the
second position. This prohibits for instance queries like ‘return all customers buying the
same item as one of their children’. This bias allows to fine-tune the trade-off between
the size of the set of rules and the expressive power of the rules.

As in the classical case, this problem is naturally split in two sub-problems: first
compute all frequent queries ?— [;,...,1,., and then check the support of all rules of
the form 7— 1, ..., lm ~> lma1, - - -, ln. by considering all possible partitions of the set
of literals. In this paper, we focus on the first step.

In [11], an algorithm for computing frequent queries, called WARMR, is presented,
which basically is a first order variant of the well known Apriori algorithm [2]. In order
to reduce the resulting rules to a set of ‘useful rules’, WARMR makes additional use of
a declarative language bias as known from Inductive Logic Programming (ILP). The
basic idea is to fix the order in which the variables are bound. Details can be found
in[11].

As in the case of classic association rule mining, a major problem for mining relational
association rules is the high number of resulting rules. (In fact, the problem is much
larger in the new scenario.) In the classical case, a number of additional measures for
‘interestingness’ have been introduced to reduce further the number of rules (see for
instance [7]). These measures can of course also be applied to relational association
rules. In [11], Dehaspe and Toivonen additionally discuss the statistical significance of
the confidence, and the declarative language bias discussed above to further reduce the
number of rules. All of these approaches reduce the number of rules, but for the price of
loosing some information.

In the next section, we will discuss how quite a number of frequent queries — and
subsequently of rules — can be pruned without loosing any information. Only if our
pruning does not sufficiently reduce the number of rules, then additional means are
needed to continue pruning (with loss of information).

The basic idea of our approach is based on the observation that some rules talk
about exactly the same set of instances (and thus with exactly the same support and the
same confidence), but on different levels of detail. In that case, the more specific rule
can be pruned without loss of information. In Example 2, for instance, the second rule
is comprised by the third, and both rules are talking about exactly the same instance,
namely allen. Hence it is sufficient to present the third rule to the user; the second can be
pruned without loosing any information.* In the next section, we discuss the theoretical
background for this kind of pruning.

3 In WARMODE format, this is stated as “warmode_key(customer(-)). warmode(parent(+,-)). war-
mode(buys(+, cola)). warmode(buys(+,pizza)). warmode(buys(+,wine)).” ‘-’ indicates that the
variable is bound by the atom, and ‘+’ means that the variable is bound before the atom is called.

* More precisely, the second rule can derived from the third rule together with the exact rules
discussed in Section 5.
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3 Formal Concepts and Association Rules

Consider again the classical problem of mining association rales (Problem 1). Assume
that there are two itemsets which both describe exactly the same set of transactions. So
if we know the support of one of them, we do not need to count the support of the other
one in the database. In fact, we can introduce an equivalence relation ¥ on the set of
itemsets. Two itemsets are said to be equivalent with respect to a database if and only if
they are contained in exactly the same set of transactions. If we knew the relation from
the beginning, it would be sufficient to count the support of one itemset of each class
only — all other supports can then be derived.

Of course one does not know the equivalence relation in advance, but one can de-
termine it along the computation. It turns out that one usually has to count the support
of more than one query of each class, but normally not of all of them. The percentage
of queries to be considered depends on how correlated the data are: the more correlated
the data are, the fewer counts have to be performed.

3.1 Formal Concept Analysis

Condensed representations of frequent itemsets (e. g., free or closed sets) were inspired
by the theory of Formal Concept Analyis [22,39,31]. We assume the reader to be familiar
with the basic notions of Formal Concept Analysis (FCA) and refer to [15] otherwise.
For keeping notations consistent, however, we recall the most important definitions.

Definition: A (formal) context K := (G, M, I) consists of a set G of objects, a set M
of attributes, and a binary relation I C G x M.

The mapping -T: B(G) — B(M) is givenby AT := {m € M | Vg € A:(g,m) €
I} . The mapping +:B(M) — P(G) is defined dually by Bt := {g € G | Ym €
B:(g,m) € I} .Ifitis clear from the context whether the first or the second mapping
is meant, then we abbreviate both -T and -+ just by -. In particular, B” stands for (B4)T.

A (formal) concept is apair (A, B) with ACG,BC M, A’ =Band B’ =A. A
is called extent and B is called intent of the concept. The set B(K) of all concepts of
a formal context K together with the partial order (A;, By) < (A2, Bs) :& A; C A,
(which is equivalent to By 2 Bo) is called concept lattice of K.

3.2 Mining Association Rules with FCA

Obviously, a formal context is just the right data structure for describing the problem
of classical association rule mining (Problem 1), and FCA provides indeed a natural
framework for the task of mining association rules. The equivalence relation ¥ mentioned
above is formalized as follows: for X, Y € P(M), let XY if and only if X' =Y". It
turns out that each concept intent is exactly the largest itemset of its equivalence class.
The concept intents are also called closed itemsets, as they are exactly the closed sets
of the canonical closure operator B +— B’ on P(M). For any itemset B € P(M), its
closure is the set B”, which is just the concept intent of its equivalence class. Note that
in particular holds, for any B € SB(M) with B& B, supp(B) = supp(B) = supp(B" ).
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The (frequent) concept intents/closed itemsets can hence be considered as ‘normal forms’
of the (frequent) itemsets.

The support of a formal concept (A, B) of K is the support of the itemset B (which
is equal to the ratio Jl%][). The concepts with a support above or equal to a user-defined
threshold minsupp € [0,1] are called frequent concepts, and the set of all frequent
concepts is called iceberg concept lattice [35]. While it is not of particular interest to
study the set of all frequent (closed and non-closed) itemsets, the iceberg lattice provides
interesting insights into the data. In [4,34,25], we showed how the number of association
rules can be reduced by using the iceberg concept lattice, and how the latter can be used
for visualizing the rules.

In particular, the iceberg concept lattice contains all information needed to derive the
support of all (frequent) itemsets. This observation has been exploited first in the Close
algorithm [22] to improve the efficiency of algorithms for mining frequent itemsets.
Instead of using the maximal elements of the equivalence classes, one can also use
their minimal generators (which are now called free sets or key sets in data mining) [4,
34]. They can be computed, together with the closed sets, e.g., with the algorithm
TITANIC [35]. Rather than recalling these results here, we directly apply them to the task
of relational association rule mining.

4 Iceberg Concept Lattices for Datalog Queries

Let us now come back to the problem of mining frequent datalog queries.

Example 3. Figure 1 shows all 32 queries which follow the declarative language bias
introduced above, and which have at least one answering substitution.” Each node in
the diagram stands for one query, which consists of all literals that are attached at the
node itself, or at some node above (following straight lines only). A query succeeds in
our example database with all answering substitutions which are attached to the node of
the query itself or to any node below in the hierarchy. If parts of the query are logically
redundant, then only the relevant part of the answering substitution is given. The numbers
in the nodes indicate the support as discussed in Section 4.2. For the moment, we just
ignore them.
For instance, the right-most lower node stands for the query

?— customer(A), parent( A, B), parent( A, D), buys(A, cola), buys( A, pizza).

In this case, the literal parent(A, D) is logically redundant, and may be removed. It is
needed on the left side of the diagram, though, where we have to distinguish between
the different grandchildren of allen.

Note that we do not talk about sets of queries (as we would talk about sets of
items in the classical case), but only about single queries. This stems from the fact that

5 Remark that [11] lists only 26 of these frequent queries; all queries where both parent(A, B) and
parent(A, D) are required are omitted. The reason seems to be that WARMR prunes logically
redundant queries immediately when it passes them, even though they may be needed for
building up more specific queries, as, e.g., the query represented by the left-most lower node.
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Fig. 1. All queries following the declarative language bias which have at least one answering
substitution.

(unlike in the classical situation where the combination of items is not an item itself) the
combination of queries is again a query, since the set of datalog queries is closed under
conjunction. We can hence identify any finite set of queries with the conjunction of its
queries.6 Therefore, we assume in the sequel that the set £ of datalog queries that we
consider is always closed under conjunction.

While it is not really informative to study the set of all frequent queries, the situation
changes when we consider the closed queries among them only. In order to define them
formally, we first have to bring together the notions of datalog and FCA. We will consider
two formal contexts that canonically arise from our scenario. Both definitions give rise
to different understandings of ‘closed queries’. They are discussed in the two following
subsections, resp.

® Eventually variable renaming has to be performed (in the usual first order logic way) before
the conjunction is computed; in order to respect the range of the existential quantifiers of the
individual queries.



118 G. Stumme
4.1 Iceberg Query Lattices of Datalog Databases

Definition: Let r be a datalog database and £ a set of datalog queries. The formal context
associated to r and L is defined by Kr ¢ := (Gr ¢, Mr,c, Ir,c) where Gr ¢ := {6 | 0
is a grounding substitution forall L € £}, My ¢ := £, and (6, Q) € Ir ¢ if and only if
0 € answerset(Q,r).

From this formal context, one can compute the concept lattice as usual. As discussed
above, we may identify the intent of a formal concept (A, B) of this lattice with the
query A B, which stands for the conjunction of all queries contained in B. Such a query
is also called closed query with respect to r and L, as it is related to the closed set B.
Like in the classical scenario, one can introduce an equivalence relation ¥y on the set
of queries. Two queries Q1 and @4 are said to be equivalent with respect to database
r if and only if answerset(QQq, r) = answerset(Q2,r). The most specific query of each
equivalence class is then just the closed query which is assigned to the corresponding
formal concept of the context Ky ..

Definition: Let r be a datalog database and £ a set of datalog queries. The iceberg
query lattice of r and L for minsupp € [0,1]is given by B(r, L) := {Q € L |
Q is closed with respect to r and £, and the corresponding concept is frequent}, =),
where |=is the usual logical implication.

Example 4. Figure 2 shows all frequent closed queries of our running example, where
‘frequent’ means support strictly larger than 0. The diagram is read in the same way as
in the previous figure: a node represents the query which consists of all literals labeled
at it and at all higher nodes. As in Figure 1, the diagram shows the relevant parts of
the answering substitutions for each query. The bold nodes are discussed in the next
subsection.

In Figure 1, the nine frequent closed queries are exactly those which are labeled by
an answering substitution. Each of the 32 frequent queries belongs to the same equiv-
alence class of Wy as the highest closed query which is below it (i. e., to its most gen-
eral closed specialization). The right-most upper query ?— customer(A), buys(A, cola),
buys(A, pizza)., for instance, is in the same class as the closed query which is just below
it (and which has as additional literal parent(A, B)).

Without any loss of information, the diagram in Figure 2 gives a much better insight
into the database. It shows for instance that being grandparent and buying wine is equiv-
alent in our example, since buys(A, wine) and parent(B, C) generate the same node. It
also shows that any customer buying cola also buys pizza and is parent of someone.
This implication (or exact association rule) is indicated by the fact that the node labeled
by buys(A, cola) is below the nodes labeled by parent(A, B) and buys(A, pizza), resp.,
in the diagram. This is the general way implications are read in concept lattices.

It is obvious that the restriction to frequent closed queries gives a much better insight
into the content of the database. One drawback, however, — at least for the association
rule scenario — still exists: the meaning of counting objects is not intuitively clear. As
the size of the ‘relevant part’ of an answering substitution depends on the number of
variables involved, it is not clear what exactly has to be counted. If one requires the user
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Fig. 2. All frequent closed queries.

to provide meaningful values for minsupp and minconf for the mining task, then this
question has to be answered. That is the reason why Dehaspe and Toivonen introduced
an explicit key predicate in [11]. We discuss their approach in the light of FCA next.

4.2 Iceberg Query Lattices of Datalog Databases with Respect to a Key Predicate

Again, we first transform the datalog database into a formal context. The difference to the
approach discussed above is that we now consider only the instances of the key predicate
as objects.

Definition: Let r be a datalog database and £ be a set of datalog queries which all
contain an atom key. The formal context associated to r, L, and key is defined by
Kr,L,key = (Gr,c,key’Mr,z:,key’Ir,z:,key) where Gr,c,key := answerset(? — key,r),
]AV["’ ckey = L, anAd (0,Q) € I, £ key if and only if there exists a grounding substitution
@ for Q with § C 6.

Two queries @Q,,Q2 € L are equivalent with respect to r and key (denoted
Qlwr’keng) if Q1 = @5 holds in Kr,c,key' Closed queries of v and L with respect
to key and minsupp € [0,1] are defined as above. The iceberg query lattice of r, L,
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Fig. 3. All frequent closed queries for the key predicate ‘customer’.

and key for minsupp is B(r, L, key) := ({Q € L | @ is closed and supp(Q, r, key) >
minsupp}, =).

Example 5. Figure 3 shows all six queries which are frequent according to this definition
for any minsupp € (0, 0.25]. The closed queries displayed here are also closed queries
of the context Ky .. In Figure 2, they are the ones marked by filled nodes. Theorem 1
below shows that this containment holds in general.

As in the previous example, we can read off implications between queries from
the diagram. In particular, we rediscover the implications discussed in Figure 4: being
grandparent and buying wine is equivalent; and any customer buying cola also buys pizza
and is parent of someone. But as we have now a coarser look to the data, there are more
equivalences to be discovered in this representation. Indeed, we focus on the customers,
and do not distinguish explicitly between the different family lines of customer allen any
more: the diagram shows that having a grandchild buying pizza is equivalent to having a
child buying cola (who needs not be parent of the grandchild). So by choosing which of
the contexts Ky . and Kr, ckey to study, we can decide how close to look at the relations
between the instances.

The numbers in Figure 1 show the support of each query measured in the context
Kl‘, £ key- If a query @)1 logically subsumes another query @2 (i.e., @1 is below @z in
the diagram) and supp(@;) = supp(Q2) holds, then both queries have the same closure
(and are in the same class of Wr,key)' As the closed queries are the most specific in their
equivalence classes, they are exactly those queries whose support is different from all
supports of the queries which are immediately below it (see [35] for details). In Figure
1, the six queries which are closed with respect to key predicate ‘customer’ are thus:
the top-most query, the one immediately below it, the queries labeled by buys(A,pizza),
buys(B,pizza), and the two queries which do not have any lower neighbors.

The following theorem shows the general relationship between the (iceberg) query
lattices of the formal contexts introduced in this and in the previous subsection.
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Theorem 1. Letr be a datalog database and L be a set ofdatalog queries closed under
conjunction where all queries contain an atomkey. B(r, L, key) is a \/~sub-semi-lattice
of B(r,L). Here, ‘v’ can be read both as join (supremum) in the concept lattice or as
operator returning the most specific common generalization oftwo queries.

Proof: For Ky » and Kr,c,key’ ,C.key:

Gy key exists af € Gr, ¢ with {§} = {#}’ where -/ is computed in the corresponding
context, resp. This proves the theorem by Lemma 31 of [15].
Letd € Gy key’ and let Q be the most specific query in £ returning @ forkey(z) +

we have My o = M, We show that for each 8 €

Q(z). Q exists since L is closed under conjunction. Letf be the answering substitution
for Q. Then {6}’ = {6} holds. O

We conclude this section by showing that the definition of the formal context as-
sociated to r, £, and key is the right way to model Problem 2: this problem is indeed
a specific instance of Problem 1 for the context Kr, £ key" As the confidence of a rule
is always derived from the support of the itemsets/queries involved, it is sufficient to
consider the itemsets/queries rather than the (relational) association rules. The proof of
the following result is straightforward.

Theorem 2. Letr be a datalog database, £ be a set ofdatalog queries that all contain
an atom key, and let minsupp be a (user-defined) threshold between 0 and 1. Then the
set of frequent queries (in the sense of Problem 2) is equal to the set of frequent items of

Kr, ckey (in the sense of Problem 1).

S Visualizations of Relational Association Rules in Iceberg Query
Lattices

In [4,25]" and [34], we showed how the number of (classical) association rules can be
reduced without any loss of information by applying FCA. While the first approach is
based on free sets (i.e., the head of a rule is a free set, while the conclusion is a closed
set), the second approach is based on closed sets (i.e., both head and conclusion are
closed sets). In this paper, we transfer the results of [34] to relational association rules,
and show how they can be used for visualizing relational association rules within iceberg
query lattices.

We distinguish between two types of rules. Exact rules (or implications) hold with
100% confidence, while the confidence of approximate rules is strictly lower. In the
following two subsections, we discuss how the two kinds of rules can be visualized in
the same diagram. Because of space restrictions, we can only provide examples here.

5.1 Visualizing the Exact Rules

The visualization of implications in the (iceberg) concept lattice is a powerful tool for
communication, which has been used in FCA all along its twenty-five years history.

7 Similar results have been presented independently in [41].
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parent(A B)
parent(A, D)

Fig. 4. All frequent relational association rules for the key predicate ‘customer’.

It is straightforward to apply it to iceberg query lattices: a relational association rule
72—, ..yl ~ Ly, .. ., In. 1s an exact rule if and only if the largest node which is
below all nodes labeled by the literals Iy, ..., I, of the body of the rule is also below all
labels L, 41, - - ., I, of the head of the rule.

Example 6. Consider again Figure 3. The first rule from Example 2 holds with confi-
dence 1/1, since the largest node below the two literals customer(A) and buys(A, wine)
is the node labeled by allen, and this node is also below the labels parent(A, B) and
parent(B, C). Similarly, the rule

?— customer(A), parent(A, B), buys(A, pizza) ~ buys(A, cola)

holds, since the largest node below customer(A), parent(A, B), and buys(A,pizza)
is the one labeled by bill, and this node is also below (more precisely: at) the label
buys(A, cola). There is no frequent exact rule having

?— customer(A), parent( A, B), buys(B, pizza), buys(A, cola)

as head, as there is no node below these literals.

5.2 Visualizing the Approximate Rules

In [34], we show that it is sufficient to consider only rules ¢y — J2 where both ¢); and
Q2 are closed and where ()5 is an immediate specialization of ;. From these, all other
frequent rules can be derived.

By considering only these specific rules, they all correspond to edges in the line
diagram of the iceberg query lattice B(r, L, key). Therefore, we can label each such
edge by the confidence of the rule, and each node by the support of the corresponding
query. The support of a rule is then the support labeled at the node the rule is pointing
to.
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Example 7. Figure 4 shows the Luxenburger basis for our running example. The arrow
labeled with ‘2/3’, for instance, stands for the rule ? — customer(A),parent(A, B) ~»
buys(B, pizza)., which holds with confidence 2/3 and support 0.5. The third rule of
Example 2 is given by the arrow labeled with ‘1/3’.

Rules can also be composed. For instance, the rule 7— customer(A), parent(A, B) ~»
buys(A, wine). is composed of the two rules pointing to the left. It has thus confidence
2/3 - 1/2 = 1/3 and support 0.25.

6 Conclusion

In this paper, we introduced two kinds of iceberg query lattices as different condensed
representations of frequent datalog queries. We argued that by switching between them
one can decide how close to analyze the relations between instances. We also demon-
strated that iceberg query lattices provide a natural way to visualize relational association
rules in a non-redundant way.
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Abstract. A qualitative mathematical framework for a granular repre-
sentation of relational information about general objects, as for examples
particles, waves, persons, families, institutions or other systems in dis-
crete or continuous ‘“‘space-time” is introduced. That leads to a common
description of particles and waves in physics, such that the intuitive phys-
ical notion of “wave packet” can be captured by the mathematical notion
of a general object or a packet in a spatio-temporal Conceptual Seman-
tic System. In these systems particles and waves are defined as special
packets. It is proved, that “classical objects” and “classical waves” can
be represented as, respectively, particles and waves in spatio-temporal
Conceptual Semantic Systems.

The underlying mathematical framework is Formal Concept Analysis
and its subdiscipline Temporal Concept Analysis. That allows for de-
scribing continuously fine or arbitrarily coarse granularity in the same
conceptual framework. The central idea for a “symmetric” description of
objects, space, and time is the introduction of “instances” representing
information units of observations, connecting the granules for objects,
space, and time.

1 Granular Representation of Relational Information

This paper introduces a qualitative mathematical framework for a semantically
based granular representation of relational information about general objects,
including particles and waves in discrete or continuous ‘“space-time”. In that
framework “ semantic scales” are introduced as formal contexts, whose formal
concepts are used as values in an ordinal context describing the accepted rela-
tional judgments in terms of the concepts of the semantic scales. That allows for
describing continuously fine or arbitrarily coarse granularity in the same concep-
tual framework. Usual space-time theories are not concerned with a theoretical
representation of granularity - the success of Euclidean geometry and the pre-
cise Newtonian laws led to the conviction that granularity is a good tool for the
practitioner, but not for the theorist. Einstein was aware of that problem when
he wrote his “granularity” footnote in [4], p. 893:

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 126-141, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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The inaccuracy which lies in the concept of simultaneity of two events
at (about) the same place and which has to be bridged also by an ab-
straction, shall not be discussed here.

In the following, we discuss the “inaccuracy which lies in the concept of
simultaneity of two events” using a granularity notion for “time granules”; we
also introduce a granularity notion for ‘“‘space granules” and “object granules”.
The mathematical background of Temporal Concept Analysis is described in the
next section.

1.1 Temporal Concept Analysis

Temporal Concept Analysis is a theory for describing temporal phenomena with
the tools of Formal Concept Analysis as introduced by Wille [11,12,5]. We assume
that the reader is familiar with the basic notions in Formal Concept Analysis.
For an introduction we refer to [12,14].

In Temporal Concept Analysis (TCA) as developed by the author [15,18,
19,21,22] “objects” are studied with respect to “space” and “time”. For that
purpose the author has introduced the notion of a Conceptual Time Sys-
tem which allows for defining mathematically states, situations [15], transi-
tions [18], and life tracks [19,22]. The central structure introduced in [19] is
called a “Conceptual Time Systems with Actual Objects and a Time Relation”
(CTSOT). The CTSOTs are designed for describing “timeless objects” in the
sense, that the definition of a CTSOT starts with a set P whose elements are
called objects (or persons or particles). The connection of objects with time
is then represented by taking the actual objects (p,g), where p is an object
and g is a “time granule”, as formal objects of a (many-valued) context. A
binary time relation connecting the actual objects yields a first connection to
the “genidentity” in the sense of Reichenbach [7] which can be formally de-
scribed as a relation R between two actual objects (p,g) and (q,h) defined by
(p,g) R(q,h) <= p = q and g < h, where “<” denotes a strict order relation on
the set of time granules. That description of the “genidentity” is not satisfactory
since it uses “timeless objects”. Therefore, the author was led to a conceptual
investigation of “general objects” and their relation to “space” and “time” which
allows for defining “objects” as well as “waves”. That will be discussed in the
next sections, but first we consider particles and waves in physics.

1.2 Particles in Physics

Particles in physics are usually understood as special objects. To discuss the
notion of particles in physics, we therefore need a theoretical understanding of
the notion of “object”. There is a huge literature surrounding that theme. The
interested reader is referred to the fine collection of important papers concerning
the philosophical and quantum physical aspects of objects in [3,2]. In her intro-
duction Elena Castellani mentions basic philosophical questions around physical
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objects, the relation between part and whole, the problem of “elementary parti-
cles” as objects “without (proper) material parts”, and the problem of describing
the “parts of an object”. Of special interest for our purpose is the problem of
identity through time which ([3], p.7, Introduction by E. Castellani)

can also be understood in the sense of searching for ‘“something” that
unites the successive parts or momentary stages of an object. In the
literature, this “something” is usually called genidentity, after Hans Re-
ichenbach’s use of the term for characterizing the relation connecting
different states of the same physical object at different times.

In today’s debate on physical objects, we can distinguish between two
main theories of individuation, depending on whether the role of confer-
ring individuality is ascribed to properties of the object, or to something
“transcending” the object’s set of properties, such as some kind of per-
sisting substantial substratum or essence.

1.3 Waves in Physics

Waves in physics are usually described as solutions of the wave equation, in
any case as functions; for example, an electro-magnetic wave is described as a
function assigning to each “location” (x,y,z) and to each “point of time” t a
six-tuple of values (E;,Ey,E;,H;,Hy,H,) of the electro-magnetic field. If we just
write down the 10 values as a 10-tuple

(X7 Ya Z7 t, E:h E'ya E27 H.’L‘a Hy, Hz)

we do not represent, that the last six values are functionally dependent on the
first four values. In the following, we do not assume any dependencies on the
observed data. That allows for including non-functional waves, as for example,
a water wave which is breaking near the beach; that is not representable as a
function of the coordinates x,y,t - there may be more than only one surface point
above (x,y) at time t. Another aspect of the “breaking water wave” is, that the
uniqueness of a value at a place and a time - in that example, the z-value of
the wave surface over (x,y) at time t - depends heavily on the granularity of the
chosen description for “space”, “time”, and the domain for the “Values”.

In the following, we shall employ a granular relational description of waves,
clearly distinguished from functional descriptions and the description by “phys-
ical laws” (like the “wave equation”), which are well-suited for short represen-
tations of dependencies observed in granular data.

1.4 Particles, Waves, and Wave Packets

This subsection serves for describing some general similarities between particles
and waves. These similarities are the key for understanding particles and waves
in a semantically based granularity framework for general objects.
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Abstracting from the usual physical understanding of particles to a general
understanding of “objects” in ‘“space” and ‘“time”, we now describe a prop-
erty of “objects in space and time” which seems to be widely accepted, but
which is not yet clear, since its granularity is not yet made explicit. We call it the

Object Axiom:
Each object is at each time granule at exactly one place.

Using the CTSOTs [19] the object axiom obviously holds, if we interpret
places as states of the given CTSOT, since states are defined as the object
concepts of the “actual objects”. The object axiom will play the leading role for
defining objects in the following.

Similarly, we describe a widely accepted property of waves by the following

Wave Axiom:
Each wave has at each place and each time granule exactly one
value.

These two axioms seem to describe totally different entities, but we shall see,
that they can be understood as two extremes of the same kind of entities, which
will be called “wave packets” or for short “packets”. For introducing them we
first define Conceptual Semantic Systems in the next section.

2 Conceptual Semantic Systems

In this section we introduce Conceptual Semantic Systems (CSS) with the
purpose to use semantical granularity tools symmetrically for all “dimensions”
as for example for “space”, “time” and also for “general objects”. That end
can be attained by introducing a formal representation of “instances” which are
interpreted as “judgments” about an observed “reality”.

For the purpose of representing scales like, for example, the scales “plant -
animal - living being” or “morning - day - evening - night”, or “place - town -
country” we employ formal contexts, called “semantic scales”. The formal con-
cepts of these semantic scales are used as basic elements of “instances” represent-
ing observations. If these instances are taken as formal objects of a many-valued
context whose values are the formal concepts of these semantic scales, then we
get a “Conceptual Semantic System” as described in Definition 1.

In Definition 1 we use the notion of an ordinal context (G, M, (Wp,,
<m)meM, L) as defined in [8], where G and M are sets, (Wy, <mn)menr is a family
of ordered sets, and I is a ternary relation with I C |Jmem G x {m}x Wy, such
that for each g € G and m € M there is exactly one w € W,,, with (g,m,w) € I.

Instead of arbitrary ordered sets (Wy., <m)mem, We choose the concept
lattices of the semantic scales for defining “Conceptual Semantic Systems” in
Definition 1.
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Definition 1. “Conceptual Semantic System”
Let M be a set and, for each m € M, let Sy, := (Gm, Npm, L) be a formal
context. Let (B, <.,) be the concept lattice of Sy,. Then each ordinal context

R .':(G, M, (]Bm, <m)m€M,I)

is called a Conceptual Semantic System (CSS) with semantic scales Sy, (m € M).
The elements of G are called instances.

Remark:

— Our interpretation of the elements m € M differs remarkably from the usual
“measurement meaning”. We interpret the elements of M as classes, for ex-
ample as classes of types for ‘“general objects”, “space”, and “time”. For
each instance g, its family (m(g))meas is understood as “a short form of a
judgment” which combines some concepts of the semantic scales.

— For ordinal contexts we have to define what we mean by the “derived con-
text” . In the following Definition 2 we define a derived context which we call
the “semantically derived context”.

Definition 2. “Semantically Derived Context”
Let (G, M, Bp, <m)mem,I) be a Conceptual Semantic System with semantic

scales (G, N, Im) {(m € M) and let int{c) denote the intent of a concept c.
Then the formal context

K := (G,{(m,n)im € M,n € N, },J) where
g9J(m,n) <= n € int(m(g))

is called the semantically derived context of (G, M, Bm, <m)mem, ).

In the next section we use Conceptual Semantic Systems for investigating
particles and waves.

3 Packets, Time, Location

In this section we give a formal definition of “particles” and “waves” in a given
Conceptual Semantic System with three specified semantic scales describing
types of “general objects” (or “packets”), “time granules”, and “space granules”.

3.1 Semantic Scales for Packets, Time, and Location

Definition 3. “Spatio-Temporal Conceptual Semantic System”

Let & :=(G, M, (B, <m)mem,I) be a Conceptual Semantic System with se-
mantic scales Sy, = (Gm, N, Iy) (m € M) andlet P, T, L € M. Then the pair
(R, (P,T,L)) is called a spatio-temporal Conceptual Semantic System.

The elements of Bp, By, By, are called types of “general objects” or “packets”,
types of “time granules”, and types of “space granules” respectively.

Let K denote the semantically derived context of R, B its concept lattice and ~y
its object concept mapping. For each m € M the context
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K := (G, {(m,n)|n € Ny}, JN (G x {{(m,n)|n € Np}))

is called the m-part of K. Its concept lattice is denoted by B,,, its object concept
mapping by Ym.

The formal concepts of Bp, Br, By are called “general objects” or “packets”,
“time granules”, and “space granules” of (R, (P,T,L)) respectively.

For m € M, the concept lattice B,, can be supremum-embedded into B,,,
the concept lattice of S,,.

Definition 4. “Location of a Packet at a Time Granule”

Let € := (&, (P,T,L)) be a spatio-temporal CSS. Let p := (Ap, Bp) be a packet
of €, and t:= (A¢, By) be a time granule of €. Then the pair (p,t) is called an
actual packet of € and the set

L(p,t) := {vL(9)lg € Ap N A¢}

is called the location of (p, t) in € or the location of the packet p at time granule
t.

In biology, the habitat of a species can be understood as the location of a
packet representing the species as a general object. The locations will be used
to define particles and waves in the next section.

3.2 Particles and Waves as Special Packets

The following definition introduces the mathematical notions of particles and
waves in spatio-temporal Conceptual Semantic Systems.

Definition 5. “Particles and Waves”
Let € := (R,{P,T,L)) be a spatio-temporal CSS. An actual packet (p,t) of € is
called

— not observed if |L(p, t)| =0,
— particle-like (or object-like) if |L(p,t)| =1,
~ wave-likeif |L(p,t)| > 2.

A packet p of € is called

— a particle (or an object) of € if|L(p, t)| < 1 for all time granules t € yr(G),
— awave of € if|L(p, t)| > 2 for all time granules t € vr(G).

The set v7(G) is interpreted as the set of time granules which are “mentioned
in the instances of G”.

4 Representation of Classical Particles and Waves

In this section we describe first “classical particles” as particles in a spatio-
temporal CSS, and then “classical waves” as waves in a spatio-temporal CSS.
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4.1 Representation of Classical Particles

Let P, T., X, be sets, interpreted as sets of “classical” particles, time points,
and places, respectively. According to the “Object Axiom” (in 1.4) we introduce
foreach p € P. a mapping

zp T = X,

called the trajectory of p; z,(t) is interpreted as the place of p at time t. The
structure (P, T, X, (zplp € P.) ) is called a family of classical particles.

We shall demonstrate, that each family of classical particles can be math-
ematically represented in a spatio-temporal CSS €; in such a way, that the
classical particles are represented by particles in €;. The simple idea for its
construction can be seen in Table 1.

Table 1. A data table for classical particles

_:i‘ns_l'anf:‘.c:q_ P|T 5 L ]
(p,t) p|t|xp(t)

For the formal construction of a suitable spatio-temporal CSS
¢ = (G, M, B, <m)mem, ), (P,T,L)) we introduce the set G := P, x T,
define P, T, L as mappings from G into P, T, and X, respectively, by
P(p,t) = p, T(p,t) := t, L(p,t) := z,(¢). Let M := {P,T,L}; the semantic
scales are chosen as the nominal scales

SP = (PC,PC,=), ST = (TC,TC,=), SL = (XC,XC, :).

The ternary incidence relation I is defined by

I:= {((p1 t)’ma Vm(m(p7 t))lp € Pc’t € TC?m € M)}
The following Lemma 1 shows, that the classical particles are represented as
particles in €.

Lemma 1. Classical Particle Representation

Let (P,, Tc, X¢, (xplp € P.) ) be a family of classical particles and €, its corre-
sponding spatio-temporal CSS as defined above. Then for each classical particle
p € P, the packet p:= pp(P,p) is a particle of €;, where up(P,p) denotes the
attribute concept of (P,p) in Kp.

Proof. It is obvious, that €; is a spatio-temporal CSS. Let p € P,. To prove,
that the packet p:= pp(P,p) is a particle of €1, let t € yr(G). Then there exist
(g,t) € G = P, x T, such that t = yr(g,t). Hence yr(q,t) = ur(T,t) = yr(p,t)
and L{p,t)= {v.(9)|lg € Ap N A¢} = {7L(p,t)}. Hence p is a particle in €;. O
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4.2 Representation of Classical Waves

Similar to the representation of a family of classical particles we can also mathe-
matically represent classical waves. The main idea is very simple: Let’s assume,
that we wish to describe a “usual” wave, namely a function f defined on the real
plane, which assigns to each point (Xx,y) and to each time point t an amplitude
value z := f((x,y),t). For each time point t this function can be described by the
“family” of contour lines of all levels of f. This is the main similarity between a
family of classical particles and a wave as a family of contour lines. That leads
to a representation of a wave as a packet, which is a superconcept of all object
concepts in a nominal semantic scale for the levels of f. That is explained in the
following Lemma 2, which shows, that according to the Wave Axiom each wave,
which is described as a function, can be represented in a spatio-temporal CSS
€y as a wave of €.

Lemma 2. Classical Wave Representation
Let a “classical wave” be described as a function

[ X xT.— Z,

where X., T, Z. are sets, interpreted as sets of “classical” places, time points,
and values, respectively.

For the formal construction of a suitable spatio-temporal CSS
€ = (G, M, B, <m)mem,I), (P, T, L)) we introduce the set G := X, x Ty,
define P, T, L as mappings from G into Z., T., and X. respectively, by

P(z,t) = f(z,t),T(z,t) := t,L(z,t) == z. Let M := {P, T, L}; the semantic
scales are chosen as the nominal scales Sp = (Z¢, Z;,=), St = (T¢,Te,=),
St = (X¢, Xe,=) and I:= {((z,t),m, ym(m(z,t))|(z,t) € G,m € M)}. Then
€, is a spatio-temporal CSS. Let p denote the top element in the concept lattice
Bp of the P-part of the semantically derived context K.

Then p is a wave in €y, if | X.| > 2. Otherwise, p is a particle.

Proof. It is obvious, that €, is a spatio-temporal CSS. Since p is the top
element of Bp its extent Ap = G. To prove, that the packet p is a wave of €,
let t = (A¢, Bt) € vr(G), say t = ~yr(z,t) forsome z € X, and ¢ € T,. Hence
the extent A¢ = X x {t}. Then L(p,t)= {vr(g9)|g € Ap N At} = vL(A¢), since
Ap = G.Hence L(p,t)= v.(X, x {t}). Therefore, |L(p,t)| > 2 < |X | > 2. O

In the next section we present three examples, two for classical particles and
one for a packet, which sometimes behaves like a wave, and sometimes behaves
like a particle. That will be understood as the usual behavior of packets.

5 Examples: Harmonic Oscillator, Practicing Gymnasts,
Hare and Hedgehog

The first example represents a simple harmonic oscillator on the unit circle as
a particle, the second one represents a well-known gymnastic demonstration for



134 K.E. Wolff

three gymnasts as a family of particles, where their exercises also behave like
particles. The third example represents in the German tale “Der Wettlauf zwis-
chen dem Hasen und dem Igel” (The Race Between the Hare and the Hedgehog)
the “species” of hedgehogs as a packet which is neither a particle nor a wave.

For some of these examples we employ in their graphical representations
arrows indicating transitions based on the usual linear order on the time set.
For the general introduction of transitions in CTSOTs the reader is referred to
[18,22]. Transitions for spatio-temporal CSSs in general will be investigated in
future research.

5.1 A Harmonic Oscillator

We construct a simple harmonic oscillator as a family with a single classical
particle $ := (P, T., X., (zp|p € P.)), where P, := {p} has only one ele-
ment p, T, := [0,27], X, := {(z,y) € R%|z%? + y? = 1}, and for ¢ € T, let
Xp(t) := (cos(t),sin(t)). The corresponding spatio-temporal CSS €;($) clearly
has an infinite semantically derived context. For visualizing its concept lattice
we restrict the set 7. to the set Ty, := {%[k € {0,1,...,12}}. The concept
lattice of the semantically derived context of the restricted system is shown in

Fig. 1. A harmonic oscillator as a particle moving on the unit circle (drawn by Julia
Wiskandt)
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Figure 1, which represents the movement of a particle on the unit circle in the
situation space, that is the direct product of the state space (here the unit circle)
and the time (here the set T32).

5.2 Three Gymnasts: Roll and Jump

We now construct a spatio-temporal CSS, which represents a well-known gym-
nastic demonstration for three gymnasts, say Tobias, Konstantin, and Florian.
They start their demonstration at time point O standing on a line, Tobias on
placel, Konstantin on place2, and Florian on place3. The main information for
them is, that the gymnast on the middle place2 rolls to an outer place, while
at the same time the gymnast on that outer place whereto the “inner” gym-
nast rolls, jumps straddling over the rolling gymnast. Each gymnast, which has
reached an outer place, has to turn around for the next jump. Konstantin starts
rolling to placel and Tobias jumps straddling to place2. A whole period of this
demonstration is shown in Figure 2, where the life track of each gymnast is
represented by a sequence of arrows, bold for Tobias, middle for Konstantin,
and thin for Florian. The formal objects from 1 to 21 are the “instances” of the
underlying spatio-temporal CSS. The reader will be convinced, that the three
gymnasts will be represented as three particles of the underlying spatio-temporal
CSS. But in this example, there are more formal particles, namely the exercises
“roll”, “jump”, and “turn around” yield, as values of the many-valued attribute
“exercise”, also particles, if we choose as the “P-part” not the gymnasts, but
the exercises. Instead of explaining the details, we just show the corresponding
transition diagram for the exercises in Figure 3.

For example, instance 9 says, that Konstantin at placel and time point 1 has
turned around; if we now follow the “turn around arrow” to the object concept
of the instance 3, we see from Figure 2 that someone has turned around at place3
and time point 2, and that is Tobias, since he is the only gymnast, who is at
time point 2 on place3.

The observation, that the exercises “behave” sometimes as particles, as in
this example, and sometimes as waves, led the author to the present paper. In
the next example we will find a typical “wave packet” which sometimes behaves
like a wave and sometimes like a particle.

5.3 Hare and Hedgehog

The following example has been introduced by the author [21].

The German tale “Der Wettlauf zwischen dem Hasen und dem Igel”
(The Race Between the Hare and the Hedgehog) [1] contains a nice and
well-known misinterpretation on the side of the hare, which is based on
the fact that the hare does not distinguish between the hedgehog and
its wife.
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Fig. 2. Tobias (bold arrow), Konstantin (middle), Florian (thin)

A Short Version of the Tale

On a nice Sunday morning the hedgehog leaves his family for a walk
to his field where he meets the hare. They decide to run a race. The
hedgehog asks his wife at home to help him in that race by waiting at
the lower end of the field. Then the hedgehog starts the race together
with the hare at the upper end of the field, but after a few steps the
hedgehog stops and returns to the starting point. The hare does not
know that and runs down to the lower end of the field where the wife
of the hedgehog is waiting. Since the hare does not distinguish her from
the hedgehog, he thinks that the hedgehog was quicker. He repeats the
race until he breaks down and dies.

Now we demonstrate a simple example of a “wave packet”. We make it ex-
plicit as a packet in a spatio-temporal CSS constructed from the first part of
the race between the hare and the hedgehog as represented in Table 3. For that
purpose we introduce semantic scales for P := animal, T := time, L := place,
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Fig. 3. Exercises as particles: roll(bold arrows), turn around (middle), jump (thin)

taking Sp as the nominal scale for the set {hare, hedgehog}, St as the nominal
scale for the set {0, 1, 2, 3}, and the semantic scale Sy as given in Table 2.

These semantic scales together with the many-valued context shown in Table
3 form the spatio-temporal CSS. For example, in Table 3 the value “hedgehog”
denotes the attribute concept of the attribute “hedgehog” in Sp. We interpret
instance 1 (and instance 2) in Table 3 as the statement “An animal of type
hedgehog was observed at time O in the House.” As in many applications multiple
observations are protocolled here. That appears also, if we restrict a many-valued
context to some part of it, as we did here, since we do not use here the attribute
“gender” of the original many-valued context in [21].

The “hare packet” pi := pp(animal, hare), that is the attribute concept of
(animal,hare) in the P-part of the semantically derived context Kp has at time
granule 0:= pr(time,0) the location L(pq,0) = @; that means, that the hare
was not mentioned at time granule 0. But for the other three time granules the
hare packet behaves particle-like, hence the hare packet py is a particle in this
spatio-temporal CSS. Using a time relation as in CTSOTSs, we could introduce
transitions and life tracks of objects in spatio-temporal CSSs. That will be done
in a more general setting in a future paper.
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Table 2. The semantic scale S;, for the places

| [[House|Field[Upper Field[Lower Field|

House X
Field X
Upper Field % %
Lower Field X %

The “hedgehog packet” p2 := pp(animal, hedgehog), that is the attribute
concept of (animal,hedgehog) in the P-part of the semantically derived context
Kp has at time granule 0:= pr(time,0) the location L(p2,0) = {yr(1)}, hence
the actual packet (p2,0) is particle-like, while (p2,1) is wave-like. That can be
seen easily in Figure 4, where the “oscillating” location of the “hedgehog packet”
at the four time granules is indicated by black squares at the object concepts of
the instances 1,2,4,5,7,8,10,11 where ‘“hedgehogs are mentioned”. That yields a
simple conceptual understanding of the phenomena of “generation of particles
from waves” and the “decay of particles into waves”. Hence, the “hedgehog
packet” is a “proper wave packet”, that is a packet, which is neither a particle
nor a wave.

The example of the “hedgehog packet” can be easily extended to many other
examples in daily life. That may help “de-mystifying” and understanding better
the “wave packets” in physics.

Table 3. A many-valued context describing the first part of the race

B T L
instance|| animal |time place
1 hedgehog| 0 House
2 hedgehog| 0 House
3 hare 1 Field
4 hedgehog| 1 Field
5 hedgehog| 1 House
6 hare 2 Field
7 hedgehog| 2 House
8 hedgehog| 2 House
9 hare 3 |Upper Field
10 hedgehog| 3 |Upper Field
11 hedgehog| 3 |Lower Field

6 Conclusion and Future Research

We have introduced a “symmetric” mathematical representation of objects,
space, and time in continuously fine or arbitrarily coarse granularity. The intu-
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Fig. 4. The “species” hedgehog as a “wave packet” indicated by squares

itive notion of “wave packets” has been conceptually described by the definition
of general objects or packets in spatio-temporal Conceptual Semantic Systems.
That led to a mathematical definition of particles and waves, which describes the
“classical” particles and waves in physics. In the examples we have shown, how
the developed tools can be used for describing discrete phenomena of movements
of general objects.

Future research might focus on the following three topics.

1. The development of a spatio-temporal theory of general objects including a
generalization of the notions of transitions and life tracks as they have been
introduced by the author for the special case of Conceptual Time Systems
with Actual Objects and a Time Relation (CTSOT).

2. The investigation of the connection of Conceptual Semantic Systems to Con-
textual Logic as developed by R. Wille [13].

3. The development of a spatio-temporal logic combining Contextual Logic with
the Temporal Logic as developed by D. Gabbay [6] and J. van Benthem [10].
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Abstract. This paper focuses on lexical semantics, polysemy and dis-
ambiguation in the perspective of medical language understanding. Pre-
vious results obtained in the domain of transplantation and organ failure
with the semantic analysis of medical terms prompt us to check the capa-
bilities of our prototype and its underlying semiotic model to deal with
ambiguities and polysemy. We show how experimentations around lin-
guistic observations lead us to introduce a void type to respect lexical
ambiguities when the co-text is not sufficient for disambiguation. Then
we demonstrate how the “creative use of words” (i.e. new senses in novel
context) imposes to dynamically allocate types and roles according the
co-text, using a type contraction operation.

1 Introduction

Despite many works performed about Natural Language Processing of medical
text reports [1-4], knowledge acquisition from medical literature [5-6], automated
indexing [7-9] and linguistic knowledge acquisition [10], Medical Language Un-
derstanding (MLU) remains a difficult and disappointing research domain: af-
ter fifty years, results obtained remain very limited when compared to human
genomics [11]. Nevertheless, efforts must continue to improve theories and to
provide more efficient tools for MLU. The fact is that health care delivery is de-
pendent on accurate and detailed clinical data that is mostly contained within
medical text reports [12], but clinical data records do not support the richness
of free text medical reports. Recording clinical data in a database produces a
semantic alteration that has been shown to affect the evaluation of medical prac-
tices [13].

Taking the lessons from the past, some misleading approaches can be avoided.
The first misleading principle is to process sequentially to some text-zoning, split-
ting the text into a set of text segments; then to some pre-processing turning
text segments into lexical entries and finally to syntactic parsing transforming
sequences of lexical entries into a set of parsed trees. Semantic analysis that gen-
erates semantic or logical structures from parsed trees, co-reference resolution
and discourse analysis which attempt to identify the different descriptions of the
same entities in different parts of the text constitute the ultimate treatments.

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 142-155, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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This classical sequential approach [14] is misleading for two main reasons: (i)
syntactical analysis frequently fails to handle ambiguities without semantic or
pragmatic knowledge and (ii) semantic analysis is frequently unable to choose
between concurrent parsed trees without lexical knowledge. Furthermore, two
sentences with distinct meanings and distinct semantic structures can share
same syntactic structure: this was pointed out by L. Wittgenstein in [15]. A
second misleading principle, also a consequence of the sequential approach, is
the use of multiple knowledge representational formalisms (KRF) for each com-
ponent. LU requires morphological, lexical, syntactical, semantic and pragmatic
meta-knowledge that is generally stored in various Knowledge Bases, lexicons,
grammars or ontologies. A third misleading understatement is due to the use
of sense enumerative lexicons, unable to deal with “the creative use of words”
(words have new senses in novel contexts), the “permeability of word senses”
(word senses are not atomic definitions but overlap to other senses) and the
“expression of multiple syntactic forms” (a single word sense can have multiple
syntactic realization) as shown by J. Pustejovsky [16].

Previous results obtained with the semantic analysis of medical terms in the do-
main of transplantation and organ failure [17] prompt us to check the capabilities
of our prototype, named RIBOSOME, to deal with ambiguities and polysemy.
Starting from linguistic observation, we attempt to demonstrate how the respect
of ambiguities when the co-text is not sufficient for disambiguation implies to in-
troduce a void type in the concept type lattice. Then we show how the “creative
use of words” (i.e. new senses in novel context) imposes to dynamically allocate
type, categories and roles with the co-text.

2 Material and Methods

2.1 A Semiotic Knowledge Representational Model for MLU

A first cognitive requirement for our model is that any kind of knowledge share
the same KRF. Starting from the CG formalism for knowledge representation,
we then considered semiotics and lexical semantic principles to design a final
extended model integrating linguistic and domain knowledge in a unified
representational formalism reported in [18]. A second cognitive and linguistic
requirement is that syntactic and semantic analysis of texts constitute the
same cognitive process: not only the categorization of organ as a noun or as a
musical instrument can rely on a unique lexical recognition analytic process,
but also the compositionality of syntactic elements and the compositionality
of atoms of meaning into more complex syntactical or semantic molecules can
also rely on a unique cognitive synthetic processing. Our KRF adds to the
Conceptual Graph (CG) model [19] a major extension: concepts and conceptual
relations (CR) are associated to lexia that can be words, part of words,
locutions or any kind of sign, even the blank space between words. The ba-
sic structure of the Knowledge Bases (KB) is referred to as a cognitive sign (CS).
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A CS associates a type label t, a set of lexia L, a contextual marker #i, a couple
of valences (vy,v,) that specifies the maximum number of refined and refining
cognitive signs that can be linked during the semantic analysis and a couple of
positional indicators (px,p,) that specifies the relative position of the lexia of
refined and refining cognitive signs:

CS = [t L (’U)\,'Up) (p)\ 7pP): #11

A given type label t can appear in many syntagmatic contexts identified by their
contextual marker #i. A valence v is an integer or is noted n when there is no
limitations to the number of possible conceptual refinings. A (1, 1) cognitive sign
accepts only one refined cognitive sign and one refining cognitive sign during text
processing. A (1, n) cognitive sign refines only one cognitive sign and accepts
n refining cognitive signs. Positional indicators are noted =, > or < weather
lexia of refining or refined cognitive signs are respectively anywhere, after or
before lexia of the given cognitive sign. The most common value of positional
indicators (pa,p,) is (=, =) for conceptual cognitive signs, (>, >) for relational
cognitive signs in French and more frequently (<, <) in English. A given lexia
can appear in different contexts, with the same type label or with different type
labels, allowing the treatment of generalized polysemy and the contextuality of
meaning.

2.2 Lexical Semantics Principles

A lexia such as the noun organ can be recognized and labeled with:

[Word: {organ} (1, 1) (=, =): #1]

[Noun: {organ} (1, n) (=, =) : #2]

[Musical Organ: {organ} (1, n) (=, =): #3]
[Anatomical Organ: {organ} (1, n) (=, =): #4]

This example illustrates the semic decomposition of the lexia organ into atoms
of meaning such as Anatomical Organ and Musical Organ which all are
linguistic denotations of organ or into morpho-syntactical atoms such as Word
or Noun. If required, a same lexia can appear in two distinct contexts sharing
the same type label. For example, it is possible to enumerate a second context
for organ categorized as an Anatomical Organ if a distinction between a
native and a retrieved organ is required: [Anatomical Organ: {organ} (1, n) (=,
=): #51]. A given type label may be shared by many lexia, allowing the re-use
of knowledge models. Every word can be labeled as Word and stored within a
unique context. A given lexia like surgeon can be labeled as Noun, Person or
Surgery:

[Word: {..., the, surgeon, he, thinks, to, a, calculus, ...} (1, 1) (=, =): #23]

[Noun: {..., surgeon, calculus, nephropathy, ...} (1, n) (=, =): #24]

[Verb: {..., thinks, ...} (1, n) (=, =): #25]

[Surgery: {..., surgeon, surgery, surgical...} (1, n) (=, =): #26]

[Person: {..., surgeon,... } (1, n) (=, =): #27]
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[Thought: {..., thinks, think, ...} (1, n) (=, =): #28]
[Calculation: {..., calculus, ...} (1, n) (=, =): #29]

In the above example, the type label Surgery is not a reserved denotation
of the sole lexia surgery. It is also shared with other medical terms (surgeon,
surgical) that have this meaning as a connotation. This feature permits the reuse
of syntagmatic links with other cognitive signs: compositional meta-knowledge
acquired around the lexia calculus with the cognitive label of Noun in the
context #24 will also be valid for surgeon.

2.3 Compositionality Principles

A key feature in our model is the specification of conceptual relations signatures
at the semiotic level: lexicalized relational cognitive signs are associated to
head and tail lexicalized conceptual cognitive signs. Furthermore, valences and
positional markers are also used to restrict very precisely the number of join
possibilities for graphs. Positional indicators are used during semantic analysis
to deal with the semantic impact of words order in messages such as gastric
tumor wall / gastric wall tumor. Let be 2 conceptual CS #i and #k registered
within the KB as a valid signature of a relational CS #j:

[Ca: L, ('Uka. y vpa) (=a =): #1]‘
[(RC) Ly ('UAb y 'Upb) (PA )pp): #J]—')[Cc L. ('UAc »'Upc) (=y =): #k]

if wg, wy, w, are respectively lexia in Ly, Lp, L., the semiotic graph SGy:
[Ca: wa: #i]—={(RC): wy: #i]—[Co: we: #k]

will result from the semantic analysis (SemAn) of the lexia sequences:
Wa Wh We 1f (PA 1pp) S {(>a>)7 (:a =)1 (:1 >)’ (>: =)}
We Wp Wa if (p)\ 7pP) € {(<)<)a (=7 :)7 (:7 <)) (<’ =)}
Wa We wyp if (p)\ »pp) € {(>7<)7 (27 :)7 (Zv <)> (>’ :)}
Wh Wae We if (PA 7pp) (S {(<7>)’ (‘:7 :)a (=; >)7 (<7 :)}

The conceptual graph corresponding to SG; is obviously CGi:
[Ca]2(RC)—[C]

2.4 Relating Lexia to Cognitive Graphs

A special auto-combining marker $ is used in relational CS to restrict the
composition of head and tail CSs only to those sharing a same lexia.

Let be three CS defining a valid signature in the KB:
[Ca: Lo (vaa » Upa) (=, =): #i]'
[(CR): 8 (Ao, po) (=, =): #]]2[Co: Le (Ae, pe) (=, =): #K]
if w is a common lexia of L, and L. then SemAn(w) produces SGs:
[ Ca: w: #i]={(CR): $: #j]—=[Cec: w: #k]
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For example, if the KB contains:

[Person: {surgeon, patient, dentist} (1,n): #30]-
[((EXPR): 8 (1,1) (=, =): #31]—[Knowledge: {surgeon, dentist} (1,n) : #32]
then, SemAn(surgeon) produces:
[Person: surgeon: #30]—[(EXPR): $: #31]—[Knowledge: surgeon: #32]

This mean can be used to relate a lexia to a complex cognitive structure.

2.5 Semantic Analysis with RIBOSOME

RIBOSOME comprises a KB and a parser that turns sentences and medical texts
into CGs. The KB integrates the concept type lattice, the conceptual relations
hierarchy, the conceptual relations signatures (i.e. valid head and tail concepts
for a given conceptual relation) and a semantic lexicon relating lexical entries
to their relevant conceptual structures. The resulting KB defines a semantic
network. Because this semantic network alternates lexicalized conceptual and
relational cognitive signs, we referred it as to a semiotic network.

During the parsing of a text, the input is firstly segmented according to recog-
nized lexia. Words composing locutions and locutions are analyzed at the same
time. The second phase is a Lexical Analysis (LexAn) turning recognized lexia of
the input into relevant cognitive signs according to lexical knowledge previously
registered within the KB. LexAn consists in a contextual selection of conceptual
structures, triggered by the lexical input. The production of relational cognitive
signs is restricted to relational cognitive signs relating lexia existing in the co-
text. The third phase, referred to as a Knowledge Synthesis (KnX'), realizes the
composition of cognitive signs into tripartite semiotic graphs with one relation
linking two concepts. Free remaining cognitive signs are then eliminated from
the analysis. Tripartite cognitive graphs are finally joined on common edges to
form one or more complex semiotic graphs. Valences, positional markers and
signature of relational cognitive signs registered within the KB rule the compo-
sition of cognitive signs. The semantic analysis (SemAn) of a textual input in
our approach combines sequentially LexAn then KnJ’.

2.6 Linguistic Observations and Semiotic Statements

Lets consider the following short sentences:

(1) Le chirurgien opére un calcul rénal. (% the surgeon operates a renal calculus)
(2) Le chirurgien opére un calcul arithmétique.

(3) The surgeon operates on a renal calculus.

(4) The surgeon performs arithmetic calculation.

(5) He thinks to a complicated calculus.

(6) The teacher thinks to a renal calculus.

(7) The surgeon learned integral calculus.

Calcul in French is a polysemic and ambiguous term that denotes according to
the context a lithiasic stone (1), a mathematic calculus or a calculation (2).
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pierre rolicg stome
stone
biliary stone
. calcul | || calculus | renal calculus
integral calculus

calculation

rapid calculation

Fig. 1. Mapping calcul to calculus

Because there is a diachronic relationship between the lithiasic calculus and the
mathematic calculus: calculations where performed with small stones: calculi,
calcul is indeed a polysemic term and not an homonymic one. Its Latin root
calculus is also used in English with the denotation of lithiasic stone (3) and
mathematic calculus (4) according to the co-text. Wordnet dictionary gives
three definitions: [a] the branch of mathematics that is concerned with limits and
with the differentiation and integration of functions; [b] a hard lump produced
by the concretion of mineral salts found in hollow organs or ducts of the body;
and [c] an incrustation that forms on the teeth and gums.

There is no exact mapping between French and English [Figure 1]. Calculus in
English is not frequently used to refer to biliary stones whereas the noun pierre
in French is not used for lithiasic concretions. According to the co-text, calcul in
French maps to stone, calculus or to calculation; and probably the simple and
non contextual translations of (1) sounds odd to native english speakers. The
verb operate is also polysemic, with no exact mapping from French to English.
One can operate a device in English, another verb such as actionner is required
in such a context in French. The post-fix on gives per se a surgical denotation to
operate in (3) so that the subject and the direct object are not required to specify
the type of operation. Indeed with (5), (6) and (7), it is not because the agent
of the action is a surgeon that the calculus is a stone. As far as somebody can
do something related to a calculus without further precision (5), the semantic
representation of calculus should preserve the ambiguity.

3 Results

3.1 Introducing a Void Type for Progressive Disambiguation

To preserve ambiguities without generating artificial forests of semantic trees,
we introduce a void type noted @ used to connect unresolved ambiguities to
their refining concepts during the semantic analysis. In our case, calculus and
calcul would be 2 valid lexia for

[0:{..., calculus, calcul,...} (n, n): #5]
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If complicated adds to calculus refining syntagmatic information but does not
clarify the type of calculus, then the refining information will be preserved if
one stores in the semiotic network:

[0:{..., caleulus, calcul,...} (n, n): #5]-
[((REL): - (<, <) (1, 1) : #6]—[Complication: {.., complicated,...} (1, n): #8]
[((REL): - (>,>) (1, 1) : #7]—[Complication: {.., compliqué,...} (1, n): #9]

In this simple cognitive grammar, we use a generic CR (REL) and complicated
is considered as monosemic. This example also pinpoints the influence of
positional markers on conceptual composition. The French adjective compliqué
is composed with calcul as a refining concept when the adjective is featuring
after the noun and when there is a blank space (noted: _) in between. Similarly,
the English adjective complicated is composed with calculus as a refining
concept when the adjective is featuring before the noun and when there is a
blank space in between.

If one considers that rénal or arithmétique disambiguates the type of calcul,
then we can introduce a CR (TYPE) to specify the type. Accordingly, the
semiotic network can be completed as follow:

[0:{..., caleulus, calcul,...} (n, n): #5]-

[(REL): _ (<,<) (1, 1) : #6]—[Complication: {.., complicated,...} (1, n): #8§]

[(REL): - (>,>) (1, 1) : #7]—[Complication: {.., compliqué,...} (1, n): #9]

[(TYPE): {..., arithmétique, intégral, mental, ...} (>, <) (1, 1): #10}-
[Math_Calculation:{..., calcul, ...} (1, 1): #11]

[(TYPE): {..., lithiasique, rénal, urinaire,...} (>, <) (1, 1): #12}-
[Lith_Stone: {..., caleul, ...} (1, 1): #13]

[(LOC): - (>,>) (1, 1): #14)-
[Kidney: {..., rénal,...} (1, 1): #15]
[Urinary Apparatus: {..., urinaire,...} (1, 1): #16]

[((REL): - (>,>) (1, 1): #77]—>[Arithmetics: {arithmétique, mental} (1, 1): #78]

This approach realizes a dynamic categorization of ambiguous words with the
co-text. It mainly relies on the lexicalization of conceptual relations. Positional
indicators and valences are used to restrict compositionality to the closest
relevant ambiguous cognitive sign.

With such a piece of semiotic network in the KB, the semantic analysis (SemAn)
of calcul rénal compliqué gives:

SemAn(calcul rénal compliqué)=
[0 : caleul: #5]-
[(REL): - : #7]—[Complication: compliqué: #9]
[(TYPE): rénal: #11}—[Lith_Stone: calcul: #12]
[(LOC): _: #14]—[Kidney: rénal: #15]

The conceptual graph corresponding to the above semiotic graph is CGy:

[0]-
(REL)—[Complication]
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(TYPE)—[Lith_Stone]
(LOC)—[Kidney]

By type contraction, CGy gives CGs:

[Lith_Stone]-
(REL)—{Complication]
(LOC)—[Kidney]

3.2 The Semantic of Articles

Another example of the use of the void type can be given with a first simplified
cognitive model for the semantic of articles. Articles denote the existence and
the count of the noun group they determine. According to the CG model, such
a semantic can be supported for the French articles by the following piece of
semiotic network, completed below with other refining concepts:

[ 0 : {un, une, des, le, la, les} (1, n): #17]-
[(quantified as): § (=, =) (1, 1): #18]-
[ % : {un, une} (1, 0): #19]
[ # : {le, la} (1, 0): #20]
[ {5} : {des} (1, 0): #21
[ {#} : {les} (1, 0): #22]
[(has_count): $§ (=, =) (1, 1): #23}-
[@1: {un, une, le, la} (1, 0): #24]
[Many : {les, des} (1, 0): #25]
[((TYPE): _ (>,>) (1, 1): #26]-
[Surgeon: {..., chirurgien, orthopédiste...} (1, 1): #27)
[Sick Person: {..., malade,...}(1, 1): #28)
[0:{..., caleul,...} (n, n): #5]-...

The semantic of articles is more ambiguous and contextual, requiring a more
sophisticated cognitive model if we want to distinguish existential and universal
quantification (e.g. the kidney is an organ vs the kidney has a tumoral lesion).
Nevertheless, with the above extended but simple semiotic network, we obtain:

SemAn(un calcul compliqué)=
[0 un: #17-
[(quantified as): $: #18]—=[ % : un: #19]
[(has_count): $: #23]—[@1 : un: #24]
(TYPE): _: #26]—[ 0 : calcul: #5]-
[(REL): _: #7]—[Complication: compliqué: #9]

Such a semiotic scheme considers that the French article un denotes intrinsically
a void type entity @ quantified as existent (x) and numbered as one unit. With
such an approach, the denotation of un is not limited to the atomic concept
[@1] but related to a molecule of “meanings” comprising a void typed bracket,
its quantifier and its cardinality.
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The above semiotic graph can be easily translated into a CGy:

(0]
(quantified as)—| * ]
(has_count)—[@1]
(TYPE)—] 0 | »(REL)—[Complication]

By type contraction, we obtain CGs:

([ @ ]+(REL)—[Complication]]-
(quantified as)—[ % ]
(has_count)—[@1]

By type referent and count contraction, we get CGg:
([ 8 ]=(REL)—[Complication]: » @1 ]

The type of calcul (calculus) remains here above unspecified, while it is refined
by compliqué (complicated). This figure permits to refine an untyped concept.

In contrast, because chirurgien denotes without ambiguity Surgeon, the void
cognitive sign triggered by the article le will be directly related to its type:

SemAn(le chirurgien)=
[0 : le: #17)-
[(quantified as): §: #18]—[ # : le: #20)]
[(has_count): §: #23|—>{@1: le: #24]
[(TYPE): _ : #26]—[Surgeon: chirurgien: #27)

This semiotic graph can be turned into CGy:

[0]-
(quantified as)—[ # |
(has_count)—[@1]
(TYPE)—[Surgeon|

By type, referent and count contraction, we obtain an embedded structure CGs:

[[Surgeon]: # @1 ]

3.3 Dynamic Allocation of Roles

The bi-transitive verb opérer in French denotes an action conform to some
method or plan, whose type is further specified by the context as a military
deployment, a surgical procedure or a mathematical operation. The context
can be related to the locution situation. It can also be simply comprised in the
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co-text, especially the direct object complement noun group. We found that a
conjugated verb in a text is a sufficient conditions to trigger complex concepts
such as Proposition and Situation [20]. It also brings temporal connotations
and indications on roles played by the subject and the direct object complement.

[Proposition: {..., opére,...} (1, 1): #29]-

[(DESCR): 8 (=, =) (1, 1): #30]—[Situation: {..., opére, ...} (1, n): #31}-
[((BEGN): § (=, =) (1, 1): #32]—[Past: {..., opére,...} (1, 0): #33]
[(COURS): $ (=, =) (1, 1): #34]—»[Present: {..., opére,...} (1, 0): #35]
[(LOC): $ (=, =) (1, 1): #36]—[Place: {..., opére,...} (1, n): #38]
[(DESCR): $ (=, =) (1, 1): #40]—[Agent: {..., opére, ...} (1, n): #41}-

[((DESCR): - (<, <) (1, 1): #42}-
[0:{..., un, ...} (1, n): #17]...
[0: {il, elle, on, ils, elles} (1, 1): #87]
[(AGT-1): 8 (=, =) (1, 1): #43]o[Action: {..., opére, ...} (1, n): #44]-
[(TYPE): {..., un, ...} (>,>) (1, 1) : #45]-
[Surgery: {..., malade,...} (1, 1): #46]
[0:{..., caleul,...} (1, 1): #47)=[(TYPE): _ (>,>) (1, 1): #48]-
[Surgery: {..., rénal,...} (1, 1): #49]
[Thought: {...arithmétique, mental,...} (1, 1): #50]
[(PTCT): $ (=, =) (1, 1): #51]>{Participant: {..., opére,...} (1, n): #52]-
[(TYPE): {..., un, ...} (>,>) (1, 1): #53]-
[Beneficiary: {..., malade,...} (1, n): #54]
@:{..., caleul,...} (1, 1): #55]=>[(TYPE): - (>,>) (1, 1): #56]-
[Patient: {..., rénal,...} (1, 1): #57]
[Theme: {...arithmétique, mental,...} (1, 1): #58]
[(DESCR): _ (>,>) (1, 1) : #59]=[ 0 : {..., un, ...} (1, n): #17]...

This piece of semiotic network comprises a scheme shared by any lexia re-
sponding to morphologically unambiguous conjugated forms of French verbs.
This example illustrates the place we assign to morphology and syntax in the
semantic lexicon. Any lexia that is categorized as a verb without ambiguity
will be also a valid lexical entry for Proposition and Situation that will
auto-combine to each other by [(DESCR): $: #30]:

[Proposition: {..., opére, opérera, opérait, ...}(1, 1): #29|
[Situation: {..., opére, opérera, opérait, ...}(1, n): #31]

The above semiotic scheme assumes that the action and its participants share
the same time and the same location within Situation that embeds them by
[(DESCR): $: #88]. With such an approach, whose robustness needs to be
confirmed, time or location adverbs and circumstantial complements can be
related either to the Situation or to the Action. This feature might be useful
for the semantic of sentences such as: he speaks in the street vs he speaks in
the microphone. Any conjugated verb denoting an action with a beginning in
the past will be also a valid lexical entry for Past and will auto-combine with
Situation by [(BEGN): $: #32].

We can also point out that the verb opére is per se categorized as an Action
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whose subtype will be directly specified as Surgery if the direct object is a
sick-person in a sentence like il opére un malade (he operates on a patient). If
the object complement is an ambiguous term, such as calcul, the subtype of
Action will be indirectly specified through calcul and its relational adjectives
or complement noun group found in the co-text.

SemAn(il opére un malade)=

[Proposition: opére: #29]-
[(DESCR): $: #30]—[Situation: opére: #31]-
[(BEGN): $: #32]—~[Past: opére: #33]
[(COURS): $: #34]—[Present: opére: #35]
[(LOC): $: #36]—[Place: opére: #38]
[(DESCR): $: #40]—[Agent: opére: #41]-
[(DESCR): - : #42]—[ 0 : il: #87]
[(AGT-1): $: #43]—[Action: opére: #44}-
[(TYPE): un: #45]—[Surgery: malade: #46]
[(PTCT): §: #51)—~[Participant: opére: #52]-
((TYPE): un: #53]—[Beneficiary: malade: #54]
[(DESCR): . : #59]—[ 0 : un: #17]-
[(TYPE): _ : #26]—[Sick_Person: malade: #28]
[(quantified as): $: #18]—[ x : un: #19)
[(has_count): $: #23]—[@1 : un: #24]

Notice here that the French pronoun il, labeled with a void type, could also
be specified according to the co-text. Last, we can see in the previous piece of
semiotic network that a quite generic role Participant is given to the direct
object. This role will be categorized as a Beneficiary, a Theme or a Patient
according to the co-text by over-specification of the generic role Participant by
a more specific one. Our richer semiotic network, which is also the Knowledge
Base used during the processing of texts, permits us to perform the contextual
analysis of sentence (2):

SemAn(le chirurgien opére un calcul arithmétique)=

[Proposition: opére: #29]-

[(DESCR): $: #30]—[Situation: opére: #31]-
[((BEGN): $: #32)—[Past: opére: #33]
[(COURS): $: #34]—[Present: opére: #35]
[(LOC): $: #36]—[Place: opére: #38]

[(DESCR): $: #40]—>[Agent: opére: #41]-
[(DESCR): - : #42]—[ 0 : le: #17)-

[(quantified as): $: #18]—[ # : le: #20]
[(has_count): §: #23]—>[@1: le: #24]
[(TYPE): - : #26]—[Surgeon: chirurgien: #27)
[(AGT-1): §: #43]—[Action: opére: #44]-
[((DESCR): un: #45]—[ @ : calcul: #47}-
[(TYPE): _ : #48]—[Thought: arithmétique: #50]
[(PTCT): $: #51]—[Participant: opére: #52}-
[((TYPE): un: #53]—([0 : calcul: #55]-
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(TYPE): _ : #56]—[Theme: arithmétique: #58]
[(DESCR): - : #59]—{ 0 : un: #17]-
[(quantified as): $: #18]—[ % : un: #19)
[(has_count): $: #23]—=[@1 : un: #24]
[((TYPE): _: #26]>[ 0 : calcul: #5]-
[(TYPE): arithmétique: #10]—[Math_Calculus: calcul: #11]
[(REL): _ : #77]—[Arithmetics: arithmétique: #78]
The corresponding CG is:
[Proposition]-
(DESCR)—[Situation]-
(BEGN)—{Past)]
(COURS)—»{Present)]
(LOC)—[Place]
(DESCR)—[Agent}-
(DESCR)—[ 0 ]-
(quantified as)—[ # ]
(has_count)—[@1]
(TYPE)—[Surgeon|]
(AGT-1)—[ Action]-
(DESCR)—{ # ]| »(TYPE)—|Thought]
(PTCT)—[Participant]-
(TYPE)—{0 |- (TYPE)—|Theme]
(DESCR)—[ 0 ]-
(quantified as)—| % ]
(has_count)—{@1]
(TYPE)—[ 0 |+(TYPE)-[Math_Calculus]
(REL)—[Arithmetics]

By descriptor, type and referent contraction, we obtain the final embedded CG:
[Proposition: [Situation:[Agent:[Surgeon: # @1])-
(AGT-1)—[Action: [Thought]}-
(PTCT)—)[Theme: [[Math_Calculus]—(REL)—[Arithmetics]: x @1]]]-
(LOC)—[Place]
(BEGN)— [Past]
(COURS)—)[Present]]

The Proposition describes a Situation that has a beginning in the Past,
a course in the Present and a location which is an unspecified Place. The
Situation describes an Agent: a definite surgeon, who performs some Thought
whose theme is a Math_Calculus related to Arithmetics.

4 Conclusion

Lexical semantic disambiguation consists in the selection of the relevant
signification of a term within a predefined list of meanings according to the
context [20]. Disambiguation is a treatment for polysemy [21], which is a very
generalized phenomenon, even in so-called technical and scientific languages
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[22]. Our approach, introducing a void type, supports the dynamic construction
of meaning [16], not only by compositionality and conceptual refinement [23]
on the syntagmatic axis, but also by dynamic categorization of ambiguous lexia
using a type contraction operation. We are able simultaneously to preserve an
ambiguity and to refine it with other recognized concepts. A void type is used
to make no hypothesis on the meaning of a given lexia. The over-specification of
roles such as participant with the co-text illustrates that one can also allocate
a very generic type to a given lexia, and refined it with the co-text. The use of
a void type also realizes the creation of a “conceptual context” (e.g. contexts
as defined in the CG model and not the enunciative context) that can embed
a CG as a descriptor, that can be typed with a CG and that can be quantified
according to articles and to the co-text. The question of the robustness and
the tractability of such an approach on large corpus requires further works.
Nevertheless, along our results on medical terminologies integration, we found
that the definition of relational cognitive signs signatures - the support of the
compositionality - was leading to build kind of cognitive grammars in labeling
words with types [17]. Because of the possible use of an auto-combining lexia, a
given cognitive sign, even a large part of a given semiotic scheme can be shared
by many words. The re-usability of the cognitive grammars appears promising
in terms of tractability.

Our approach does not wait pragmatic analysis for desambiguation. We do not
resolve ambiguities at the conceptual level according to some inference rules.
Other approaches based on morpho-dynamic models as designed in [24] require
complex connexionnist implementations. They have been evaluated on limited
examples. Disambiguation in our approach is related to the compositionality
principles that underlies our semiotic model. It relies also on the lexicalization
of conceptual relation using the disambiguating words found in the co-text.
It implies thus to revisit the way we allocate relational and conceptual type
labels to lexia: the objective is to get efficient and reliable cognitive grammar
rules driving the composition of atoms of sens into the relevant meaningfull
molecule. Last, this paper focuses on the first step of MLU: the transformation
of a NL input into some deep semantic structure. Our semiotic graphs are
easily converted to CGs. CG model provides a set of knowledge treatments and
inference procedures that do support reasoning or information retrieval that are
the only mean to check if the model really fits to the linguistic data.
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Abstract. This paper gives a theoretical framework for clustering a set
of conceptual graphs characterized by sparse descriptions. The formed
clusters are named in an intelligible manner through the concept of
stereotype, based on the notion of default generalization. The cognitive
model we propose relies on sets of stereotypes and makes it possible to
save data in a structured memory.

Introduction

This paper proposes a formal approach for the clustering of conceptual graphs
characterized by sparse descriptions. According to R. Michalski [1], conceptual
clustering is a learning task that takes a set of object descriptions as input and
creates a classification scheme. In addition, not only does conceptual clustering
have to cluster facts, but it also has to name these clusters. It is crucial to build
intelligible descriptions of all generated clusters that can summarize data in an
understandable manner. The facts we have considered are rough descriptions of
situations taken, for instance, from newspaper articles. These data are not given
in an array where all the predefined attributes have been given values, but are
characterized by heterogeneous descriptions. In order to deal with such types of
data, it was necessary to extend clustering techniques to sparse descriptions.

The names of the clusters, also called labels, are usually calculated either
using classical generalization (cf. UNIMEM [2]) or probabilistic generalization
(cf. COBWEB [3]). This means that these names are derived from properties
common to the facts belonging to the clusters, but in the case of sparse data
it fails because there are very few common descriptors. This paper proposes a
new approach that could deal with such cases, by building cluster names made
up of all the non-contradictory features belonging to the clusters. These names
are called stereotypes, by analogy with the concept of prototypes, which are
based on a new notion of generalization, default generalization. This concept of
stereotypes is well adapted to sets of facts described using sparse descriptions.
We therefore consider a cognitive model that structures memory from facts into
sets of stereotypes.

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 156169, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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Section 1 presents this cognitive model. The first subsection introduces the
notion of default generalization — and shows how it is linked to the compatibility
relation in the conceptual graph formalism — which is the basis of our model. The
second subsection describes the concept of stereotypes and compares it with the
well-known concept of prototypes. Section 2 introduces tools and strategies to
build the sets of stereotypes, and section 3 examines the question of validation
and suggests an application.

1 The Cognitive Model

Memory has to be structured in order to retrieve old information without reg-
istering all the facts and to infer new knowledge from these recorded data. The
notion of default generalization will be presented first, followed by the concept
of stereotypes.

1.1 Notion of Default Generalization

The facts we have considered have a large number of missing values, as a result
of which much of the information has to be guessed in order to perform the
clustering. R. Reiter presents in [4] a logic for default reasoning where default
rules enable new formulas to be inferred if the hypotheses are not inconsistent.
The following rule translates a possible reasoning for the end of the 19th in
France:

politician(X) A introducedAbroad(X) : — diplomat(X) / traitor(X)

This statement means that a politician who is introduced abroad is a traitor
towards his own country if we cannot prove that he is a diplomat. Here, a stereo-
type stored in the memory will complete a fact if this fact has no contradictory
features and is not more similar to another stereotype. The second condition can
be checked using the dissimilarities measure and will be seen in the next section.
The first and most important condition is verified if the stereotype generalizes
the fact by default. This means that the fact can be completed in such a way
that it can now be generalized by the stereotype.

Let us consider the graph g associated with a fact in which there is a very
large number of missing values. The missing values can be guessed and completed
to obtain a more specific graph gs. Let us note that we follow here the notations
given by Sowa in [5] (definition 3.5.1): gg < g means that gg is a specialization
of g and g is a generalization of gg .

Now, let s be one stereotype belonging to the structured memory. If this
stereotype is more general than gg, ie gs < s, then it generalizes g by default.
More formally:

! Many other formalizations exist that encompass the notion of generalization, for
instance least general generalization [6] or, more recently, Inductive Logic Program-
ming [7]. For the sake of clarity, we will limit ourselves here to just one formal
framework, that designed by Sowa.
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Definition 1. Let f be afact and s a stereotype, both of them represented using
conceptual graphs. s generalizes f by default if and only if there exists a graph
gs with gs < f and gs < s. gg is therefore a graph formed by the join operator
performed on the graphs f and s.

Property 1. The notion of default generalization is more general than that of
classic generalization. Let g and g’ be two conceptual graphs. If g generalizes ¢
then g generalizes ¢’ by default.

Property 2. The default generalization is a symmetrical relation. Let «; and uy
be two conceptual graphs. If u; generalizes ug by default, then ug generalizes u,
by default too.

Fig. 1 presents the fact The meal of Jules is composed of steak, red wine,
and ends with a cup of very hot coffee which can be generalized by default by
the stereotype The meal is composed of steak with potatoes and French bread,
and ends with a cup of coffee because the fact can be completed to The meal of
Jules is composed of steak with potatoes and French bread, red wine, and ends
with a cup of very hot coffee. If the stereotype had presented a meal ending with
a liqueur, it would not match the fact and so could not generalize it by default.

This notion allows us to propose stereotypes that label sets of facts and not
generalize each fact in the ordinary way but using a default reasoning. Fig. 3
shows three facts that could only be generalized in the ordinary way by the
graph [MEAL] — (mainly composed of) — [DISH], which does not characterize
the observations satisfactory. Fig. 4 presents a stereotype that can cover these
facts with the default generalization notion.

Let us now compare in more detail the concepts of stereotype and prototype.

1.2 Concept of Stereotype

Eleanor Rosch saw the categorization itself as one of the most important issues in
cognitive science. She observed that children learned how to classify first in terms
of concrete cases rather than through defining features. She therefore introduced
the concept of prototype [8] as the ideal member of a category. Members of the
same class might share only a few of those features but are closer to the same
prototype, and so are grouped together. For example, a robin is closer to the
bird prototype than an ostrich, but they are both closer to it than they are to
the prototype of a fish, so we call them both birds. However, it takes longer to
say an ostrich is a bird than it takes to say a robin is a bird, because the ostrich
is further from the prototype.

Sowa defines a prototype in [5] as a typical instance formed by joining one or
more schemata. Instead of describing a specific individual, it describes a typical
or “average” individual. Fig. 2 shows the example of a prototype for ELEPHANT
in linear form.

Many sufficiently complete observations have to be considered in order to
construct such an individual. We therefore propose a new concept, stereotype,
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Fact Stereotype

'MEAL the meal of .Iulcs MEAL

mainly [ accom n% [ mly ] ( accompanied ]
[composed ufj with a drink ek with comp with bread
‘ DISH ‘ [ RED W!NEJ l COFFEE ‘ DISH FRENCH COFFEE |

BREAD

1

[ mainly ' [ ' accompanied mainly
composed of S (with vegetables (composed of
| stEAK |vErY HoT|  [POTATOES| | stEAK |

Completed fact

IMEAL the meal of Ju]es

accompanied accompanied wnh )
with bread with a drink
1

‘ DISH | FRENCH lREDWINE' | COFFEE ‘

mainly
composed of

BREAD
mainly aocompamed

[compmed oi) with vegetables @mnh I

| steak | [poraroes| VERY HOT

Fig. 1. The stereotype generalizes by default the presented fact. The fact below is the
result of the join operator.

which is quite close to that of prototype but more adapted to missing values. A
stereotype is an imaginary fact that combines features found in the facts covered
rather than by performing averages. There is no contradiction between a fact and
the related stereotype which covers this fact and may be used to guess missing
data. It is because calculating an average is not adapted to a large number of
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prototype for ELEPHANT(x) is
[ELEPHANT: *x]-

(CHRC) — [HEIGHT: @3.3m]

(CHRC) — [WEIGHT : @5400kg]

(COLR) — [DARK-GRAY]

(PART) — [NDSE] -
(ATTR) — [PREHENSILE]
(IDNT)— [TRUNK] ,

(PART) — [EAR:*]-
(QTY) — [NUMBER: 2]
(ATTR) — [FLOPPY] ,

(PART) — [TUSK: *] -
(QTY) — [NUMBER: 2]
(MATR)— [IVORY],

(PART) — [LEG: *] — (QTY) — [NUMBER: 4]

(STAT) — [LIVE]-
(LOC) — [CONTINENT:Africa | Asia]
(DUR) — [TIME: @50 years].

Fig. 2. A prototype for ELEPHANT.

Fig. 4 represents a stereotype formed from three facts taken from fig. 3 cor-
responding to French meals. The missing values in these facts can be completed
using default reasoning with the corresponding values in the stereotype because
there is no contradiction between them. Thus, we can infer for instance that
Tom drinks wine or that the Petit family eat French bread with their meal.

2 Construction of the Stereotypes

This section is intended to show a way to automatically structure the memory
from a set of facts. The main objective of our work is to find a set of stereo-
types that summarize observed situations. The associated graphs have to contain
enough information not only to classify new observations but also to make pos-
sible the reasoning on those situations.

2.1 The Dissimilarities Measure

We need to establish a measure to calculate the distance between two conceptual
graphs, one being a fact to be covered and the other the candidate-stereotype.
Previous work deals with graph matching and an interesting method to calculate
the similarity between two conceptual graphs is proposed in [9]. However, in the
present context, a measure which adds the differences is sufficient.
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Fact 1 Fact 2

MEAL: meal of Tom

MEAL: meal of Luc

end with

DAUPHINE

STEAK |VERY HOT POTATOES

Fact 3

| MEAL: meal of the Peiit family|

mainly accompanied
composed of with a drink

staRTER | | Disn | [ReDwmE| | corEe |

mainly accompanied
composed of with vegetables

i

FRENCH

G ] | "

Fig. 3. Three facts corresponding to a French meal.

Stereotype

ononsovr| | pist | [ wme | Eg{éa;:; COFFEE |

mainly accompamed]
composed with with vegetables

l

| steak | [poraToes|

Fig. 4. A stereotype of a French meal.
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First let us recall the definition of compatibility given in [5]:

Definition 2. Let conceptual graphs w1 and ua have a common generalization
v with projections 71 : v — u1 and 72 : v — ua. The two projections are said to
be compatible if for each concept ¢ in v, the following conditions are true:

1. type(mic) Ntype(mae) > L.

2. The referents of mic and mec conform to type(mic) N type(mac).

3. Ifreferent(mic) is the individual marker i, then referent(mac) is either i
or %,

We now consider that there is always only one least common generalization,
i.e. only two projections that are compatible and maximally extended. It is easy
to generalize with graphs having several least common generalizations.

We state the following theorem in order to link the notions of compatibility
and default generalization:

Theorem 1. Let conceptual graphs wi and ug have the least common general-
ization v withprojections my : v — u1 and 72 : v = ug. M1 and ™2 are compatible
if and only if uy generalizes ug by default.

Proof. If m; and w; are compatible then there exists a common specialization w
ofuy and us (cf.theorem 3.5.7 [5]). According to definition 1, u; generalizes ug by
default. Reciprocally, if %1 generalizes us by default then there exists a common
specialization w. Suppose that 7; and 75 are not compatible. There therefore
exists at least one concept in v with type(m e)Ntype(rac) =.L, or with the referent
of 1 or wae not conform to type(mic) Ntype(mac), or with referent(m;c) = i and
referent(mac) = j, ¢ # j. These three cases are absurd because they contradict
the construction of w. Therefore, 7; and w2 are compatible.

Consider now the measure Mp counting the dissimilarities between two
graphs u; and wue. Let v be the least common generalization graph with pro-
jections 7y : v — uq and mg : v — ug. If m; and w9 are not compatible then
the measure Mp(u1,u2) is fixed by convention with an infinite value noted Moo
because one graph can’t be generalized by default by the second one (cf. theorem
1). Otherwise Mp(u;,usz) counts all the differences between the concepts and
relations of u; and those of us. The measure is thus defined:

Definition 3. Let conceptual graphs vy and up have the least common gener-
alization v with projections m : v — u1 and T : v — ua. The measure of
dissimilarities Mp(ui,us) is equal to:

1. My, if m1 and my are not compatible.
2. C+T(u1) + T(uz) otherwise, where:
e C = |{conceptc € wv/ftype(mec) # type(mac) or referent(mic) +#
referent(mac)}.
o T(u) = card(u) — card(v); card(g) corresponds to the number of nodes
(concepts and relations) of graph g.
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This measure presents the following properties:

Property 3. For any conceptual graph u, Mp(u,u) = 0.
Property 4. For any conceptuals graphs % and v, Mp(u,v) = Mp(v,u).

2.2 Relative Cover

We structure the memory into a set of stereotypes that summarizes the obser-
vations. Each fact, thanks to the measure defined above, is associated with the
closest stereotype and completed with its description. Relative cover allows this
calculation :

Definition 4. The fact f is covered by the stereotype s relative to a set of
stereotypes {st,...,sr} if and only if:

1. 3i,1<i<r/s=s;.
2. MD(f,S)#Moo.
3. Vk#£4,1<k<r,Mp(f,s) < Mp(f,sk)-

Fig. 5 shows a set of three stereotypes that may be read sy = The meal is
accompanied by French bread with cheese and red wine from Bordeaux, s3 = The
meal is composed of steak with potatoes and beer and ss = The meal is composed
of poultry with salad and mineral water. Fig. 6 presents two facts to be classified
within these stereotypes: fi = The meal of Bob is composed of cheese and wine
and fo = The meal of Léa is composed of salad and ends with a coffee without
sugar.

Stereotype 1 Stereotype 2 Stereotype 3

MEAL MEAL MEAL
panied accompanied accompanied mainly accompanied mainly accompanied
with bread with a drink with cheese composed of with a drink posed of with a drink

FRENCH | [REDWINE| |cAmEmBERT | DisH | | BEER | [ DISH | |MINERAL
BREAD WATER
S

T Y e n -
GUD mainly J alcmmpanteld ma.m!yl ii..ccompm'l.}eld
e composed of with comp of with

TOWN: Bordeaux | steak | [poraToEs| |[pouLmrY| | SALAD [

Fig. 5. Three stereotypes of a French meal.
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Fact 1 Fact 2

| MEAL: the meal of Bob |

T

MEAL: the meal of Léa l

accompanied accompanied end with
with cheese with a drink -
[ CHEESE | WINE | [ DISH [ COFFEE

accompanied @

with vegetables

WITHOUT
SALAD SUGAR

Fig. 6. Two facts to be classified.

Let us first consider the fact f; and the stereotype si;. The common gen-
eralization v is The meal is composed of cheese withwine. Mp(fi, s1) is there-
fore equal to 3 + (5 — 5) + (9 — 5) = 7. The stereotype sz gives Mp(fi1,s2) =
2+(5—3)+(9-3) = 10.Finally, Mp(fi, s3) is equal to My, because MINERAL
WATER N WINE =1. f; is therefore covered by s; relative to si1, 82, s3. This
means that f; is associated with the cluster labeled with the stereotype s;.

The same calculation on the second fact fy gives the measures Mp(fs, 1) =
17, Mp(fa, s2) = Moo and Mp(fa,s3) = 9. The fact is therefore covered by s3
relative to s;, Sg, s3 and classified in the cluster labeled with sg. If no stereotype
covers a fact relative to the others then the fact is classified in a ‘“garbage”
cluster.

This is the case if no stereotype generalizes it by default or if two stereotypes
get the same best value for Mp, because one fact cannot be covered by two
different stereotypes.

2.3 Search for the Best Set of Stereotypes

The aim is to find the best set of stereotypes given a set of considered facts. To
decide which set of conceptual graphs is the best, the definition of an evaluation
function is needed.

The first function considered uses probabilities. It is very similar to the Cat-
egory Utility measure (see [10]) which is used in the COBWEB system [3] to
evaluate good partitions. But this measure is not really appropriate for sparse
descriptions and uses the Attributes/Values formalism. Moreover, runtime cost
was rather high.

What we propose here is a more classical way using the definition of an
evaluation function based on the dissimilarities measure Mp. This function is
minimized by the best set of stereotypes.
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Definition 5. Let F' be the set of facts to be classified, S the set of stereotypes
to be evaluated and s the function that associates the fact f of F to the stereotype
s(f) of S such that f is covered by s(f) relative to S. The cost function h is
defined below:

h(S) =Y Mp(f,s(f))

FEF

There are several methods for exploring the search space. One is incremental
and very similar to that used by Fisher in [3]. It starts from an empty set with no
stereotypes, considers at each step a new fact to be covered and updates the set
with some operators. There could be one operator which creates a new stereotype
equal to the considered fact and another which modifies an existing stereotype
to cover it. The “merge” operator is a little bit more difficult to implement,
but the main difficulty lies in the “split” operator, especially when there are
conceptual structures. The search in COBWEB is like a “hill-climbing” strategy
and its robustness is largely due to these two specific operators. A more general
approach is therefore certainly preferable.

The second option is to search for the best set of stereotypes using a “tabu”
strategy. A neighborhood is calculated from a current solution with the assis-
tance of permitted movements. These movements can be of low influence (add a
concept to one stereotype, restrict a concept within another) and high influence
(add or retract one stereotype of the set). The search uses short and long-term
memory to avoid loops and to intelligently explore the search space.

3 Results

This section begins by examining the question of validation and goes on to
present an application.

3.1 Validation

We have considered two ways to validate the proposed model.

The first one relies on real cases using knowledge from the domain studied.
The experiments deal with a major issue which was of historic importance in
France and so much has been written about it (cf. section 3.2). Articles from
newspapers about this affair are very sparse and so fit perfectly into our cognitive
model. We have to confirm that the stereotypes that have been built correspond
well to the mental representations of the affair, as projected in the media. Pre-
liminary results in the Attributes/Values formalism are promising and can be
confronted to the knowledge of the domain provided by books and experts.

The second one gives a more formal and systematic method with the elab-
oration of artificial training sets. We begin with a set of “complete” facts, i.e.
using all possible concepts and relations. Thus, a fact can have identical features
with the others, compatible features, or even contradictory features. Each fact is
then duplicated several times in order to form a set of perfectly coherent clusters
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of different sizes. Next, sparse descriptions are simulated by removing part of
the data: certain facts are replaced randomly by more general ones. Finally, the
clustering algorithm is performed on these new data in order to produce a set of
stereotypes. The original considered facts were retrieved. We have also changed
the proportion of missing values in order to test the robustness of this method.

Fig. 7 shows a graph which uses the Attributes/Values formalism to give the
classification error rate with respect to the missing data rate:
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Fig. 7. Classification error using artificial training sets.

These experiments were carried out on three initial random facts until twenty
runs in order to calculate averages. Each fact was duplicated fifty times. The
classification error rate was counted according to the specific rate of removed
descriptors. Errors are due to the facts which are not covered by the stereotype
corresponding to the original fact they come from. These results prove the ro-
bustness of the method based on the concept of stereotypes, since the error rate
is below 10% with up to 75% of missing data. That means that the three original
facts were almost perfectly retrieved. Moreover, the rate does not exceed 28%
with 85% of missing data, which is still satisfactory.

3.2 Applications

In today’s information world there are many situations where data are so sparse
that much interpretation is necessary.
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The application we propose deals with an historic event, the famous miscar-
riage ofjustice known as the Dreyfys Affair which occurred at the end of the 19th
century in France. In 1894 Captain Alfred Dreyfus, an officer on the French gen-
eral staff, was accused of spying for Germany, France’s opponent in the previous
war. There were many articles about this very complex affair, bringing different
views depending on the date, recent events, the newspaper political leanings.
Thus, the liberal pro-Dreyfus Le Siecle expressed opinions which were diamet-
rically opposed to those of the conservative anti-Dreyfus L’éclair. The facts we
considered have been taken from these articles and translated into conceptual
graphs, in order to build automatically a simplified model of the affair. The ob-
jective is to understand the influence of the press on the mental representations
during this period.

Type hierarchies including 399 concepts and 174 relations were built for this
specific context. In addition, a typical graph was proposed in order to translate
the articles into facts. Fig. 8 shows an example of a graph. It represents an article
from the newspaper L’éclair using the CoGITaNT library implemented by D.
Genest and E. Salvat [11]:

Journal : LEclair

Journal : LEclair 7

Explicandum S —————— ..~
iEx licandumh |
| Personne : DreyfusAifred | statutCulpabilits > —]J Coupable ||
Explicans = ————
e = ==
Explicansi |
Personne : Esterhazy tatunCulpabilitéOfficialle _)W!

Fig. 8. A conceptual graph which translates a newspaper article.

It could be summarized as follows : the article taken from the newspaper
L’éclair explicitly asserts that Alfred Dreyfus is guilty because Esterhazy was
proved innocent by the courts. Once several articles have been translated in this
way, stereotypes can be discovered using the methods proposed earlier.
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4 Conclusion and Future Research

Flows of information play a key role in today’s society. However, the value of
information depends on its being interpreted correctly, and implicit knowledge
has a considerable influence on this interpretation. This is particularly true of
the media, such as newspapers, radio and television, where the information given
is always incomplete. In this context we propose a cognitive model based on sets
of stereotypes which summarize facts by “guessing” the missing values. Stereo-
types are an alternative to prototypes and are more suitable for sparse descrip-
tions. They rely on the notion of default generalization which relaxes constraints
and makes possible the manipulation of such descriptions. Descriptions are then
completed according to the closest stereotypes, with respect to the dissimilarities
measure Mp. The present paper gives definitions of new operators which make
this search possible using conceptual graphs formalism.

This work relates to the domain of social representations as introduced by
Serge Moscovici in [12]. According to him, social representations are a sort of
“common sense” knowledge which aims at inducing behaviors and allows com-
munication between individuals. Social representations can be constructed with
the help of sets of stereotypes, and the way these representations change can be
studied through the media over different periods and social groups in compar-
ison with such sets. This represents an unexplored way for enriching historical
or social analysis.

Finally, this paper is closely related to the work of Herbert Simon [13]. Thus,
the construction of internal representations is a fundamental problem in Artifi-
cial Intelligence, emerging from the research done on the notion of semantic in
the 1960s. These sort of representations bring about desired actions from the
large amounts of information gathered from the outside world. Stereotypes and
default generalization can be used to summarize these sparse data for which
more classical techniques are not appropriate.

Acknowledgments. The authors would particularly like to thank David Gen-
est for his patience and useful advice concerning the CoGITaNT library, Rosalind
Greenstein for reading and correcting the manuscript and Anne Remillieux for
constructing the type hierarchies and graph examples.
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Abstract. Infinite contexts and their corresponding lattices are of the-
oretical and practical interest since they may offer connections with and
insights from other mathematical structures which are normally not re-
stricted to the finite cases. In this paper we establish a systematic connec-
tion between formal concept analysis and domain theory as a categorical
equivalence, enriching the link between the two areas as outlined in [25].
Building on a new notion of approximable concept introduced by Zhang
and Shen [26], this paper provides an appropriate notion of morphisms
on formal contexts and shows that the resulting category is equivalent
to (a) the category of complete algebraic lattices and Scott continuous
functions, and (b) a category of information systems and approximable
mappings. Since the latter categories are cartesian closed, we obtain a
cartesian closed category of formal contexts that respects both the con-
text structures as well as the intrinsic notion of approximable concepts
at the same time.

1 Introduction

Formal concept analyais (FCA [1]) is a powerful lattice-based tool for symbolic
data analysis. In essence, it is based on the extraction of a lattice — called formal
concept lattice — from a binary relation called formal context consisting of a set of
objects, a set of attributes, and an incidence relation. The transformation from
a two-dimensional incidence table to a lattice structure is a crucial paradigm
shift from which FCA derives much of its power and versatility as a modeling
tool. The concept lattices obtained this way turn out to be exactly the complete
lattices, and the particular way in which they structure and represent knowledge
is very appealing and natural from the perspective of many scientific disciplines.
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The successful applications of FCA, however, are mainly restricted to finite
contexts or finite concept lattices, thus neglecting the full power of the theory.
Infinite contexts and their corresponding lattices are of theoretical and practical
interest since they may offer connections with and insights from other mathe-
matical structures which are normally not restricted to the finite cases. In this
paper we establish a systematic connection between formal concept analysis and
domain theory as a categorical equivalence, enriching the link between the two
areas as outlined in [25]. Domain theory is a subject of extensive study in the-
oretical computer science and programming languages. Its basic idea of partial
information and successive approximation suggests that for infinite structures to
be computationally feasible, items of knowledge or information should either be
finitely representable or approximable by such finitely representable items. This
idea motivated the introduction of a new notion called approximable concept,
reported by Zhang and Shen in a separate paper [26]. Approximable concept lat-
tices derived from this new notion are exactly the complete algebraic ones; and
every (classical) formal concept is approximable. Furthermore, in cases where
the formal contexts are finite, approximable concepts and formal concepts coin-
cide. From a categorical viewpoint, this establishes a relation at the object level
as a part of a functor; a main contribution of this paper is the introduction of
an appropriate notion of morphisms on formal contexts and the proof that the
following three categories are equivalent in the categorical sense [13]:

1. the category of formal contexts and context morphisms Cxt introduced here
for the first time,

2. the category of complete algebraic lattices and Scott continuous functions,
and

3. the category of information systems and approximable mappings ISys.

This implies that the category of formal contexts and context morphisms is carte-
sian closed, and as a result a rich collection of constructions including product
and function space is immediately made possible.

Our paper can be viewed as part of a unique research program [8,25,26,
27,19] exploiting the synergies among the following recurring themes in several
independently developing and yet somewhat related areas:

functional dependency X — Y in databases,

association rules X = Y in data-mining,

consequence relation AX = AY in logic,

entailment relation X I Y in information systems and domains,
intention-extension duality Y € (X)” in formal concept analysis.

Note that in both logic as well as in domain theory, X is restricted to finite
sets while in databases and data-mining both X and Y are restricted to finite
cases due to the pragmatic motivations of the areas. In classical formal concept
analysis, there is no size constraint on either X or Y even when the formal
contexts are infinite. These potential mismatches (or, the alignment of them)
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turn out to have important consequences, as will be seen from the rest of this
paper.

The rest of the paper is structured as follows. In Section 2 we introduce
basic notions from formal concept analysis, domain theory, and category theory.
In Section 3, results on approximable concepts are provided. In Section 4 we
introduce an appropriate notion called context morphism on formal contexts
and show that formal contexts with context morphisms constitute a category
Cxt. In Section 5 we recall the category ISys of Scott information systems with
trivial consistency predicate. This category is known to be equivalent to the
category of complete algebraic lattices with Scott continuous functions. We then
introduce the functors which will be used in our equivalence proof, which will be
carried out in Section 6. Some categorical constructions in Section 7 complete
the technical contributions of the paper. The last section gives some concluding
remarks.

2 Background

We review some necessary background in FCA, domain theory, and category
theory in order to fix notations.

Formal Contexts and Concepts

Our main reference for formal concept analysis (FCA) is [1]. In places, we will
follow the notation used in [26], because it is more convenient for our purposes.

Definition 1. A formal context P is a triple (P,, P,, =), where P, is a set of
objects, P, a set of attributes, and = a binary satisfaction relation =C P, x P,.
We also define the following mappings.

ap=a:2 5 2P with X = {a|Vz € X, z = a}
wp=w:2P 5 2% withY = {o| Yy €Y, o=y}
A subset A C P, is called an (intent-) concept if a(w(4)) = A.

For readers from the traditional FCA community, it should be helpful to note
that P, corresponds to G, P, corresponds to M, and = to I using the standard
notation of a context (G, M, I). Also note that ( )’ =« and ( )’ = w since the
standard notation ignores the types of the two operators. One can also regard
() as, informally, an “infix” notation and @, w as prefix ones.

The following is a central result for FCA, a proof of which can be found in
[1]. Recall that a complete lattice is a partial order in which all (possibly infinite)
suprema (a.k.a. join) and infima (a.k.a. meet) exist.

Theorem 1 (Wille [24]). The set of all (intent-) concepts of a formal context
P, ordered under subset inclusion, is a complete lattice, called the concept lattice
of P. Furthermore, every complete lattice (D, <) is isomorphic to the concept
lattice L of the formal context (D, D, <), with isomorphism ¢ : D — L given by
d > a(w{d})).
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Domain Theory

Domain theory was introduced by Scott in the late 60s for the denotational
semantics of programming languages. It provides a theoretically elegant and
practically useful mathematical foundation for the design, definition, and im-
plementation of programming languages, and for systems for the specification
and verification of programs. The basic idea of domain theory is partial informa-
tion and successive approximation, captured in complete partial orders (cpos).
Functions acting on cpos are those which preserve the limits of directed sets —
this is the so-called continuity property. If one thinks of directed sets as an ap-
proximating schema for infinite objects, then members of a directed set can be
thought of as finite approximations. Continuity makes sure that infinite objects
can be approximated by finite computations. An important property of contin-
uous functions is that when ordered in appropriate ways, they form a complete
partial order again. Thus a continuous function becomes once again an object in
a complete partial order. This seamless and uniform treatment of a higher-order
object just as an ordinary object is the hallmark of domain theory.

Let (D,C) be a partial order. A subset X of D is directed if it is non-empty
and for each pair of elements a,b € X, there is an upper bound z € X for {a,b}.
A complete partial order (cpo) is a partial order (D, C) with a least element (L)
and every directed subset X has a least upper bound (orjoin) { | X. A complete
lattice is a partial order in which any subset has a join (this implies that any
subset will also have a meet — greatest lower bound). Compact elements of a
cpo (D,C) are those inaccessible by directed sets: @ € D is compact if for any
directed set X of D, a C | | X implies that there exists z € X with a C z. A cpo
is algebraic if every element is the join of a directed set of compact elements. A
set X C D is bounded if it has an upper bound. A cpo is bounded complete if
every bounded set has ajoin. Scott domains are, by definition, bounded complete
algebraic cpos.

Category Theory

Category theory provides a unified language for managing conceptual complexity
in mathematics. The importance of category theory to computer science is man-
ifested in its ability in guiding research to the discovery of categorically natural,
but otherwise non-obvious missing entities in a conceptual picture.

Our category-theoretical terminology follows [5]. A category C consists of

(i) a class |C| of objects of the category,
(ii) for all A,B € |C]|, a set C(A, B) of morphisms from A to B,
(iii) for all A, B,C € |C|, a composition operation
0:C(B,C) x C(4,B) —» C(A,0C),
(iv) forall A € |C|, an identity morphism id4 € C(A, A),

such that for all f € C(A,B), g € C(B,C), h € C(C, D), the associativity
axiom ho(go f) = (hog)of and the identity axioms idgo f = f and goidg =g
are satisfied. As usual, we write f : A — B for morphisms f € C(A, B).
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A functor F from a category A to a category B consists of

(i) a mapping |A| — |B| of objects, where the image of an object A € |A] is
dentoted by FA,

(ii) forall A, A’ € |A|, a mapping A(A, A’) - B(FA,FA’), where the image
of amorphism f € A(A, A’) is denoted by Ff,

such that for all A,B,C € |A| and all f € A(A,B) and g € A(B,C) we have
F(fog) =FfoFg and Fidg = idga.

3 Approximable Concepts

The defining property of a formal concept given by the equality a(w(A)) = A
is computationally feasible for finite contexts, but lends itself for alternative
formulation in the infinite case. From a domain-theoretic perspective, a compu-
tationally accessible infinite object is one that can be approximated by partial,
finitary objects. If we replace “object” by formal concept, and “finitary objects”
by finitely generated concepts (i.e., a(w(A)) for finite A), then we obtain the
following definition, introduced in [26].

Definition 2. Given a set A, let Fin(A) denote the set of finite subsets of A.
With notation fixed in Definition 1, a subset A C P, is called an approximable
(intent-) concept if for every X € Fin(A), we have a(w(X)) C A.

As a consequence, every approximable concept A is the limit (i.e. least upper
bound) of a directed set of finitely generated concepts below it:

A=| J{a(w(X))| X €Fin(4)}.

The notion of approximable concept is a natural one from a logical point of
view, in that approximable concepts correspond to theories. Informally, a (logi-
cal) theory is a set of formulas closed under (a predefined notion) of entailment.
A basic notion of entailment can be extracted from a context by letting X  a
just when a € a(w(X)). This has been observed by many researchers and investi-
gated at a more systematic level in [25] by relating it to information systems [18].
The relation  corresponds to an association rule in data mining and an instance
of functional dependence in databases. If we build theories by taking attributes
as atomic propositional formulas and the corresponding - as the entailment rela-
tion, then theories coincide with approximable concepts. The distinction is that
in classical formal concept analysis, an infinite set X is allowed in the entail-
ment X F a while in approximable concept analysis, only finite Xs are allowed.
It is well-known in logic that an infinite conjunction p in the antecedent of an
entailment p — ¢ destroys compactness. For readers interested in discussions
along this line, we refer to [23] for general and intuitive examples, and to [10]
for related hardcore theory.

We now summarize relevant results from [26]. Recall that a complete lattice
is called algebraic if each of its element is the supremum of the directed set of
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compact elements below it. Given a complete algebraic lattice (D, <), let K(D)
denote the set of all compact elements of D.

Theorem 2 (Zhang and Shen [26]). For any formal context P, the set of
its approximate (intent-) concepts AP under set-inclusion forms a complete
algebraic lattice. Conversely, every complete algebraic lattice (D, <) is order-
isomorphic to AP, where P = (D, K(D),<). An isomorphism in this case is
given by K — sup K for any approximable concept K.

The supremum just mentioned exists since approximable concepts in this
case are exactly the ideals (i.e. downward closed directed subsets) of D.

It is easy to see that with respect to finite contexts, approximable concepts
are just the standard ones. In the infinite case, although every standard concept
is approximable, not all approximable concepts are concepts in the standard
sense. This gives the impression that approximable concepts are more general;
but interestingly they are less general in terms of the lattices they represent
collectively: the corresponding lattices built from approximable concepts are of
a restricted kind — the algebraic, complete lattices — instead of complete lattices
in general. This again fits the domain-theoretic paradigm in that a general ap-
proximating scheme should be part of a computable mathematical structure. We
refer to [26] for an example (necessarily infinite) to illustrate the differences.

4 Cxt: A Category of Formal Contexts

We introduce a new notion of morphism on formal contexts.

Definition 3 (context morphism). Given formal contexts P = (P,, P,, =p)
and Q = (Qo, Qa, =q), a contextmorphism —»pg = — from P to Q is a relation
— C Fin(P,) x Fin(Q,), such that the following conditions are satisfied for all
X, X', Y1,Y2 € Fin(P,) and Y,Y' € Fin(Q,):

(cml) O,
(em2) X —Y; and X =Yy imply X -Y, UY>,
(cm3) X' C ap(wp(X)) and X' —=Y' and Y C ag (wo(Y")) imply X —-Y.

We give some intuition about this notion of morphism. We think of sets of
attributes as carrying knowledge, or information, and morphisms from P to Q
relate this knowledge in the sense that some knowledge in P implies some knowl-
edge in Q. So X —Y should be read as: “If at least X is known, then also at
least Y is known.” Conditions (cm1) and (cm?2) are easily understood from this
perspective. Condition (cm3) uses the idea that closure in FCA (i.e. the forma-
tion of ap{wp (X)) from some X) can be understood as logical consequence, i.e.
X' € ap(wp(X)) means that X carries more knowledge than X’, as remarked
in Condition (cm3). Thus it allows us to strenghten on the left-hand side of the
relation, and to weaken on the right-hand side.

We show now that we indeed obtain a category.
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Proposition 1 (identity context morphism). With notation as in Defini-
tion 3, the relation vp defined by

XwpY iff Y C o(w(X))
defines a context morphism, which we call the identity context morphism.

Proof. Conditions (cm1) and (cm2) are obviously satisfied. Condition (cm3) fol-
lows from monotonicity of & o w and the fact that o ow is idempotent. 0

Composition of context morphisms is composition of relations, so there is
nothing to show in this respect.

Theorem 3. Formal contexts together with context morphisms constitute a cat-
egory Cxt.

Proof. We first show that the composition of two context morphisms is a context
morphism. So let —pg and —» 5 be context morphisms. Then condition (cml) is
easily verified for (—»gp 0 —>pg). Concerning (cm2), assume X(—gp 0 —>po)Y1
and X(—»gpo—+pg)Ya. Then there exist Zi,Z; € Fin(Q,) with X —pg Z1,
X —pg Z2, hence X —pg Z1 U Z2, as well as Z; — Y, for i = 1,2. Since Z; C
ag(wg(Zy U Z3)) and Y; € agr(wr(Y:)) for ¢ = 1,2, we conclude by (cm3)
that Z; U Za —»gpY; for « = 1,2, and by (cm2) that 2Z; U Zs w4 Y1 U Y,
which suffices. For (cm3), assume X’ C ap(wp(X)), X'(—gro—pg)Y’, and
Y C ar(wgr(Y')). Then there exists Z € Fin(Q,) with X' =p5 Z and Z —gp Y".
Since Z € aqg(wqg(Z)), we conclude by (cm3) that X —poZ and Z—+ggY,
hence X(—gg o —pg)Y by definition of composition, as desired.

The remaining conditions are easily verified: associativity of morphisms fol-
lows from the fact that composition of morphisms is composition of relations.
The identity axiom follows from (cm3). 0

5 Information Systems

We show that the category Cxt is equivalent to the cartesian closed category of
complete algebraic lattices with Scott continuous functions. Our proof utilizes
the fact that the latter category is eqivalent to the category of Scott information
systems with trivial consistency predicate and approximable mappings as mor-
phisms. The corresponding definitions are as follows, and can be found in [12,
17,18,22,26,28].

An information system (with trivial consistency predicate) A is a pair (A,F4),
where A is the token set and -4 Fin(A) x Fin(A) is the entailment relation, and
furthermore the conditions

(is1) a € X implies X k4 {a}
(2) (VbeYXt4a{b}) and Y -4 Z imply X 4 Z
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are satisfied for all @ € A and X,Y,Z € Fin(A). An information state of an
information system is a set X C A such that {a} € X whenever there is Y €
Fin(X) withY 4 {a}. Information states can be characterized as the images of
the operator state : 24 — 24 defined by

state(X) = {a | Y (Y € Fin{X) and Y F4 {a})}

The set of all information states of an information system A is denoted by
states(A).

Let A and B be information systems. An approximable mapping ~» g = ~»
from A to B is a relation ~ C Fin(A)x Fin(B), such that the following conditions
are satisfied for all X, X',Y1,Y; € Fin(A) and Y, Y’ € Fin(B).

(aml) @~»0
@m2) X~»Y; and X~ Y5 imply X~ YUY,
(am3) X Fa X' and X'~Y and Y Fg Y imply X~ Y

Information systems with trivial consistency predicate together with approx-
imable mappings as morphisms constitute a cartesian closed category, which we
denote by ISys. The identity morphisms in this case are given by XiaY iff
X FaY, for any information system A. Composition of morphisms is composi-
tion of relations.

The following definition and theorem are taken from [26].

Definition 4. For a given formal context P = (P,, P,,[=), define a system
IS(P) = (Py,t) by setting X Y iff Y C a(w(X)).

Theorem 4. Given a formal context P = (P,, P,, =), we have that ZS(P) is an
information system. Furthermore, a subset X C P, is an approximable concept
of P if and only if it is a state of the derived information system ZS(P).

The mapping ZS will later on turn out to be the object part of a functor.
The object part of the corresponding left adjoint C7 will be defined next.

Definition 5. Given an information system A = (A,}), let CT(A) be the for-
mal context (states(A), K(states(A)), C), where K(states(A)) stands for the set of
compact elements of (states(A4), C).

The following is taken from [26].

Theorem 5. The approximable concepts of CT(A) coincide with the downward-
closed directed sets of compact elements of the complete algebraic lattice

(states(A), C).

Hence (by ideal completion), A(CT (A)) is isomorphic to (states(A), C) via the
isomorphism K +— sup K, where A is defined in Theorem 2.
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We describe the action of ZS and C7 on morphisms in order to obtain func-
tors between the respective categories.

Let P = (P,, Py, [=p) and Q = (Qo, Qa, =) be formal contexts, and let —
be a context morphism. Let ZS(P) = (P,,Fp) and ZS(Q) = (Q,,F¢). Then
define ZS(—pg) =~ C Fin(P,) x Fin(Q,) by setting X ~Yiff X »Y.

Theorem 6. The relation ~ is an approximable mapping and ZS is a functor
from Cxt to ISys.

Proof. Straightforward by inspecting the defining properties of a functor. O

Concerning CT, let A = (A,F4) and B = (B,+pg) be information systems
and let

CT(A) = P = (states(A), K(states(4)), C) and
CT(B) = Q = (states(B), K(states(B)), C)

be corresponding formal contexts as defined in Definition 5. Furthermore, let ~»
be an approximable mapping from A to B. Then define

CT(~) = — C Fin(K(states(A))) x Fin(K(states(B)))

by setting X — Y iff for each Y’ € Fin(lUY) there exists X’ € Fin(|J X) with
JY,MYI.

Lemma 1. The relation — is a context morphism.

Proof. For (cm1) note that Fin((J®) = {0}.

For (cm2) let X —»Y; and X — Y5, i.e. for each Y{ € Fin(|JY1) there exists
X' € Fin(UX) with X'~ Y7, and for each Y3 € Fin(|JY2) there exists X" €
Fin(UX) with X"~ Y5. Now let Y € Fin(|J(Y; U ¥3)). Then there exist Y7 €
Fin(UY1) and Yy € Fin(|JYz2) with Y7 UY,; =Y. So we also have X’ € Fin(|J X)
with X'~»¥{ and X" € Fin(lJX) with X"~ YJ. Since X’UX" € Fin(JX) and
X'UX"F4 X' and X' U X" F4 X", we obtain by (am3) that X' U X"~ Y/
(for 1 = 1,2), and hence X' UX"~Y/UY] =Y.By X' UX" € Fin(lUX)we
conclude X —Y; UYs.

For (cm3), note that for X,Y € Fin(K(state(A4))) we have X C ap(wp(Y))
if and only if JX € |JY. Now assume that X' C ap(wp(X)) and X' —Y’
and Y C ag(weo(Y”’)). Then YX’' € UX and JY C JY” and for each Y” €
Fin(UY”) there exists X" € Fin(| JX’) with X"~ Y”. But then in particular,
for each Y € Fin(|JY') there exists X" € Fin(| JX) with X"~ Y".So X —»Y.

O

Theorem 7. CT is a functor from ISys to Cxt.

Proof. Concerning the identity condition, we have X CT (id4)Y iff for each Y’ &
Fin(lJY) there exists X’ € Fin(|J X) with X’ +, Y. Or in other words, we have
X CT(ida)Y iffforeach Y’ € Fin(|JY') with state(Y’) C state(|JY') there exists
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X' € Fin(|J X) with state(X’) C state(|J X) and state(Y”) C (X’). Since finitely
generated states are compact in the complete algebraic lattice (states(A),C),
this is equivalent to the statement state(| JY') C state(|J X), or in other words,
Y C a(w(X)).

It remains to show that CT(~pc o~ aB) =CT (~pc)oCT(~aB). Let first
X CT(~pBc)oCT(~aB)Y,ie. there is Z with X CT (~p¢)Z and ZCT (~aB)Y.
This means that for all Y’ € Fin{|JY') there exists Z' € Fin(|J Z) with Z’ ~pgc Y’
and for all Z’ € Fin(|J Z) there exists X’ € Fin(|JX) with X'~ 45 Z’. Conse-
quently, for all Y’ € Fin(|JY") there is X’ € Fin(|J X) with X'(~pgc o~ 45)Y’,
1e. XCT(MBC OMAB)Y.

Conversely, let X CT(~pco~sap)Y, ie. for all Y’ € Fin(JY) there ex-
ists X’ € Fin(UX) with X'(~pco~ap)Y’. Hence, for all Y’ € Fin(JY)
there exist X’ € Fin(|JX) and Z’ € Fin(Q,) with X'~ 45 Z' and Z'~pcY’.
Let Y = {Yi,...,Y,}. Then each Y; is a compact state, hence for each i
there is ¥y € Fin({JY) with state(Y]) = state(Y;). For each such Y there
exist Z] € Fin(Qq) and X/ € Fin(lUX) with X/~ 4pZ] and Z]~pcY;.
Let Z = {state(Zy),...,state(Z},)}. Now, given Y’ € Fin(JY) we obtain
UY/ Fc Y’'. By (am2) and (am3) we have |J, Z;~pc UY/, and by (am3) we
obtain |J; Z,~pcY’. Since |J,; Z; € Fin(|JZ), we obtain ZCT (~pc)Y. The
same kind of argument along ~ 4p yields X CT (~pg¢)Z, which completes the
proof. ]

6 Categorical Equivalence and Cartesian Closedness

In this section we establish the fact that ZS and CT provide equivalences between
categories.

Recall that a morphism f € C(A, B) is called an isomorphism if there is a
(necessarily unique) morphism g € C(B, A) such that go f =ids and fog =
idg. The identity functor on a category C maps all objects and morphisms to
themselves, and is denoted by idc. A natural transformation n : F = G between
functors F,G : A — B is a class of morphisms 14 € B(FA, GA)4¢|a| such that
forevery f € A(A, A’) wehave 54 oFf = Gf ona. A natural transformation is
called a natural isomorphism if all of its morphisms are isomorphisms. A functor
F from A to B is called an equivalence of categories iff there is a functor G from
B to A and two natural isomorphisms idg = FG and GF = ida. G is then
also an equivalence of categories, and is left adjoint to F.

Lemma 2. There exists a natural transformation n : CT oZS = idoxt, i.e. a
class of context morphism (np)p from CT(IS(P)) to P, where P ranges over
all formal contexts, such that for every context morphism — between formal
contexts P and Q we have ngoCT (Z8(—)) = —» onp. Furthermore, 1 is a natural
isomorphism, i.e. all np are isomorphisms — in other words, for each np there
exists a context morphism —p from P to CT(ZS(P)) such that —ponp = tp
and mp © —p = teT(z5(P))-
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Proof. Let P = (P,, P,, =p) be some formal context. We define np by setting
SnpX,for S € Fin(K(states(ZS(P)))) and X € Fin(P,), whenever X € Fin({J S).
It is easily verified that np is a context morphism.

Now let T(ng o CT(ZS(—)))X. This is equivalent to saying that there ex-
ists some S € Fin(K(states(ZS(P)))) such that X € Fin(lJS) and for all
s € Fin(|J §) there exists some ¢ € Fin({JT) with ¢ —s. This implies that there
is t € Fin(lT) with ¢t — X, which in turn is equivalent to T(—»onp)X. Con-
versely, let T(— onp)X, which is equivalent to saying that there is ¢ € Fin(|JT)
with t — X . Now with S = {state(X)} € Fin(K(states(ZS(P)))) this implies that
X € Fin(|J S) and (by (cm3)) for all s € Fin(|JS) there exists ¢t € Fin(|JT) with
t—s. This is in turn equivalent to T(ng o CT(ZS(—)))X, as noted earlier in
this paragraph.

To show that all np are isomorphisms, let —p be the context morphism
from P to CT(ZS(P)) which is defined by X —p S, for X € Fin(P,) and S €
Fin(K(states(ZS(P)))), whenever J S C ap(wp(X)). It is easily verified that —p
is indeed a context morphism. Now X (npo—»p)Y iff there exists S with X —5 S
and SnpY, i.e. iff there exists S with (.S € ap(wp(X)) and Y € Fin(|J §). This
in turn is equivalent to Y € Fin{ap(wp(X))), i.e. to X¢pY as desired. Likewise,
let T, S € Fin(K(state(ZS(P)))). Then S(—»p onp)T iff there exists ¥ with SppY
and Y —p T,ie.iff Y € Fin(JS) and JT C ap(wp(Y)). Since S and T are sets
of compact states, this in turn is equivalent to UT € |J S, i.e. to Tierzs(py)S-

0

Lemma 3. There exists a natural transformation n : idigys = IS oCT, i.e. a
class of approximable mappings (na)a from A to IS(CT (A)), where A ranges
over all information systems (with trivial consistency predicate), such that for
every approximable mapping ~» between information systems A and B we have
ng 0~ = IS8(CT (~)) o na. Furthermore, n is a natural isomorphism, i.e. all
114 are isomorphisms — or in other words, for each na there exists a context
morphism ~+ 4 from ZS(CT(A))) to A such that ~p0na = ta and N4 0~4 =
LIS(CT(A))-
Proof. Let A = (A,F) be some information system. We define 14 by setting
XnaS, for X € Fin(A) and S € Fin(K(states(A))), whenever X +4 s for all
s € Fin(US). It is easily verified that 774 is an approximable mapping.

We have X (ng o ~»)T iff there exists Y € Fin(B) such that X ~Y and for
all t € Fin(T) we have Y kg t. This is equivalent to the statement that

(f) for all t € Fin(|JT') we have X ~ ¢.
On the other hand, we have X (ZS(CT (~)) cna)T if and only if

(%) there exists S € Fin(K(states(A))) such that for all s € Fin(|J S) we have
X k4 s and for all t € Fin(lyT) there exists u € Fin(|J S) with u~st.

Statement (#) implies (*) via S = {state(X)}. Statement (*) implies that for all
t € Fin(UT) there exists u € Fin(lJS) with X k4 u and w~» ¢, which by (am3)
implies (#).
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To show that all 74 are isomorphisms, let ~» 4 be the approximable mapping
from ZS(CT(A)) to A defined by S~ 4 X, for all S € Fin(K(states(A))) and X €
Fin(A), whenever X € Fin({J S). It is easily verified that~s,4 is an approximable
mapping. Now X{(~»40m4)Y if and only if there exists S € Fin(K(states(A)))
with Xna8 and S~, Y, i.e. X -4 s foralls € Fin({JS) and Y € Fin(|J S). This
in turn is equivalent to X F4 Y, ie. to Xt4Y as desired. Likewise, S(14 0~ 4)T
if and only if there exists X € Fin(A4) with S~ 4 X and XnaT. This in turn
is equivalent to saying that there exists X € Fin{{JS) such that X k4 ¢t for all
t € Fin(IUT). Since S and T are sets of compact states, this is equivalent to the
statement |JT € |JS,ie. to SizsicranT- O

Theorem 8. Both CT and ZS are equivalences of categories, i.e. the categories
Cxt and ISys are equivalent, and Cxt is cartesian closed.

Proof. 1t suffices to show that there are natural isomorphisms C7 0ZS = idcxt
and idigys = ZSoCT, which were provided by Lemmata 2 and 3. The last
statement follows from the well-known fact that ISys is cartesian closed. O

7 Constructions

We have established our main result in Theorem 8 and shown that Cxt is carte-
sian closed. We now study what the corresponding categorical constructions, i.e.
product and function space, look like. Although the existence of these construc-
tions has been justified in previous sections, carrying out the actual constructions
in full detail can be an engineering endeavor [22,28].

Terminal Object

The unit or terminal object in Cxt is the context 1 = (@, 0, 0), and for each
context P = (P,, P,, =) the unique context morphism — from P to 1 is given
by X — for all X € Fin(P,).

Product

For a formal context P = (FP,, Py, |Ep) let P! = (P., P., [=p/), where P, =
P, U {g}, P, = P, U{m}, and g, m are some elements not in P, respectively
P,. |=pr coincides with =p on P, x P, and g =p’ a forall a € P, U {m} and
h Ep m for all h € P, U {g}. Informally, P’ is obtained from P by “adding a
full row and a full column”.

Let P = (P,, Py, |=p) and Q = (Q,, Qa, =) be formal contexts. Define the
product

PxQ= (Pz; e Q:,,Pé x Q;”:PXQ)

of P and Q by setting (g1,92) Eprxq (m1,mg)iff g1 Epr my and g2 =g ma.
Obviously, P x Q is a formal context.
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Theorem 9. Let P = (P, Py, l=p) and Q = (Qo, Qq, F=@) be formal contexts.
Then there exist context morphisms np : Px Q — P and ng : P x Q — Q such
that for all context morphisms —p from R to P and —»q from R to Q there
exists exactly one context morphism (—sp,->q) from R to P x Q such that

7rpo<—«>P,—>Q>:—>P and 7rQo<—oP,—>Q>:—«>Q,

Proof. We define wp by setting {(mq,m]) |i=1,...,k}np{n; | j=1,...,1}iff
{njlj=1,...,1} Caplwp({m; | i =1,...,k})). This is equivalent to saying
that M7pN iff (w1 (M) N Py)ep N, where 71(M) denotes the projection of the
set of pairs M to the set of the first components of its elements. The context
morphism m¢ is defined analogously. Define X (~p, — )Y iff X —p(m1(Y)NP,)
and X —4(ma(Y) N Q,), where w3 is the corresponding projection on the second
component.

We next show mpo(~»p,—q) = —»p. Denoting (—>p, —¢) by ~», we then ob-
tain X (wpo~)Y iff there exists some Z € Fin(P, x Q) with X ~ Z and Z7pY,
which is the caseiff (x) there exists Z with X —p(m1(Z)NF,), X ~o(72(2)NQ,)
and (m1(Z) N P,)¢pY. This in turn implies that there is Z € Fin(P. x Q)
with X —=pY and X —4(7m2(Z) N Qq). Such a Z trivially exists: every Z with
m2(Z) = { satisfies the condition. So this condition reduces to X —,Y as re-
quired. Conversely, assume X -5 Y. Let Z =Y X% (@, \ @,). Then this implies
condition (x) which was shown above to be equivalent to X (7p o ~)Y. The
equation g o (~p, —g) = —>¢ is shown similarly.

For uniqueness assume that there is — : R — P x @ which satisfies 1po— =
- p and mg o — = —». Then we obtain

X—=2Z ff X—2Z, mm(Z)NP)p{(m(Z)NPF,),
and  (m2(2) N Q4) Lo (m(Z) N QW)
if X2, Zrp(m(Z)NP,), and Zug(m(2)NQ.)
if X(mpo—)(m(Z)NP,) and X(mgo—)(m2(Z)NQ4)
iff X—+p(m(Z)NP,) and X -—g(m(Z)NQa)

which shows — = (—p, —q). O

Function Space

Given formal contexts P = (P,, P,,[=p) and Q = (Qo, Qa, F=g), we define the
function space P — @ as follows. Consider the set M = Fin(P,) x Fin(Q,). We
define a Scott information system on M. For all collections {(u;,u})} € Fin(M)
and {(v},v})} € Fin(M), let {(u;,ui)} Far {(vj,v})}iff

v C agq (wo (Uted 1w € ap(wr(®))}))

for all j. It is easily verified that (M,F,s) is a Scott information system: In
order to show condition (is2), assume that we have {(vi,y:)} Fam {(z,2')} and
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{(z5,25)} Py (4, 97) forall i. Then 2’ € ag (wo (U{wi | i € ap(wp(2))})) and
¥i C ag (wo (U{:z:g | z; € ap(wp(y:))})) forall 4. So

2 € aq (wo (U, {aa (we (U, =) o) € arlwr®)})) |5 C arwr()}))
< ag (wo (U, {aa (we (U=} 125 € arwr()})) |1 € ar(wr(2))}))
€ aq (wa (g (wo (U, e} 12 € ar(wr(2))}))))

= ag (wo (Ui} | 2 € ar(wr(2)}))
as required. The function space P — @ is then defined as the context

CT (M) = (states(M), K(states(M)), C).

Theorem 10. Let P = (P,, Py, =p) and Q = (Qo, Qa, F=@) be formal contexts.
Then the context morphisms from P to Q are exactly the approximable concepts
in P— Q.

Proof. Let A be an approximable concept in P — Q. Then A € states(M) by
Theorem 5, and we have to show that A is a context morphism. Conditions (cml)
and (cm?2) are easily verified. Condition (cm3) follows from the monotonicity of
apowp and ag o wq.

Conversely, let A be a context morphism from P to Q. By Theorem 5, we
have to show that A € states(M). So let {(z;,z})} € Fin(A) and {(z;,z})} Far
{(a,a’)}. We have to show that (a,a’) € A. From {(z;,2})} Fu {(a,a’)} we

obtain
o’ C aq (wo (Ulet | =i € ap(wp(a)})).

Setting X = | J{z; | z; C ap(wp(a))} and X’ = |z | z; € ap(wp(a))}, we
obtain a’ € ag(wg(X’)) and X € ap(wp(a)). By (cm2) and (cm3) we also have
(X,X') € A, and so by (cm3) again we have (a,a’) € A. O

8 Concluding Remarks

We have proposed a notion of morphism for formal contexts which results in
a cartesian closed category. Our work is in the spirit of both formal concept
analysis and domain theory, and makes way for the cross-transfer of methods
and results between these areas. Our work builds on a domain-theoretic perspec-
tive on formal concepts, which results in complete algebraic lattices instead of
complete lattices as the corresponding concept hierarchies.

Technically, our contribution uses Scott information systems in order to cap-
ture the logical content of formal contexts. The general connection between in-
formation systems and formal contexts was explicitly outlined in [25]. Such a
connection breaks down with classical formal concepts for a certain “discontin-
uous” class of infinite contexts. This lead to the work reported in [26] in which
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the notion of approximable concept was introduced and the connection between
information systems and formal contexts was established in full generality with
the corresponding structure being the complete algebraic lattices. Work along
a similar line for the finite case was spelled out in [8] in a different guise us-
ing the logic RZ due to [16]. The latter work has also led to the proposal of
a non-monotonic reasoning paradigm on (possibly infinite) formal contexts [9],
which is in the spirit of the recent evolving answer set programming paradigm
[6,20]. Also worth noting are potential connections between our work and that
of Lamarche [11] and Plotkin [14].

The work reported here can be viewed as part of a unique research program
[8,25,26,27,19] exploiting the synergies among some recurring themes in several
independently developing and yet somewhat related areas, such as databases,
data-mining, domain theory, logic, and formal concept analysis. Additional in-
teresting connections could be profitably explored with ontological engineering
and semantic web. For example, in [27], formal concept analysis has been applied
as a formal method for automated web-menu design, where the top layers of the
concept lattice naturally provide a menu hierarchy for the navigation of a web-
site. In ontological engineering (e.g. [7,21]), although lattices have been proposed
as mathematical structures for representing ontology, FCA provides a scientific
and algorithmic basis for it, as well as an understanding that lattice structures
are both necessary and sufficient for expressing ontological hierarchies.

Acknowledgment. The first author thanks Markus Kr6tzsch for some first aid
in category theory. We thank the anonymous referees for valuable feedback.
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Implications in Triadic Formal Contexts

Bernhard Ganter and Sergei Obiedkov

Technische Universitdt Dresden, Germany

Abstract. There are different possibilities to define implications in a
triadic formal context. We discuss several such notions. Our main in-
terest is to give compact descriptions and to use them for an algorithm
that generates these implications. Our findings are illustrated by a small
example.

1 Introduction

Triadic concept analysis was introduced by Lehmann and Wille [5] as a nat-
ural extension of (dyadic) Formal Concept Analysis.

A triadic context K := (G, M, B,Y) consists of sets G, M, and B (called
objects, attributes, and conditions, respectively), and a ternary relation Y C
G x M x B. Anincidence (g,m,b) € Y is read as

the object g has the attribute m under the condition b.

The data in Figure 1 may be interpreted as a triadic context. It shows the
5-day meal plan for the five student cafeterias in Dresden'. The symbols indicate
that meals are served which are vegetarian (& ). contain meat, but no pork

(¥W&), contain alcohol ( ‘-‘ ), or have none of theses properties ((J). A possi-
ble triadic interpretation is obtained by choosing the cafeterias as attributes,
the days as objects, and the symbols as conditions. Other assignments will be
discussed below.

| ”_Bergstraﬁe Mommsenstrafie| Reichenbachstrafle| Klinikum !Siedeplmkt|
Monday||C) Y& B | O ¥ £ 1 ':‘ e S £
Tuesday|| [-4& O ¥ “.‘ O Pk 42 e Y d
Wednesday ||[] ¥9& 8 ] P Za PR Z5 L8
Thursday||C] ¥k 2% mE . e 2 ik 2 O
Friday| 02 02 T LTI |

Fig. 1. Meal plan for student cafeterias in Dresden.

' Jan. 19-23, 2004.

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 186-195, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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As an example of how to read the data in Figure 1, consider Thursday at
Mommsenstra3e: Several meals are served there, at least one of them containing

meat, but no pork (¥&), and at least one with pork, but no alcohol ({J}. No
vegetarian meal and no alcoholic meals is offered in Mommsenstrae on Thurs-
day.

Lehmann and Wille in their abovementioned paper have shown how to gen-
eralize Formal Concept Analysis to the triadic setting. In particular, they have
introduced triadic formal concepts. These form a concept trilattice. In a sub-
sequent paper, Wille [7] has proved the Basic Theorem of Triadic Concept Anal-
ysis, thereby laying the fundament for a systematic mathematical treatment of
triadic contexts.

Only a few publications have since then studied this mathematical theory.
One of them is the dissertation of Biedermann [1], in which also the study of
triadic implications is suggested. It is not clear from the beginning what such an
implication should be. Biedermann’s choice is what he calls triadic implications

(R——) S)C,

which are to be interpreted as

If an object has all attributes from R under all conditions from C, then
it also has all attributes from S under all conditions from C.

We start by considering a class of implications that are stronger. We study
expressions of the form

RS s, where R,S C M, C C B.

We call such an expression a conditional attribute implication and read it as
“R implies S under all conditions from C ”. A conditional attribute implication

RS S holds in a triadic context K iff the following is satisfied:

For each condition ¢ € C it holds that if an object g € G has all the
attributes in R then it also has all the attributes in S.

It is easy to see how the two notions are interrelated:

Proposition 1. R 55 (R— S)n forall NCC.

Our definition gives a system of implications for every subset C C B of
conditions. So in principle we get an exponential family of implication systems,
which is unpleasant at least from the standpoint of algorithmic complexity. Even
giving a stem base [3] for each such C € B would not really ease the problem.
Therefore, a more systematic approach is needed.

2 The Relative Stem Base

An attribute implication R — S holds in a formal context K := (G, M, I) if
R and § are subsets of M and each object g € G that has all attributes from R
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also has all attributes from S. The (usually huge) set of all implications that hold
in K has a canonical irredundant representation (Guigues & Duquenne [4], see
also [3]) which we call the stem base of K. Is has been observed by Stumme [6]
that the stem base can be generalized to the case of background implications.
Since we shall make extensive use of this idea, we give a sketch of the method.

Let K := (G, M, I) be a (dyadic) formal context and let Lo be a set of impli-
cations (“background implications”’) on M all of which hold in K. Werecursively
define a pseudo-intent of K relative to £y (or relative pseudo-intent for
short) to be a set P € M with the following properties:

1. P respects Ly

(i.e., foreach R — § € Lo we have that if R C P then also S C P),
2. P#P", and
3.if @ C P, @ +# P, is arelative pseudo-intent of K, then Q" C P.

The set
Lk, c, := {P — P"| P relative pseudo-intent of K}

is called the stem base of K relative to £ (or relative stem base for short).
It is obvious that all implications in Lk ¢, hold in K.

Theorem 1 ([4], [6]). If all implications from Ly hold in K, then

1. each implication that holds in K follows from Lo U Lx r,, and
2. Lg ¢, is irredundant w.r.t. 1.

Proof. Let P € M be a set which respects all implications in LoULk ¢,. Then P
obviously fulfills conditions 1 and 3 of the definition of a relative pseudo-intent.
Thus P cannot fulfill condition 2 as well, because it then would be a relative
pseudo-intent and the implication P — P” would be in Lk ,, but would not be
respected by P. From this it is straightforward to obtain 1.

To see that 2 also holds, note that every relative pseudo-intent P respects
all implications in Lo U Lk, ¢,, except for P — P”. Therefore P — P" does not
follow from Lo U (LK,c, \ {P — P"}).

3 The Context of Conditional Implications

From a given triadic context K we construct a dyadic context Cipyp(K) as follows.
We use the set
Imp(M):={R— S|R,SC M}

of all possible implications on M as the object set® of the dyadic formal context
CimP(K) = (Imp(M)’ Ba I)7

where
(R—8)Ic :<= R-5SholdsinK.

% In practice it suffices to use only implications of the form R — s, where s € M \ R.
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The formal concepts of this context are the pairs (F, D}, for which

— F is a set of implications,

— Dis a set of conditions, such that

— F is the set of all implications R — S such that R Bs holds, and D is the
largest set of conditions for which this is the case.

The concepts of Cimp(K) structure the set of conditional implications in a nice
manner. We shall show later that each extent is an implicational theory, i.e., the
set of all implications of some formal context. Therefore, each extent has a stem
base. However, since each extent is the intersection of meet-irreducible extents, it
suffices to have these to have full information. The infents are condition sets. An
implication D — E between such condition sets expresses that if a conditional

implication R B S holds then R 3 S must also hold. So what we get is a lattice
of implicational theories hierarchically ordered by the conditions under which
they hold.

The diagram in Figure 2 shows the concept lattice of the conditional impli-
cations for the data from Figure 1. Not all of the possible implications are used
as labels (their total number is 80). Instead, we have given sufficiently many
implications to generate the respective implication set in each case. How these
are chosen will be discussed below.

For example, the implication

Siedepunkt — Bergstrafie

@ — Bergstrafe

Bergstrafie — Mommsenstr.

Bergstr., Klinikum— Reichenbach. .
Mommsenstr., Reichenbach. — Bergstr.
Mommsenstr., Klinikum — Siedepunkt
Reichenbachstr., Klinikum — Bergstr.

BergstraBe — Klinikum

. ‘Siedepunkt — Mommsenstr.
Siedepunkt — Bergstrafle
Mommsenstrafle, Klinikum — Bergstrafe
Klinikum, Siedepunkt— Reichenbachstrafie
Reichenbachstrale, Siedepunkt— Klinikum

Fig. 2. The lattice of conditional attribute implications.
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at the bottom of the diagram expresses that whatever kind of meal is available
at the Siedepunkt cafeteria can also be obtained at BergstraBe. The implication

Bergstrale — Klinikum

on the right hand side says that whenever a vegetarian meal, a meal with alcohol
or a meal without pork is served at Bergstral3e, the same holds true for Klinikum.
And the implication

@ — Bergstrafie

on the left comes from the fact that the Bergstralle cafeteria serves a vegetarian
meal and a C-meal every day.

Our labelling of the diagram is different from the usual one and requires
some explanation. The attributes of Cimp(K) are the conditions of the triadic
context K and are used as labels in the usual manner. So in particular each
meet-irreducible concept has (at least) one condition label. The extent of this
concept is the set of all implications that hold under this condition in K. Each
other extent is the intersection of such.

The object labelling is more tricky. The objects of Cip,p(K) are implications,
and thus the object labelling requires to write implications to lattice elements.
There are two standard ways to do this, both of which are not fully satisfactory
in our case. One is to write each object of Cimp(K) to the corresponding object
concept. This would require to label the diagram with 80 implications and would
overload the picture. The other is to first clarify and reduce the context Cimp(K)
and then write only one implication to each join-irreducible lattice element.
This would simplify the labelling to only four implications. The disadvantage
then however is that it is difficult to reconstruct the extents of the unreduced
context. The bottom element, for example, would get no label at all. Its extent is
the (nontrivial) set of all-conditional implications, i.e., those that hold under
all conditions.

The problem comes from the fact that we have two different closure operators
on implications simultaneously. Each set £ C Imp(M) of implications generates
both an implicational theory and an extent of Cimp(K). The latter always con-
tains the first, since the attribute intents of Cimp(K) are implicational theories.
Our labelling was chosen in such a way that each extent is generated as an im-
plicational theory by the labels attached to that concept and to its subconcepts.
This makes it sometimes necessary to label join-reducible elements, too. As an
implicational theory, a join-irreducible extent is not necessarily generated by the
union of the extents of its lower neighbours.

Nevertheless such a labelling is rather canonical. The bottom element is la-
belled with the stem base’ of the all-conditional implications. We then can move
up from the bottom element and label each node with the stem base relative to
the union of the extents below it.

3 We have simplified implications when possible.



Implications in Triadic Formal Contexts 191

We have claimed above — without giving a proof — that each extent of the
lattice of conditional attribute implications is an implicational theory. This in-
formation was needed to ensure the existence of the (relative) stem bases used
for the labelling. In fact, note that for each concept (F, D) of this lattice the
extent F consists of precisely those implications that hold in the subposition of
the contexts

(G,M, Ylgb), be D,

where
(g,m) € Yigp : <= (g,m,b) €Y.

The hierarchical structure of the implication families also indicates how to
design a conditional attribute exploration. Such an exploration could start with
an exploration of the all-conditional implications, i.e., with the bottom element
of Figure 2, and then follow a linear extension to explore the remaining elements
of the lattice of conditional attribute implications. The questions answered in
the affirmative then correspond to the implications of the labelling. However,
the data set we have chosen as our example is too trivial to justify such an
exploration.

4 Attributional Condition Implications

If I do not get a meal with meat but no pork, I ask for a vegetarian dish.

The conditional implications treated above may be insufficient to express such
statements (even if we include negated conditions). The sentence asks for a
relation between conditions (and their negations, an aspect which we ignore
here).

The notion of a triadic context has a sixfold symmetry: we may arbitrarily
interchange the rdles of objects, attributes, and conditions. For example, if we
exchange attributes and conditions in the previous section, we obtain what one
might then call the attributional condition implications. Repeating the
context construction above, we get the concept lattice shown in Figure 3.

Reading the diagram from the left, we see that on each day we can get a meal
without special properties at Mommsenstrale and Bergstrale, and a vegetarian
meal at Bergstrale, Reichenbachstra3e, and Klinikum, et cetera. We also explain

the meaning of the rightmost implication, Y&, [l— ‘:‘ . It says that whenever
a meal with property ¥M& and a meal with property O is served at Siedepunkt

or at Klinikum, then the same cafeteria will also serve a meal with ‘_‘ on the
same day. This is trivially true because the premise is never fulfilled. But note
that the implication is false for each of the three other cafeterias: on Monday,

both Bergstrae and Mommsenstra3e serve meals with ¥ and with O, but no

meal with E‘ . For Reichenbachstra3e this is so on Tuesday.
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ReichenbachstraBe _ ) Klinikum

Bergstrafie Siedepunkt

Mommsenstrafle

Fig. 3. The lattice of attributional condition implications.

As above, we can describe each concept extent of a concept with intent
N C M as the set of attribute implications of a subposition, namely that of
the contexts
(G,Ba}/lmf!)a mEN,

where
(g,b) € Yim3 : < (g,m,b) €Y.

An interesting question which we cannot answer at present is how the con-
ditional attribute implications and the attributional condition implications are
connected. Clearly these sets are not completely independent. For example, let
m € M and b € B. The conditional implication % m does not hold if there
is some object g € G such that (g, m,b) ¢ Y. But this is also necessary and
sufficient for the attributional implication @ 3 b not to hold. Thus these two

implications are equivalent. A general characterization of the interplay is an open
problem.

5 Attribute x Condition Implications

We get, as already explained, six lattices of implication families, two of which
are shown in Figures 2 and 3.
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Are there any open questions? More precisely, do these implications cover all
interesting implications we may want to consider for the given data? This is not
the case or, at least, not obviously so. The implications studied so far cannot
express that

whenever a vegetarian meal is served at Siedepunkt, there is a meal with-
out pork at Klinikum.

We therefore investigate another generalization of Biedermann’s implications.
An attributexcondition implication is an expression of the form

R— S,

where R and S are subsets of M x B. The example above gives two singleton
sets R := {(Siedepunkt, & )}, S := {{Klinikum, ¥&)} and reads (in simplified
notation) as

(Siedepunkt, K ) — (Klinikum, ¥9&).

It holds in the triadic interpretation of Figure 1 since in fact every object (=day)
having the attribute Siedepunkt under the condition #&& also has the attribute

Klinikum under the condition ¥&. In this sense these are precisely the attribute
implications of the formal context

(G1M X B7Y1.23) with (g, (m’ b)) € Y1.23 L= (ga m, b) €Y.

We can therefore describe this family of implications by means of the stem base
of (G,M X B, Yi_gg).

But this would be rather redundant. Even in our small example this stem base
has 21 implications. Not all of them are actually needed, since we already have a
considerable amount of information about the attributexcondition implications
that hold in (G, M, B, Y), because we have computed the implication families
in Figures 2 and 3. From each conditional attribute implication

C
R=S
we can infer the attributexcondition implications

Rx{c}->Sx{c} forallceC,

and similarly each attributional condition implication C XD yields the attri”-
bu”-texcondition implication {n} xC — {n}xD foralln € N. Clearly, the back-
ward inference (from corresponding sets of implications to attribute x conditional
implications) is also possible.

Therefore, in the presence of the two lattices of implication families given in
the preceding sections, what we would like to get is a basis of attributexcondition
implications relative to conditional attribute and attributional condition impli-
cations. Although of different nature, implications of the latter two types can be
easily transformed into sets of attributexconditional implications as discussed
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above, which makes the defintion of the relative basis applicable. We computed
three relative bases of attributexcondition implications: relative to conditional
attribute implications (14 implications), relative to attributional condition impli-
cations (17 implications), and relative to the union of the two (11 implications).
The smallest base is shown in Figure 4.

(s,0) — (M, &) (R, P%&)
(M,!ﬁ (R, P%&) — (S,0)
(K,0) — (o, )

(R.O) (K, W) — (M, 23%) (K, S8
(S, ) — (K, %K)

(B, P9&) (M, PW&) (S,2%) — (M, 2% ) {R,‘-l")
(R, W) (M, %) — (RO) (K, )
(B, 996) (M, 8%) — (M, 9%) (R, )
o, ) - &0
R, ) (B, 9) (M, ) (S, 2
(X, 4 (R, &) (M, 42 )

Fig. 4. A relative base for the attributexcondition implications.

If one is interested only in attributexcondition implications, it might be
more appropriate to compute directly the stem base of (G, M x B, Y »3), since
this is the most compact way of representing all such implications and what-
ever techniques we use we cannot hope to achieve any reduction here. However,
attribute x condition implications are still not the only kind of potentially inter-
esting information. In our example, objectxattribute implications would make
some sense:

I can get in Reichenbachstrafie on Tuesday whatever I can get in
Bergstrafite on Monday.

The information contained in object-attribute implications is partially contained
in the all-conditional attribute implications. The results above may therefore
help to find first examples of such implications.

Of course, object-attribute implications can be handled in exactly the same
manner as we have demonstrated above. It remains open how to integrate all
these implication notions in such a way that a reconstruction of the triconceptual
structure from the implications becomes possible.
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6 Conclusion

For triadic contexts there are several families of implications that are of interest.
We have shown how these can be generated and displayed in a compact way. The
families are interrelated, but their dependencies have not yet been fully clarified.
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Abstract. Designing ontologies and specifying axioms of the described
domains is an expensive and error-prone task. Thus, we propose a method
originating from Formal Concept Analysis which uses empirical data to
systematically generate hypothetical axioms about the domain, which
are represented to an ontology engineer for decision.

In this paper, we focus on axioms that can be expressed as entailment
statements in the description logic FLE. The proposed technique is an
incremental one, therefore, in every new step we have to reuse the ax-
iomatic information acquired so far. We present a sound and complete
deduction calculus for FLE entailment statements.

We give a detailed description of this multistep algorithm including a
technique called empirical attribute reduction and demonstrate the pro-
posed technique using an example from mathematics.

We give a completeness result on the explored information and address
the question of algorithm termination. Finally, we discuss possible appli-
cations of our method.

1 Introduction

When designing systems for knowledge representation and exchange (such as
expert systems, semantic web applications, ontologies in general, etc.) one central
task is to specify not only the basic terms used to characterize the entities of
the described domain but also the logical interrelationships between them. This
information (called domain axioms or rules) encodes the background or world
knowledge and enables automatic reasoning about the domain.

Since the system’s knowledge has to match reality, this specification task can
not be carried out fully automatically, unless one has already a complete repre-
sentation of the part of the world to be described. Otherwise human assistance
is necessary. Nevertheless, also incomplete data about reality maybe extremely
helpful in order to reduce the set of possible axioms in advance (by assuming
their consistency with the data).

In this paper (extending our former publication [13]) we present an algorithm
that helps to determine all domain axioms of a certain logical shape by succes-
sively presenting questions to an expert. This is done in a way, such that no

* Supported by DFG/Graduiertenkolleg.
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redundant questions will be asked. Additional information (concerning entities
or a priori known rules of the domain) are taken into account.

Section 2 will shortly recall some notions of formal concept analysis (formal
context, implication, stem base) as far as they are needed for an understanding
of the attribute exploration algorithm.

In Section 3, based on Description Logic (DL) a class of concept descriptions
(FLE) is defined together with an extensional semantic using binary power con-
text families. Definitions of entailment and equivalence of that formulae with
respect to a fixed semantics are discussed.

In Section 4, we define a special kind of formal contexts that can be con-
structed on the basis of a binary power context family from a set of DL-formulae.
We observe that implications within such a formal context correspond to valid
DL entailment statements.

The algorithm, that consists of a sequence of exploration steps is described in
Section 5: initialization, the actual exploration step yielding a stem base B;, and
how the stem base can be used to determine the attribute set and background
knowledge for the next exploration step.

Section 6 discusses how the validity of an arbitrary entailment statement
between concept descriptions from FLE; can be decided using just the stem
bases Bo, ... ,B; obtained by the exploration process.

Section 7 addresses the question under which conditions the proposed al-
gorithm terminates, i.e., in which cases a complete information acquisition is
achieved. We will demonstrate how any F£& formula can then be decided based
on the explored knowledge.

In Section 8, we apply the presented algorithm to an example from basic
mathematics.

Concluding, in Section 9 we discuss how this algorithm can be applied e.g.
for generating and refining ontologies.

2 Attribute Exploration

Here, we will introduce notions from Formal Concept Analysis relevant for this
theory. For a comprehensive introduction into FCA cf. [6].

Definition 1. A FORMAL CONTEXT K := (G, M,I) consists of two arbitrary
sets G (the elements of which are called objects) and M (the elements of which
are called attributes) and a relation I C G x M. The incidence gIm for g € G
and m € M is read as “object g has attribute m”.

Definition 2. Let M be an arbitrary set. IfA and B are two sets with A,B T M
we will call the pair (A, B) an IMPLICATION on M. To support intuition we will
write it as A— B in the sequel. We say an implication HOLDS for an attribute set
C, iff from A C C follows B C C. Moreover, an implication HOLDS in a formal
context K = (G, M, I) iff it holds for all its object intents g' := {m € M | gIm}.

Given a set AC M and a set 3 of implications on M, we write A? for the
smallest subset of M which
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— contains A and
~ fulfills all implications from 3."

Let imp(K) denote the set of all implications holding inK. A set of implica-
tions ‘B is called IMPLICATION BASE of K iff it is

— complete, i.e., A® = AMPK) for all AC M and
— irredundant, i.e., for every implication i € B there is an A C M with
AB\i} £ AtmpEK)

Guigues and Duquenne [8] found a characterization of a canonical minimal
implication base - the so called stem base. Ganter’s attribute exploration algo-
rithm [5] is an interactive method to determine the implication base of a for-
mal context not entirely known in the beginning. The algorithm systematically
presents potential implications (i.e., such ones that do not contradict the known
part of the context) asking for their overall validity. A domain expert then has to
decide: either (s)he confirms the implication - in that case it will be incorporated
into the implication base - or he denies it - then he has to state a counterexample
object which will be added to the considered context. This process continues,
until the implications of the (still partial) context are just those mediated by
the generated implication base. Figure 1 shows a scheme of the algorithm.

ol

a priori a priori
Question: K= A—B ? context implicationg

domain cxpcx
Attribute
@ Yes!
als AL
a posterior a posteriori

No, because of g! context implications
Git1 = Gi U {g}

L1 =5LU{g} x g G;erfn

Exploration

1]

Fig. 1. Scheme of Ganter’s attribute exploration algorithm.

! Since those two requirements are preserved under intersection, the existence of a
smallest such set is assured. Moreover, note that the operation (.)7 is a closure
operator on M. Note also that, given A and J, the closure can be calculated in
linear time (cf. [4]).
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3 The Language FLE: Syntax and Semantics

In this section we will introduce the Description Logic FLE. We will just intro-
duce the notions needed for our purposes, for a comprehensive overview see [2].
At first we will define the set FLE of all concept descriptions:

Definition 3. Ler M¢, Mz be arbitrary finite sets, the elements of which we will
call concept® names and role names, respectively. By FLE (M¢, Mz) (or shortly:
FLE if there is no danger of confusion) we denote the set of formulae (also called
CONCEPT DESCRIPTIONS) inductively defined as follows:

M U{T, L} C FLE,
e, € FLE = pMy € FLE,
€ FLE,r € M = Hr.p € FLE,
pe FLE,r e M = Vr.p € FLE.

By FLE,, we denote the set of all concept descriptions from FLE with role
depth of at most 7.

Next, we will define what is an interpretation of FLE. Sticking to the way
of defining relational structures usual in FCA (see also [16]) we call it binary
power context family. The common definitions in DL and modal logics (see e.g.
[3]) are just syntactic variants thereof.

Definition 4. A BINARY POWER CONTEXT FAMILY on a set 4, called the
UNIVERSE, with A # @ is a pair (Ke,Kg) consisting of the formal contexts
Ke := (Gc,Mc,IC) and Kr := (GR,MR,IR) with Ge = A and Gr = A x A.

As we know from the definition of formal context, M¢ and My are arbitrary
sets and Ie € Ge x M¢ as well as Ir C Gr X Mg.

Definition 5. The semantical mapping [ : FLE(M¢, Mz) — P(A) for a

binary power context family on a universe A with attribute sets M¢, Mr is
defined recursively:

IIT]]‘R’ = A?
[L]e =9,
[m]g = mfe for m € M,
oMYl == lele N [¥le.
[Ar.ple :={xec A|Jy: (z,y) er®* Ay € [¢]e} forT e Mg,
Vrele ={zcA|Vy:(z,y) er™® sy € [plg} forre Mg.

2 Whenever in this article we use the term concept we refer to the notion used in De-
scription Logic. If we want to refer to the meaning used in Formal Concept Analysis
(FCA) we use formal concept.
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Verbally, we have defined anextensionsal semantics, assigning to every concept
description all entities of the universe fulfilling that description.

Furthermore, we say a formula ¢ is VALID IN K (which we denote by R E= o),
iff [¢] = A. A formula ¢ ENTAILS a formula 9 IN K (write: @ k= o), iff
lele € [¥]g- A formula ¢ ENTAILS a formula ¢ in general (write: ¢ = ), iff
lele € [¥1, for all binary power context families R with appropriate signature.
Two formulae ¢ and v are called K—EQUIVALENT,iff ¢ Ept and ¢ =, (write:
¢ =p1). They are EQUIVALENT, iff ¢ =1 and 9 = ¢ (write: ¢ = 9).

Let C = {c1,... ,¢cn} be a finite set of FLE concept descriptions. Then the

new concept description ¢; ... M ¢, will be abbreviated by [ 1C. Moreover, let

[H{c}=cand [10=T.

Finally, note that ¥r.(c;Me2) and Vr.c;MVr.cy are equivalent for any concept
descriptions c¢;,cs and any role r. So, for every concept description ¢ € FLE
there is an equivalent “sibling” ¢ € FLE where in no subformula Vr.p the ¢ is a
conjunction. In the sequel, we assume any formula we deal with to be normalized
in this way.

The following abbreviations for sets of FLE concept descriptions have been

found both intuitive and useful:
{1} if L € A,
[dr]A =
{HIr.rIA} otherwise

and
[Vr]A:={Vr.a|a€ A}.

By restricting to a reduced amount of logic features (omitting disjunction and
negation) we obtain a class of propositions that can be managed algorithmically
in practice and - as we suppose (see also [15]) - still comprises the majority of
human conceptual thinking.

4 FLE-Contexts

As our aim is to use the exploration algorithm in order to collect information
expressable by FLE statements it is just natural to define a kind of formal
context, where the attributes are arbitrary FLE concept descriptions:

Definition 6. Given a binary power context family R = (Ke,Kr) on a uni-
verse A and a set M C FLE(Mc, Mg), the corresponding FLE-CONTEXT is
defined in the following way:

Krce(M) := (A, M, I) with 6Im :& 6§ € [m],.

Formal contexts where attributes are DL-formulae and the incidence relation
is defined via validity have been described by Prediger in [12]. While she was
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aiming at extending a context by “interesting” new attributes, we want to explore
FLE-contexts and therefore more attention at the choice of attributes is required
as we will see in the sequel.

Now, what does validity of an implication in such an FLE-context mean from
the point of view of DL? Suppose

{my,... ,mg}—{mg41,... ,u}

is an implication valid in Kzcg. The following theorem shows that this is
equivalent to the validity of the entailment statement

[HUma, ... ,me} Ee[H{mrt1,. .. ymu}.

Theorem 1. Let K be a binary power contextfamily, M C FLE and A,B C M.
Then the implication A— B is valid in Kzce(M) iff [ 14 =, 1B.

Proof. Kzre(M) = A— B iff for all § € A from A C 87 follows B C §7. This
is the case iff N{af | @ € A} C N{b' | b € B}, which due to the definition
of I is equivalent to [H[a]e | @ € A} C N{[b]x | b € B} and thus also to

Al € [[1B]- =

So this is the way how implications gained by an exploration process of an
FLE-context can be reinterpreted as entailment rules.

S Successive Exploration

In the past there have been some approaches to apply the FCA exploration
technique to a logic more expressive than propositional logic. Zickwolff used
Ganter’s algorithm to determine the first order Horn theory of a certain domain
in [17].

In this section we describe the multistep exploration algorithm in detail.

At first, we have to stipulate My and Mg - the concepts and roles which’s
domain specific interrelationships we are interested in.

Next we may provide some empirical data by naming known entities G C A
of the considered universe and stating their attributes.

Moreover, we can input axiomatic information about the domain by stating
FLE entailment statements already known to hold.

So, we start the exploration sequence with the context Ko = (Gg, Mo, Io)
where
0=,
My = Mc U {L}, and
Iy := I N GxM¢.
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The exploration is carried out as described in Section 2. Every implication
{my,... ,mx}—>{mr41,... ,m} being presented to the expert has to be inter-
preted in the following way: “Do all entities from the universe that fulfill the con-
cept description mqf1...IMmy also fulfill the concept description mg41 M. . .Mm;?”
The expert either confirms this, or provides an entity that violates this condition.
The result of this first exploration step is the stem base By.

When one such step (say: the one generating ®8;..1) has finished, the next
one has to be prepared:

First, the attribute set M; is generated as follows:

M,; = Mc U {J_}

U{Br[A | r € Mg, A= A%~ C M;_; \ {L}}
U{Vrm | r € Mg,m € M;_1}.

This choice of the attributes is motivated by the purpose to keep the set of
attributes small (which is essential for the exploration algorithm since its worst
case complexity increases exponentially with the number of attributes involved)
while preserving the completeness we deal with in Section 6.

Note that for every attribute m € M;_; we find an attribute m € M; with
m =, ™ by using the function ¢; : FLE — P(FLE) defined as follows:

pi(e) == {c} for ce McU{L}
0i(Vr.c) := [Vr]pi—1(c)
@i(Hr.c) = [Fr)(pi—1(c))®i-?

p:([1C) = U{wi(c) | c € C}

It is easy to see that for m € M;_; the term ¢;(m) yields a singleton set.
Now we take the only element of this set as our representative m. The facts

me M, and m = S m are immediate consequences of the following proofs.

Theorem 2. Letc € FLE;. Then @;(c) C M;.

Proof. We show this using induction on the role depth of ¢ considering four
cases:

— ¢ € Mc U {L}. Then, by definition, {c} C M;.

— ¢=Yr.¢. As our induction hypothesis assures, we have ¢;—1(¢) C M;_1 and
due to the definition of M; this directly implies [Vr]p;-1(¢) € M;.

— ¢ = ¥r.c. As induction hypothesis we have ¢;~1(¢) € M;—-1. But then we

have also d@r.[ (¢, i — 1)®B+-1 € M;, as a look at the constructive definition
of M; immediately shows.

-c¢ = [C. W.l.o.g. we presuppose there is no conjunction outside the
quantifier range in any ¢ € C. So we have ¢;(¢) C M;, due to the three
cases above. O
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Lemma 1. For any A C M; we have [ 1A =,[14%:.

Proof. From Theorem 1 we know that for every entity § € A the set of its
attributes M € FLE; fulfills all implications from 9B;. Hence, when considering
only those § having all attributes from A, every one of them must even have
every attribute from A%+, since this is the smallest attribute set containing A
and satisfying B;. Therefore we have ({[m], | m € A} C N{[m]y | m € A®:}.

On the other hand we have trivially \{[m] | m € A} C N{[m], | m €
A}, for the left hand side intersection contains at least all sets from the right
hand side intersection. So, finally we get

[MAle =({Imlx | m € A} = {Imle | m € 4%} = [MA% ],

Theorem 3. Let c € FLE;. Then ¢ =gl lpi(c).

Proof. We show this again via induction on the role depth:

— ¢ € McU{L}. Then we have [c], = [[ {c}]¢-

— ¢ = Vr.& By induction hypothesis we have [&], = [[lpi—1(€)]x implying
[Vr&]e = [M[Vr)pi—1(€)], which by definition equals Mo (V7.2)] -

— ¢ = ArZ By induction hypothesis we have [¢]e = [ lpi—1(@)], and since
Meic1@]e = [lpi—1(@®+-1]4 due to Lemma 1 we have [dr.c], =
[@r.[ V(i1 (€))Bi-1] which by definition equals [[ ko;(&r.¢)] &

- c=[1C. Again we can preassume no conjunction outside the quantifier range

in any ¢ € C. Then [[Clg = N[y | €€ C} = N{lT ki@ | €€ C}

because of the cases shown before. Now, this is obviously the same as

N{lmlg | m € ¢i(@),c€ C} = M(U{e:(@ | €€ CHl. =

This allows us to reuse all implications from the former exploration step as

input for the next one: We simply add @;(['1A) —@;(I'1B) for all A—~B € B,_,
to the background knowledge.

But there is more a priori knowledge that can be extracted from B;_;. Ex-
ploiting the deduction calculus presented in the appendix, we can augment our
a priori information even further. So we add:

— {L}—M; (due to the C rule),
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— {#@r]14} — {"@r.[1B} for all B C A (as a consequence of the ZD , PE, and
UL rules),

— {@r.[4,Vrb} — {&r 1(AU {b})®:} (because of the rules VP and TL),
— {Vra|ac A} —{Vr.b| b€ B} for all A—» B € B; (justified by VL).?

This algorithm can be carried out iteratively, thereby producing a sequence
of implication bases Bg, B1 .... How these can be used for deciding ‘“‘entailment
queries” will be dealt with in the next chapter.

Baader presented a method for computing the subsumption hierarchy of all
concept descriptions, that can be obtained by applying conjunction to concept
names in [1]. His algorithm technically corresponds to our first exploration step
(on the attribute set My) - but for the intended purpose: Baader suggests to
let a DL subsumption algorithm take the role of the expert thus exploring the
subsumptions valid for a given DL system, while we are aiming at finding infor-
mation not yet being inherently present in the system.

6 Checking the Validity of an Entailment Statement

This section is dedicated to the question, which kind of information will be
acquired after a certain step of the exploration algorithm. The answer is the
following. Having explored a binary power context family until step ¢, we can
decide for any entailment statement ¢; |=pc2 (With ¢1,co being arbitrary FLE
concept descriptions with maximal role depth of at most i) whether it is valid
in or not, using just the bases By,...,B;. In this sense the exploration
algorithm is complete. The decision procedure works as follows: The function ¢;,
defined in the preceding section, gives for any ¢ € FLE; a set of attributes from
M; the conjunction of which yields a concept description that is K-equivalent
to ¢. Therefore, as the following corollary shows the entailment of two concept
descriptions ¢; and ¢ can simply be checked by exploiting the proposition

1 Epce <= 0i(ca)® C picr)®h.

Corollary 1. Let ci,co € FLE;. Then c1 FEges iff i(c2)®s C pier)®i.

Proof. Due to Theorem 3, ¢; f=gca is equivalent to [pi(c1) Ellpi(ca). Ac-
cording to Theorem 2, we have @;(c1) C M; and ¢;{cz) € M;. So via Theorem 1,
this means the same as the validity of the implication ;(c1) — @;(c2) in K.
Obviously, this is equivalent to @;(c2)®+ C @;(cy )P O

By checking entailment in both directions we also may find equivalences in K.

3 Mark that the #F-rule is already incorporated in the algorithm via the definition of
[dr]. The ID, PE and MP rules (being the usual implication deduction or Arm-
strong rules) do not need to be cared about since we are looking for implication
bases, being just sets reduced with respect to the Armstrong rules.
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7 Termination

At least from the theoretical point of view the question emerges, whether
and under which circumstances the proposed algorithm terminates, i.e., all in-
formation expressable by FLE entailment statements has been acquired. We
found that this is the case iff there is an n &€ N such that the mapping

F,:{A%" | AC M,} — {B®r | B C M4} with F,(A) := (ong1([14))Bnt
is a bijection between the By,-closed subsets from M, and the B, 1-closed sub-
setsfrom M, 1.

In the the following theorems we show some consequences of this property:

Theorem 4. Let R bea binary power context family with the property described
above. Then

1. For any B = B®~+1 C Myy1 and A= F;7'(B) we have [14 =, [1B.
2. For any ¢ € FLEn 1 we have ¢ =, NE7 Y (png1(c))Brtr.
Proof.
Because A C M, we know [ 14 = [pns1(T1A) due to Theorem 3. Applying

Lemma 1 gives us [ lpne1(l14) = [ nye1(I'1A))Br+1. By definition of F,, we

see that the right hand side of the equivalence is just [ 1F,,(A). Since F,,(A) = B,
we are done.

The second proposition can then be proved as follows. We know ¢ = =R [Npns1(c)

by Theorem 3 and [ lpn41(c) =, M(¢ns1(c))®+1 by Lemma 1. From the first

part of this theorem follows [ H(@n41(c)) B+ = [1F (pnta(c)) . O

This theorem provides a way to “shrink” an FLE,4; formula to maximal
quantifier depth n preserving its semantics. But - exploiting this fact - we can do
even more: for any concept description ¢ € FLE we find an empirically equivalent
concept description € € FLE, by applying the function 7 : FLE — FLE, with?

drdforalld e McU{L}

Ard { M[&r)(pn—1(d))Br-1 if Ar.d € FLER,
MF ([ @r)(n(7(d)))Bn)Br+2 otherwise.

MMVr]en_1(d) if Yr.d € FLE,,

ME 1 ([Vr]pn((d))) B+ otherwise.

D — [{=(d) | d € D}.

Vr.d >

* In this notation, (.)® binds stronger than F7!, gn, @n-1, [Vr], and [dr].
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Theorem 5. Let K be a binary power context family, n € N, and the corre-
sponding Fy, be a bijection. Then for any ¢ € FLE we have w(c) € FLE, and

(o) =, ¢

Proof. This proof will be done by induction on the quantifier depth. We have to
consider the following cases:

—c€ McU{L}.
This is trivial: ¢ =, ¢ = 7(c).
— ¢=Hr.d e FLE,.
Applying Theorem 3 and Lemma 1 yields d =, [Nen—1(d) =

(Vs (d))®, directly implying @rd =, M (pn1(d)® = (o).
Since pn—1(d) C fﬁé’n 1, we also have 7r(c) C FLE,.
- ¢=Trd ¢ FLE,.

By induction hypothesis, d =, m(d). Theorem 3 and Lemma 1 give us 7(d) = =

~

[(pn(m(d)))®. From this we conclude dr.d = (&) (n((d))) 2. No-
tice that the equivalence’s right hand side is in M,y; assured by Theo-
rem 2 and the Definition of M, ;. Applying Lemma 1 once more we get

(@) (pn(m(d))) B = C1([@r] (o (7(d)))B»)Br+1 and by Theorem 4.1 we

have [N([&r](pn(n(d)®) 2+ =, T ([@r)(pa(n(d))®) 2 = w(c).
So we have showed ¢ =, 7(c). The application of F;! assures m(c) € FLE,.
— ¢c=VYrde FLE,.

Applying Theorem 3 yields d =, [en—1(d), directly implying Vr.d = =R

[1[Vr])en—1(d) = n(c). Since pn—1(d) C FLEx_1, we also have m(c) C FLE,.
—c=VYrd g FLE.

By induction hypothesis, d =, m(d). Theorem 3 gives us 7(d) =, Mo (7(d)).

From this we conclude Vr.d =, [[Vr)en (7(d)). Notice that V], (r(d)) C
M, 11 assured by Theorem 2 and the Definition of M, 4. Applying Lemma 1

we get [ [Vr]pn(n(d ) = FN([Vr)on(m(d)))B+ and by the first proposition

of theorem 4 we have [1([Vrjpn(n(d))) B+ =, [1F([Vr]pn(r(d))) B+ =
7(c). So we have showed ¢ =, m(c). The application of F; 1 assures 7(c) €
FLE,.

—c=[1D.
W.lo.g. we can assume, that every d € D has no conjunction outside the
range of a quantifier, thus, one of the cases above is applicable. Therefore,



Exploring Relational Structures Via FLE 207

weknow 7(d) € FLE, and d =, w(d) forevery d € D. This implies Mp =

[{n(d) | d € D} = =(c) as well as 7(c) € FLEn.
O

In words, the 7 function just realizes the following transformation: beginning
from “inside” the concept expression ¢, subformulae having maximal role depth
of n+1 are substituted by equivalent ones with smaller role depth. When applied
iteratively, this results in aformula ¢from FLE,, that is equivalent to the original
one. This formula’s validity can now be checked by the method described in the
preceding section.

It is easy to show, that the termination criterion mentioned above is equiva-
lent to the finiteness of FLE/=,, which is trivially fulfilled if A is finite.

8 A Small Example

After having presented the algorithm in theory, we will consider an easy example
for our method in order to show what type of information we can expect from this
method. Let the universe A be the natural numbers including zero. Furthermore,
let M¢ and Mz be defined as shown in Figure 2 a). Carrying out the exploration
on Ky (where the attributes My are just the elements from Me plus L) we get
the implication base By shown in Figure 2 b).

After this step, we generate the attribute set M; for the next one. First we
reuse all attributes from My, second we take the conjunction over any Bg-closed
subset not containing L of My preceded by an existential quantifier, and third
we include all combinations of a universal quantifier and one attribute from M.
Figure 3 lists the attributes from Mj.

[c € Mc[name e |

ev even n|nel

od  |odd }Qn |+ 1] n}e N} R
pr prime nz2|kl=n=ke{l,n}} {el}  —{od} :
el equals zero {0} leo} = {e;,w}
el equals one {1} l{{:z‘;“ pg :‘}521
e2 equals two {2} { P 2 id
g2 greater than two|{n € N |n > 3} 2 gd} - {J_ }

r € Mg |name rin };Z EU%:}”},

8 successor [{(n,n+1)|n €N} {gg: ef}—{L}
D predecessor|{(n+ 1,n) | n € N} {e0, €2} —» {1}

d divisor {{m,n) | 3k € N:m = kn}

m multiple |{{n,m) |3k € N: m = kn}

Fig. 2. Attributes M¢, Mz and definition of the incidence relations I¢, Ir for the
example and the implication base B¢ resulting from the first exploration step.
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g2prodevel elel 1

ds. T ds.92 Hapr dAs.od Fs.ev FAs.(odMN gf) Fs.(odMel) As(evMN gf) Fs.(evNeld) FAs.(odD g2 pr) Fs.(evNprn ef)
dAp. T Hp.g2 Fp.pr Ap.od Ap.ev Ap.(odN gf) Fp.(odNel) Tp.(evn gf) Fp.(evN el) Fp.(odN g2Npr) Fp.(ev pr ef)
Am. T Em.g2 m.pr Am.od Am.ev Im.(od 1 g8 Am.(od N el) FIm.(ev M g2) Tm.(evN ef) Im.(odM g200 pr) Am.(ev pr ef)
Ad.T Ad.g2 Ad.pr Ad.od Ad.ev Fd(od g Ad.(odMet) Ad(evN g2) Fd.(evNeld) Fd(odN 920 pr) Fd.(evN prii ed)

= V.98 Va.pr Va.ol Va.ev Vael VaeD Va,e2 Vol ==
Yp.g2 Yppr Vpod VYpev ¥pel Vpel Vpef ¥Vp L
VYm.g2 Vim.pr Vm.od Ym.ev Vm.el Vm.e0 Ym.e2Vm. L
¥d.g2 Vdpr Ydod Vdev Vdel Yd.e0 Vde? Vd.1

Fig. 3. Attributes M, for the second exploration step.

Then we have to generate the a priori knowledge for the second exploration
step. First, we use the information collected so far. When we proceed from the
first ( = 0) to the second (i = 1) step we simply can use By as additional a pri-
ori information without further adaption. Furthermore, applying the deduction
consequences mentioned in Section 5 we have to add e.g.

- {L}—M,

~ {"s.(odM g2M pr)} — {Hs.(0d M g2)}
— {Hs.pr,Vs.92} — {"s.(od T g2 pr)}
— {Vp.ev, Vp.od} — {Vp.e2}

After these preparations, the next exploration step is invoked. We visualize its
result by the concept lattice in Figure 4, which mirrors the conceptual hierarchy
of the formulae from M;.

As an example, we will now demonstrate how to check the validity of the
FLE, entailment statement

prOds.(odM pr) Cp el

verbally: “is two the only prime having an odd prime sucessor?” Now, we carry
out the necessary calculations and find

e1{prn Us.(od M pr))

= 1(pr) U p1(Hds.(od M pr))

= @1(pr) U [&r](po(od 1 pr))®e

= @1(pr) U [Hr](a(od) U @o(pr))®e
= {pr} U [&r]{od, pr}®°

= {pr} U [&r]{od, pr, g2}

= {pr,dr.(odMprn g2)}

as well as
1(ev) = {ev}.

When applying the B;-closure to both sets (the result is to large to be displayed
here but can be derived from the line diagram next page) we find the outcomes
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(261 sei po) g §

VL po) vE

3 'PE
(g adns) pE

pody,
poEp

LERTTY

Fig. 4. Concept lattice from the second exploration step representing the implicational

knowledge in Ky .
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even identical. Thus, the validity of our hypothetical entailment statement can
be confirmed.

Finally we deal with the question whether the exploration algorithm termi-
nates in our case after some step. This has to be denied for the following reason.
Consider the infinite sequence ef, Hp.e0, Hp.Hp.el,.... Every formula in this
sequence is satisfied by exactly one natural number. Moreover, these numbers
are all pairwise different. Therefore, every formula of the sequence is in another
= T(,-equivalence class, thus FLE /= = is infinite in our case. Hence, the algorithm
does not terminate.

9 A Possible Application: Ontology Exploration

After having dealt with details and theoretic properties of the algorithm as well
as a small example we will now widen our scope and look for promising applica-
tions. As already said, we think the proposed algorithm could be very helpful in
designing conceptual descriptions of world aspects. Markup ontologies are a very
popular example for this. Although most of those descriptions are formulated in
logics much more complex than FLE our algorithm is still applicable as long as
there are complete reasoning algorithms for deciding subsumption and they con-
tain L& (for instance we have the FACT algorithm for reasoning in SHZQ(d)
- see [10] and [9]). After stipulating the names and definitions of concepts and
roles (and thereby specifying the fragment of reality to describe) the next step
in designing an ontology would be to define axioms or rules stating how the
specified concepts are interrelated. Our exploration algorithm can support this
tedious and error-prone task by guiding the expert. Every potential axiom the
algorithm comes up with will first be passed to the reasoning algorithm appro-
priate for the used logic. If this axiom can be proven it will be confirmed to
the algorithm, if not the human expert has to be asked. If he judges the rule
to be generally valid in the domain, a genuinely new axiom has been found and
can be incorporated into the domain description. Otherwise the expert has to
enter a counterexample, which violates the hypothetical axiom. One advantage
of applying this technique is the guarantee, that all axioms expressable as FLE
entailment statements with a certain role depth will certainly be found.

Finally we want to reply to a possible remark from the point of view of DL:
one could object, that sometimes or even most times ontologies are designed for
several different domains, such that an expert would not want to commit himself
to one specific domain, as it is necessary when applying this algorithm. However,
from the mathematical point of view this is not a severe problem: we just take
the disjoint union of all domains we want to describe as reference domain of our
exploration. A rule would be valid in this “superdomain” if and only if it is valid
in all of the original domains.

For this reason we are very confident that an implementation of this algorithm
could be a very helpful tool in order to build and refine domain descriptions -
not only for working with ontologies. As there is a strong relationship between
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DL and modal logic (which in turn can be enriched by temporal and epistemic
features), applications for describing discrete dynamic systems and multi agent
systems are in the realms of possibility.

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

F. Baader: Computing a Minimal Representation of the Subsumption Lattice of
all Conjunctions of Concepts Defined in a Terminology. In: Proceedings of the
International Symposium on Knowledge Retrieval, Use, and Storage for Efficiency,
KRUSE 95, Santa Cruz, USA, 1995.

Baader, F.: The Description Logic Handbook: Theory, Practice, and Applications.
Cambridge University Press, 2003.

Blackburn, P., de Rijke, M., Venema, Y.: Modal Logic. Cambridge University Press,
2001.

Dowling, W.F., Gallier, J.H.: Linear-time algorithms for testing the satisfiability
of prepositional Horn formulae. J. Logic Programming 3:267-284, 1984.

. Ganter, B., Two basic algorithms in concept analysis. FB4-Preprint No 831, TH

Darmstadt, 1984.

. Ganter, B., Wille, R.: Formal Concept Analysis: Mathematical Foundations.

Springer, Berlin-Heidelberg, 1999.

. Ganter, B., Rudolph, S., Formal Concept Analysis Methods for Dynamic Con-

ceptual Graphs. In: H. S. Delugach, G. Stumme (Eds.): Conceptual Structures:
Broadening the Base, Springer-Verlag, 2001.

Guigues, J.-L., Duquenne, V.: Families minimales d’implications informatives re-
sultant d’un tableaux de donnés binaires. Math. Sci. Humaines 95, 1986.
Horrocks, I. et al.: The Ontology Inference Layer OIL,

URL: http://www.ontoknowledge.org/oil/papers.shtml.

Horrocks, 1., Sattler, U., Tobies, S.: Reasoning with individuals for the description
logic SHZQ. In: D. MacAllester (Ed.), Proceedings of CADE-2000, LNAI 1831,
Springer, 2000.

Horrocks, 1.: Benchmark analysis with fact. In: Proceedings of TABLEAUX 2000,
LNAI 1847, Springer, 2000.

Prediger, S.: Terminologische Merkmalslogik in der Formalen Begriffsanalyse. In:
G. Stumme, R. Wille (Eds.): Begriffliche Wissensverarbeitung: Methoden und An-
wendungen. Springer-Verlag, Heidelberg, 2000.

Rudolph, S., An FCA Method for the Extensional Exploration of Relational Data.
In: Aldo de Moor, Bernhard Ganter (Eds.): Using Conceptual Structures: Contri-
butions to ICCS 2003, Shaker Verlag, 2003.

Schmidt-Schau3, M., Smolka, G.: Attributive concept descriptions with comple-
ments, In: Artificial Intelligence, 48:1-26, 1991.

Sowa, J.: Ontology, Metadata, and Semiotics. In: B. Ganter / G. M. Mineau (Eds.):
Conceptual Structures: Logical, Linguistic, and Computational Issues, LNAI 1867,
Springer Verlag, 2000.

Wille, R.: Conceptual Graphs and Formal Concept Analysis. In: D. Lukose, H.
Delugach, M. Keeler, L. Searle, J. Sowa (Eds.): Conceptual Structures: Fulfilling
Peirce’s Dream, Springer-Verlag, 1997.

Zickwolff, M.: Rule Exploration: First Order Logic in Formal Concept Analysis,
PhD thesis, TH Darmstadt, 1991.



212 S. Rudolph

Appendix: A Deduction Calculus

Arising naturally from the considerations in this paper is the question for a
deduction calculus for implications on FLE. We found a set of deduction rules
which we proved to be sound and complete. The completeness proof is based on
a fixpoint construction of a standard model and beyond the scope and spatial
capacity of this article. So we just present the deduction rules here.

Definition 7. For given Mc, Mg we define a ternaryrelation Y € P(FLE)® as
the smallest relation fulfilling the following conditions:

©0.{L}.0) €Y,

(Q, ¢1,452) €Y = ([:’]I’I‘]Q, [ﬂl'l‘]@l, [317‘]452) €Y,
(D,91,92) €Y = ([Vr]D, [Vr|®y, [Ar]P,) € Y,
(¢,¢1,¢2) eY > (WU@,WU@l,WUdjz) €Y,
(@,@1,@2) €Y > (Q, @2,@1) €Y.

The motivation for this definition is - roughly spoken - to encode case dis-
tinction. Note that, for all ($,$1,P2) € Y and any binary power context family
le, we have

s€[MPle & d € MP1]x V€ [MNP2]x

forall § € A, verbally: every entity of the universe fulfilling all descriptions from
& fulfills all descriptions from @; or all descriptions from $,.

Definition 8. The set of DR DERIVATION RULES consists of the following rules
(a,bc€ FLE, A,By,... ,Bn,C,Dy,... ,Dy € Prin(FLE), and (P, P1,P2) €Y )

N __A=B
T{a]® [ErA— (@B 3£
_—_—.———_GI A& 2
T 1] {113 @A U {(Vrb] =[] (AU (] VP
_ __A=B
A-ATP VA= [VrB '~

A—B D1+ APy A
AU{cg-BPE A D

A—-B AUB—-C
A—-C
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Abstract. In this article the theory of distributed systems and infor-
mation flow inside distributed systems by Barwise and Seligman is ex-
tended to semiconcept graphs and protoconcept graphs. For this purpose
at first the information transferring mappings, i.e., semiconcept graph
morphisms and protoconcept graph morphisms are defined. As in the
theory by Barwise and Seligman a minimal cover of a distributed system
consisting of semiconcept or protoconcept graphs and the corresponding
morphisms by a channel can be constructed. Such a channel consists of
a set of graph morphisms into a common semiconcept or protoconcept
graph which is called the core of the channel. The core represents the
distributed system as a whole and in particular the common information
of the semiconcept or protoconcept graphs in the distributed system.

1 Introduction

Semiconcept and protoconcept graphs are an extension of the theory of concept
graphs. They include negation on the object level as well as on the relation level.
Semiconcept graphs are at first semantically introduced by R. Wille in [16]. Their
theory was further developed by J. Klinger in [4] and [5]. Especially syntax and
semantics were separated. A further extension are protoconcept graphs. They
include the theory of concept graphs, semiconcept graphs and some syntactical
constructs of concept graphs with cuts. They were also introduced semantically
by R. Wille in [17] and the separation of syntax and semantics is described by
J. Klinger in [7]. For an overview see further [8].

Conceptual graphs are introduced by Sowa (cf. [14]) as a representation for
logic. One of their application is knowledge representation. In particular in this
area the treatment of negation is important. Joining the theory of semiconcept
and protoconcept graphs with the theory of information flow will be promising
for possible applications.

The theory of information flow by Barwise and Seligman considers distributed
systems consisting of formal contexts' and infomorphisms between them (cf.

! Barwise and Seligman do not use the notion formal context
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[1]).It models how information flows inside such a distributed system how the
information flow and the common information of the system can be considered
as a whole.

In [10] a translation of the theory of distributed systems by J. Barwise and J.
Seligman to distributed systems consisting of concept graphs is given. Concept
graphs which are a mathematization of conceptual graphs were at first intro-
duced by R. Wille in [15] and further developed by S. Prediger in [11] and [12].
It was shown that for a distributed system with concept graph a minimal cover
by a channel can be constructed. Such a channel consists of a set of concept graph
morphisms of the concept graphs of the system into a common concept graph.
The common concept graph is supposed to represent the whole distributed sys-
tem and in particular the common information of the concept graphs under the
concept graph morphisms of the system. The channel morphisms are supposed
to model the connection of the parts of the system to the whole system.

In this article at first distributed systems with semiconcept graphs are con-
sidered. But before starting to construct a cover of a distributed system with
semiconcept graphs morphisms between semiconcept graphs are introduced anal-
ogously to concept graph morphisms. Here we have to reflect that semiconcept
graphs include a kind of negation.

In the second part distributed systems with protoconcept graphs are consid-
ered. Again at first morphisms between protoconcept graphs are defined. Then
a covering channel of a distributed system is constructed referring to the con-
struction for semiconcept graphs.

2 Morphisms Between Semiconcept Graphs

In this section the definition of semiconcept graphs by J. Klinger (cf. [4] and [5])
is recalled and semiconcept graph morphisms are defined. At first alphabets for
semiconcept graphs are introduced.

Definition 1. An alphabet of semiconcept graphs is a triple A := (G, S, R) such
that G is afinite set of object names, (S,<s) is afinite ordered set of semiconcept
names and (R, <) is afinite ordered set of relation names which is partitioned
into the ordered sets (Ri,<wr,), k =1,...,n. 8§ has a greatest element Tg and
a smallest element L g. Furthermore the sets Ry, k € N, have a greatest element
Tr, and a smallest element 1, .

The underlying structure of a semiconcept graph is a relational graph.
Definition 2. A relational graph is a triple (V, E,v) such that

— V is a set of vertices,
— E is a set of edges, and
~ v: E = Ugen V¥ is a mapping.

The function v assigns to every edge a tuple of vertices. If v(e) = (vi,...,vk)
thenle| := k is called the arity of the edge e. If V and E are finite the relational
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graph is called finite. We set E®) .= {e € E | |e| = k} for all k € N. Instead of
v(e)|; often e|; is written.

A semiconcept graph is a relational graph with labeled edges and vertices.
The edges are labeled by relation names and the vertices are labeled by semi-
concept names. Further to every vertex a positive and a negative reference is
assigned.

Definition 3. A semiconcept graph over an alphabet A = (G,8,R) is a tuple
(V,E,v, &, p) such that

— (V,E,v) is a relational graph,
— k:VUE — SUR is afunction such that k(V) C S and k(E®)) C Ry, and
- p:V o B(G) x B(G) is a function with v — (p*(v), p~ (v)) whereas p* :
V = PB(G) and p~ : V = B(G) are mappings such that
I pt()Up=(v) #£0 for alveV,
2. pt(e)Up=(e) #0 for alle € E,
3. &(v) = w(w) implies p~(v) N pT(w) =0 for allv,w € V, and
4. &(e) > w(f) implies p~(e) N p*t(f) =0 forall e, f € Ek).
Here p*(e) denotes p*(v1) x -~ x pT{(vg) and p~(e) = p~(v1) X - - X p~ (vg)
for every edge e with v(e) = (vy,...,vk).

Figure 1 shows an example of three semiconcept graphs. They represent
properties of some chemical elements (cf. [13]). The interpretation of the first
graph is that the alkali metal potassium is weaker than the alkali metal sodium.
Further magnesium and calcium are no alkali metals and magnesium is not
weaker than calcium. The semantics of semiconcept graphs is interpreted in
power context families (see [4]).

I 2
alkali metal: potassium | magnesium}—( weaker ]—{ alkali metal: sodium | calcium l

[ element: potassium | | ;‘,, atomic I | !

1 -
| alkali metal: potassi caesi | l[ { maore reactive ]—{ alkali metal: sodium, lithium | |

Fig. 1. Semiconcept graphs representing properties of chemical elements

In [9] at first concept graph morphisms were introduced. It turned out that
the slightly changed version in [10] is more useful to model the information
flow. They correspond to the infomorphisms between formal contexts which were
introduced by J. Barwise and J. Seligman in[1]. Infomorphisms are contravariant
pairs of functions satisfying a special condition. They are supposed to model the
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information flow between the contexts. The direction determining function goes
between the attributes of the contexts. The second function goes between the
objects into the other direction such that an object is incident to the image of
an attribute in the second context iff the image of the object is incident to the
attribute in the first context. For an introduction to Formal Concept Analysis
see [2]. The different directions of the functions were introduced to formalize
that information always flows in both directions.

Since the underlying structure of a concept graph and a semiconcept graph
is a relation graph the underlying structure of concept graph morphisms and
semiconcept graph morphisms are relational graph morphisms. Analogously to
infomorphisms they consist of two contravariant functions. The direction de-
termining function goes between the edges. The second function between the
vertices goes into the other direction. The condition says that a vertex v of the
second relational graph is adjacent to the image of an edge fg(e) iff the image
of the vertex fy(v) is adjacent to the edge e in the first relational graph.

Definition 4. A relational graph morphism f : (V1,E1,11) @ (Va, Es, ,v9) is a
contravariant pair (fg, fv) of functions fg : E1 — Ez and fv : Va = Vi in the
other direction such that for all e € Ey andall v € V,

Jicletfr(v) = vi(@)li <= Fjqiuev = va(fe(e))l;
is satisfied.

Now semiconcept graph morphisms can be defined as relational graph mor-
phisms with three additional functions between the alphabets of the semiconcept
graphs. These three functions are compatible with the vertex and the edge func-
tion. Conditions 2 and 3 say that images of labels of v and e are labels of the
images of fy(v) and fg(e), respectively. In the condition 4 and 5 it is required
that the positive or negative references of the image of a vertex contain the
image of its set of positive and negative references, respectively. Hence semicon-
cept graph morphisms are relational graph morphisms the direction determining
function is the function between the edges.

Definition 5. Let &, := (Vi, Eq,11,K1,p1) be a semiconcept graph over the
alphabet (G1,81,R1) and &y = (Va, E2,vs,K2,p2) a Ssemiconcept graph over
(Ga,S2,R2). A semiconcept graph morphism f := (fg, fv, fe. fs, fr) : &1 2 64
consists of five functions

e Ei o Ey fr:VaoWVi, fo:G,—2G [fs:85—8, fr:R1—Rs
such that

1. (fg, fv) is a relational graph morphism,
2. fs(ka(v)) = k1(fy (v)) for allv e Vy
3. fr(ki(e)) = ka(fe(e)) for all e € Eq
4. p{(fv(v)) 2 fo(p3 (v) for all v eV,
5. p1 (Fv(v) 2 folpz (v)) for allv eV,
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The identity function id := (idg, idy,idg,ids,idr) is a semiconcept graph
morphism from a semiconcept graph to itself. Further the composition of two
semiconcept graph morphisms f : &; 2 &5 and g : &, = B3 is again a semi-
concept graph morphism and is defined bygo f := (ggo f&, fvogv, fgogg, fso
9s,9r © fr)-

In Figure 2 an example of two semiconcept graph morphisms between the
semiconcept graphs of Figure 1 is given. These two semiconcept graph mor-
phisms are just two examples of more possible morphisms. The decision which
semiconcept graph morphisms is chosen depends on the user and on the facts
represented in the semiconcept graphs. Of course it is possible to find semicon-
cept graph morphisms which map for instance vertices representing unrelated
objects in real world. But they would never be chosen if they are not in the users
interest.

3 Covering Distributed Systems with Semiconcept
Graphs

In [1] distributed systems consisting of formal contexts and infomorphisms are
considered. The step to distributed systems with concept graphs was done in
[10]. Now distributed systems consisting of a set of semiconcept graphs and a set
of semiconcept graph morphisms between them are considered and a minimal
cover by a channel is constructed. This construction is analogous to the construc-
tion of a minimal cover of distributed systems with concept graphs which is a
translation of the construction by Barwise and Seligman for distributed systems
with formal contexts and infomorphisms. But here we have a few restrictions to
teh distributed system.

Definition 6. A distributed system D := (scg(®D),scgm(D)) consists of a finite
set scg(D) of semiconcept graphs and a set scgm(®) of semiconcept graph mor-
phisms between semiconcept graphs of scg(D), ie., scgm(®D) C {f: 81 2 &, |
B1,B; € scg(D)}.

It is possible that a semiconcept graph occurs more than once in the dis-
tributed system, i.e., &; = &, for i # j.

Definition 7. A channel C is a set {y, : &, = €| k=1,...,n} of semiconcept
graph morphisms into a common semiconcept graph €. € is called the core of C.

Channels are a possibility to represent a distributed system as a whole object.
The morphisms of the channel are supposed to represent the connection between
the parts of the distributed system to the whole system. The next definition gives
the connection between distributed systems and channels.

Definition 8. A channelC := {v; : 6, 2 €| k=1,...,n} coversadistributed
system D with scg(D) = {&, | k = 1,...n} if for everyi,j < n and every
semiconcept graph morphism f : &; 2 &; € scgm(D) holds

Yi =10 f.
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1
!alieali metal: potassium | magmmuml‘—[ weaker }—2| alkali metal: sodium | calcium I

1

| element: potassium | I—L——{higher atomic T 1![ I t: lithium | |

Y

s - ~

5

| alkali metal: | il caesi | I more reactive = alkali metal: sodium, lithium | |
f:6 2 8y
f g : B — E>
( weaker ) — ( higher atomic number )
fv:Va= W

element: potassium — | alkali metal: potassium | magnesium
1 i lkali 1 i i
[ element: lithium | | + [ alkali metal: sodium | calcium ]

Jo:Ga— G

potassium — potassium

lithium — sodium

fs:182—= &

element — alkali metal

f?i‘. 3 R] —+ 'R,z

weaker ~— higher atomic number

g: 62 = @2

gE Es — Es

( more reactive ) ~ ( higher atomic number )
gv:Va =+ Vs

[ element: potassium | ]+~ [ alkali metal: potassium, caesium | |
[ element: lithium | | > [ alkali metal: sodium, lithium | |
g Ga — G

potassium ~ potassium

lithinum ~ lithium

gs 82 = 83

element ~— alkali metal

gr 1 Ra —= Ra

more reactive — higher atomic number

Fig. 2. Examples for morphisms between semiconcept graphs

C is a minimal cover of D if for every other channel C'covering D there is a
unique semiconcept graph morphism from € to €'.

As for concept graphs and concept graph morphisms such a minimal cover by
a channel can be constructed if the distributed system satisfies some conditions.
The construction can be done stepwise by constructing at first the semiproduct
of the semiconcept graphs and afterwards a quotient by an invariant. Those op-
erations are similar to the analogous operations for concept graphs. But because
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of the negations some technical difficulties have to be solved in the constructions.
In particular we have to restrict to distributed systems satisfying the following
conditions:

1. every semiconcept graph is image or preimage of a semiconcept graph mor-
phism,

2. the edge function of a semiconcept graph morphism preserve the arities of
the edges, ie., |fe(e)| = |e|, and

3. the vertex function is injective.

Otherwise we are not able to construct the core of the channel. Here the channel
is constructed directly. For comparison in the theory by Barwise and Seligman
the core of the channel has the Cartesian product of the object sets of the formal
contexts as objects and the disjoint union of the attribute sets as attributes.

Construction. Let © be a distributed system with scg(®) = {&; | k =
1,...,n} satisfying the conditions 1-3. The limit lim(®®) of D is the channel
constructed as follows.

1. The core € of lim(D):

— The alphabet Ag¢ of the core has the Cartesian product G; X ... X G,
of the object names of the semiconcept graphs &; as the set of object
names Gg. The set Sg¢ of semiconcept names is 1 X ... X Sy. The set of
relation names R¢ is obtained by factorizing the dlSJOlIlt union Uk le
by the smallest equivalence relation containing the relation 7% which is
defined by (r;,7;) € 7r, 7s € R; and r; € Ry, if there is a semiconcept
graph morphism f : &; & &; with fr(r;) = ;. The order is defined by
[T] [S] == Vze[r]ﬂyelslx < Y.

— The set of vertices Vg is the set of all tuples (vy,...,v,) of vertices in
Vi x ... x V, such that

e for all semiconcept graph morphisms f : &; = &; € scgm(D)
f(v]) = v; hold and
o o (v1) X ... X pE(va) Up (1) X ... X i (vn) # 0 holds.

- The set of edges E¢ is analogous to the relation names the disjoint union
U,c 1Fx factorized by the smallest equivalence relation containing the
relation ng. ng is defined by (e;,e;) € ng, e; € E; and e; € Ej, iff
there is a semiconcept graph morphisms f : &; = &; € scgm(®) with
fE (ez) = €.

— A tuple of vertices (v1,...,v,) is adjacent to an edge [e;] iff v; is adjacent
to e; in &;. Because of the definition of ng, the properties of semiconcept
graph morphisms, and the restrictions of ® the function v is well-defined.
The indices of the adjacent vertices (v1,...,v,) of an edge [e] are ordered
at first by the minimality of the indices which the vertices have for the
edges in [e], then by the frequency of occurrence of the minimal number,
and at last arbitrarily.
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— ke : Ve UEe = Se URe is defined by

ke(V1,. -, Un) = (K1(U1),- .-, Bn(vn))

re(lei]) = [males)].

ke 1s again well-defined because of the definition of ng and 7% and of
the properties of semiconcept graph morphisms.

— p& Ve — PB(Ge) is defined by pf (v1,...,vs) = pf (v1)x...xp (vy,) and
Pe : Ve = B(Ge) is defined by pg (v1,...,vn) = p; (V1) X ... X p5 (vn).

2. The semiconcept graph morphisms v* : &; 2 €:
— 4% E; = Eg is defined by v4(e) = [e].
— 7 : Ve = V; is defined by v} (v1,...,0s) = vs.
~ 95 : Ge = Gi is defined by v5(g1, -, 9n) = gi.
— 7% : S¢ = S is defined by v5(s1,...,5,) = s;.
— 7% : R; = Re is defined by vk (r) = [r].

Theorem 1. Let ® be a distributed system satisfying the condition 1-3. Then
Um (D) is a minimal cover and it is unique up to isomorphism.

The result of Theorem 1 is proved similar to the analogous result in [10] for
distributed systems with concept graphs. But the treatment of the negation leads
to some more technical difficulties. The restrictions to the distributed system are
necessary to obtain a sound semiconcept graph as core. Thus not every arbitrary
distributed system with semiconcept graphs can be covered.

Figure 3 shows the core of the distributed system consisting of the three
semiconcept graphs in Figure 1 and the semiconcept graph morphisms in Figure
2. It represents the common information of the distributed system. This infor-
mation is that chemical elements (or at least the elements considered here) of the
first main groups are weaker and more reactive with higher atomic number. The
semantics can be interpreted in a standard power context family. For practical
applications probably an isomorphic alphabet is chosen.

4 Morphisms Between Protoconcept Graphs

In this section at first the syntax of protoconcept graphs is given which was
introduced by J. Klinger in [7]. See further [8]. It differs only a little of the
syntax of semiconcept graphs. In the set of relation names a special element =
is added.

Definition 9. An alphabet of protoconcept graphs is a triple A := (G,P,R)
such that G is a finite set of object names, (P,<p) is a finite ordered set of
protoconcept names and (R, <R) is a finite ordered set of relation names which
is partitioned into the ordered sets (Rx,<r,), k=1,...,n.

P has a greatest element Tp and a smallest element Lp. Again the sets Ry,
k € N, have a greatest element T, and a smallest element 1, , too. Further
the set Ry is equipped with a special element = which is called identity.
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i si: G1,62 | L { m } 2 §2: 63,64 |

semiconcept names

S1 = 52: (alkali metal, element, alkali metal)

object names

Gl: (potassium, potassium, potassium)

G2: (potassium, potassium, caesium)

G3: (sodium, lithium, sodium)

G4: (sodium, lithium, lithium)

relation names

[R]: {weaker, higher atomic number, more reactive}

Fig. 3. The core of the channel

Now the definition of a quasi protoconcept graph is recalled. The conditions
are exactly the same conditions as for semiconcept graphs.

Definition 10. A quasi protoconcept graph over analphabet A = (G, P,R) isa
tuple (V, E,v, K, p) such that

— (V,E,v) is a relational graph,
— k:VUE = PUR a function such that k(V) C P and k(E®) C Ry, and
— p: V= B(G) x PB(G) is a function with v — (p*(v), p~(v)) whereas pt :
V = P(G) and p~ : V — P(G) are mappings such that
L pt()Up (v)#0 forallveV,
2. p¥e)Uup(e) # 0 for alle € E,
3. k(v) > w(w) implies p~(v) N pT(w) = 0 for all v,w € V, and
4. k(e) > &(f) implies p~(e) N pt (f) =0 for all e, f € E(k).
Here p¥(e) denotes p¥(v1) X -+ x pt(vg) and p~(€) = p~(v1) X -+ x p~(vg)
for every edge e with v(e) = (v1,...,Vk).

A quasi protoconcept graph & is satisfiable if there is a model (K, A) for &.
Such a model consists of a power context family K and an interpretation A of the
alphabet A in K. A power context family K is a tuple (Ko, Ky, .. .,K,) of formal
contexts such that Gy C GE. The interpretation A maps object names to objects
of Kg, protoconcept names to protoconcepts of Ky and k-ary relation names to
protoconcepts of K, such that an edge and a vertex condition are satisfied. For
more details see [7].

We will now consider only satisfiable quasi protoconcept graphs. Figure 4
shows an example of two protoconcept graphs.

Definition 11. A protoconcept graph is a satisfiable quasi protoconcept graph.

Now it is possible to define protoconcept graph morphisms as the analogous
to semiconcept graph morphisms and concept graph morphisms. The definition
slightly differs from the definition of semiconcept graph morphisms because we
have two additional conditions for treating the relation name =.
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| i ! ! reacts with l 2 compound: water | heli
L )

element: sodium | NaCl 14@ — comf 1: water | neon

1

D)

T : Na|

Fig. 4. Protoconcept graphs representing properties of chemical substances

Definition 12. Ler 8, := (V4, E1, 11, K1, p1) be a protoconcept graph over the
alphabet (G1,P1,R1) and &9 = (Va, Eg, v, K2, p2) a protoconcept graph over
(Ga, P2, Rz). A protoconcept graph morphism f := (fg, fv, fe, fp, fr) : &, &

&4 consists of five functions
fEE1—~Ey fv:Va—=W, f6:G—-G, friPa—>P1, friR1—2Re
such that

1. (fg, fv) is a relational graph morphism,

2. fp(k2(v)) = k1(fv(v)) for all v e Vy

3. fr(ki(e)) = r2(fe(e)) for all e € By

4. fr(=1) ==

5 fr(rY# = forall r € Ry, r # =

6. ot (fv(v)) 2 folp} (v) for all veVa

7. p7 (fv(v)) 2 fo(pz (v)) for all veVs

In Figure 5 a possible protoconcept graph morphism between the protoconcept
graphs in Figure 4 is pictured.
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. L reacts with J—I 4 compound: water | heli

element: sodium | NaCl '—@} 2 compound: water | neon

T : Na|

Fig. 5. An example of a protoconcept graph morphism

5 Covering Distributed Systems with Protoconcept
Graphs

After defining morphisms between protoconcept graphs we can again consider
distributed systems D consisting now of a finite set pcg(®D) := {&; |i=1,...,n}
of protoconcept graphs and a set pcgm(®) of protoconcept graph morphisms bet-
ween the protoconcept graphs of peg(®). The definitions of channels and minimal
covers are exactly the definitions in section 3 only with ‘semiconcept graph’
replaced by ‘protoconcept graph’ and ‘semiconcept graph morphism’ replaced
by ‘protoconcept graph morphism’.

Again distributed system with protoconcept graphs are restricted to satisfy
the conditions

1. every protoconcept graph is image or preimage of a protoconcept graph
morphism,

2. the edge function of a protoconcept graph morphism preserve the arities of
the edges, i.e., |fe(e)| = le|, and

3. the vertex function is injective.

Then they can be covered by a channel consisting of a set of protoconcept
graph morphisms from the protoconcept graphs of pcg(®) into a common
protoconcept graph, the core of the channel.
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Pl: G1|G2 | [R1] 2 P2: G3|G4

1

(o

2

P3: G5|
semiconcept names object names
P1: (element, element) G1: (potassium, sodium)
P2: (eompound, compound) G1l: (potassium, sodium)
P3: (T, T) G3: (water, water)
relation names G4: (helium, neon)
[R1]: {(reacts with,1), (reacts with,2)} G5: (K, Na)
[R1]: {(=1), (=2) }

Fig. 6. The core of a covering channel

Construction. Let D be a distributed system with pcg(®) := {6, | i =
1,...,n}. The limit lim(®) is the channel constructed as follows.

1. At first the core € of lim® is constructed.

— The alphabet A¢ = (Ge, Pe, Re) is constructed analogously to the al-
phabet in the case of semiconcept graphs. The sets of semiconcept names
are here replaced by the sets of the protoconcept names of the protocon-
cept graphs in pcg(®).

It is not necessary to add a new = - sign in R¢. This depends on the
conditions 4 and 5 of the definition of protoconcept graph morphisms.

— The set of vertices Vg is the set of all tuples (v1,...,v,) of vertices in
Vi1 x...xV, such that for all protoconcept graph morphisms f : &; 2 &;
f(v;) = v; holds and pf (v1) x .. .p,f(vn)Upl"(p}l) X...p, (vp) # B holds.

— The set of edges E¢ is the disjoint union |J,_,Ex factorized by the
smallest equivalence relation containing the relation 7g which is defined
by (e;, e;) € ng iff there is a protoconcept graph morphisms f : &; = &;
with fe(e;) = ej.

— The functions vg, ke, and pe are defined exactly as in the case of dis-
tributed systems with semiconcept graphs.

2. The protoconcept graph morphisms 7* : &; = € are defined completely
analogous to the semiconcept graph morphism in the case of distributed
systems with semiconcept graphs. Because of the definition of R¢ and the
properties 4 and 5 v% maps =; to [=;] whichis =g.

Theorem 2. Let ® be a distributed system with protoconcept graphs satisfying
the conditions 1-3. Then im(D) is the unique minimal cover of © up to isomor-
phism and the core of Hm(®) is a protoconcept graph, i.e., a satisfiable quasi
protoconcept graph.
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Again it is not possible to cover every distributed system which is not surpris-
ing because protoconcept graphs as well as semiconcept graphs include negation
on the concept and on the relation level. Figure 6 pictures the core of the dis-
tributed system consisting of the protoconcept graphs in Figure 4 and the pro-
toconcept graph morphisms in Figure 5. The common information of the system
is that the chemical elements potassium and sodium which can be identified by
their chemical symbols reacts with the compound water. Further ammonia and
NaCl are no chemical element and do not react with helium and neon which are
no compounds. Again for practical applications an isomorphic alphabet will be
chosen.

6 Future Work

The theory of information flow by Barwise and Seligman now is extended to dis-
tributed systems including negation. For which applications protoconcept graphs
are better than semiconcept graphs has yet to be explored. Here only syntacti-
cal constructions are given. The next step is the examination of the contextual
semantics of these constructions. In particular this would be interesting for the
core of the limit of a distributed system.

Further for concept graphs, semiconcept graphs, and protoconcept graphs
over power context families the conceptual content can be considered (cf. [3],
[5], and [18]). The conceptual content represents the information units of the
concept graphs. One could imagine that the conceptual content of the core of
the limit of a distributed is less or equal than the conceptual content of the
concept graphs of the system if the core would be a concept graph over the same
power context family. But unfortunately in the construction of the core a new
alphabet is constructed, too. The hope is to find an embedding to the starting
power context families in order to compare the conceptual contents.

For semiconcept graphs and protoconcept graphs extensions are defined
which allow variables as references (cf. [6] and [7]). This theory can surely be
extended to semiconcept graphs and protoconcept graphs with variables.
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Abstract. This contribution discusses a formalization of the ‘“negation
of a concept”. The notion of “concept” has been successfully formalized
in the early eighties and led to the theory of Formal Concept Analysis.
Boole (1815-1864) developed a mathematical theory for human thought
based on signs and classes. The formalization of the negation of concepts
is needed in order to develop a mathematical theory of human thought
based on ‘“‘concept as a basic unit of thought”. Two approaches will be
discussed: negation as a partial or as a full operation on concepts.

1 Introduction

The aim of Formal Concept Analysis' is among others to support human thin-
king. Rudolf Wille introduced Contextual Logic with the aim to extend Formal
Concept Analysis to a wider field. The main challenge is the formalization of
a negation of a concept. He proposed different approaches. In the first case the
“negation of a concept” is not necessarily a concept (protoconcepts and semi-
concepts)®. For the second case the “negation of a concept” should be a concept
(weak negation and weak opposition, concept algebras). In [Kw04] I discussed
the conditions under which a weak negation is a Boolean complementation (a
negation). I also proved that each concept algebra has a Boolean part. In this
contribution we prove that the negation can be considered as a partial ope-
ration (explicitly defined by a weak negation) on concepts (Proposition 2 and
Proposition 3). Contrary to the general situation where a concept lattice can
be represented by different contexts, it happens that, to every Boolean algebra
(considered as concept algebra) can be assigned only one context (up to isomor-
phism), the contranominal scale. However each context which is not of this form
can be enlarged in such a way that the hierarchy of concepts and the Boolean
part of the old context are preserved (Theorem 2). These results are presented
in sections 4 and 5. To prepare these sections, we will give in sections 2 and 3
the historical and philosophical backgrounds.

* 1 am grateful to the PhD-program GrK334 and Gesellschaft von Freunden und
Forderern, TU Dresden, for the financial support.

' The reader is referred to [GW99] for Formal Concept Analysis basics
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2  From Logic to Formal Concept Analysis

2.1 From Logic to Lattice Theory

In the first half of the nineteenth century, George Boole’s attempt to formalize
logic® in [Bo54] led to the concept of Boolean algebras’. Boole gave himself the
task “to investigate the fundamental laws of those operations of the mind by
which reasoning is performed; to give expression to them in the symbolical lan-
guage of calculus, and upon this foundation to establish the science of Logic and
construct its method; to make that method itself the basis of a general method
for the application of the mathematical doctrine of Probabilities; and finally, to
collect from the various elements of truth brought to view in the course of these
inquiries some probable intimations concerning the nature and constitution of
the human mind”. The main operations he encoded are conjunction, disjunction,
negation, universe and nothing, for which he derived some laws. He elaborated
this logic as a theory of symbolic operations applied to classes of objects. Charles
Sanders Peirce (1839-1914) and Ernst Schroder (1841-1902) introduced the no-
tion of a lattice at the end of nineteenth century as they were investigating the
axiomatics of Boolean algebras. Independently Richard Dedekind (1831-1916)
got the same concept while working on ideals of algebraic numbers.

The general development of lattice theory really started in the mid-thirties
with the work of Garrett Birkhoff (1911-1996). Other mathematicians like Valére
Glivenko, Karl Menger, John von Neumann, Oystein Ore, etc., contributed to
the formation of lattice theory as independent mathematical subdiscipline.

2.2 Restructuring Lattice Theory: Formal Concept Analysis

Lattice theory became a successful subject in mathematics and attracted many
researchers. But why develop lattice theory? In [Wi82] the author made this
observation: “lattice theory today reflects the general status of current mathema-
tics: there is a rich production of theoretical concepts, results, and developments,
many of which are reached by elaborate mental gymnastics; on the other hand,
the connections of the theory to its surroundings are getting weaker: the result is
that the theory and even many of its parts become more isolated”. This isolation
did not affect only lattice theory, but many other sciences. Wille was influenced
by a book of Harmut von Hentig [He72], in which he discussed the status of
the humanities and sciences. It was then urgent to “restructure” theoretical

3 Kant (1723-1804) considered Logic as ... a science a priori of the necessary laws
of thinking, not, however, in respect of particular objects but all objects in general:
it is a science, therefore of the right use of the understanding and of reason as such,
not subjectively, i.e. not according to empirical (psychological) principles of how the
understanding thinks, but objectively, i.e. according to a priori principles of how it
ought to think”.

In [BuO0] Burris discussed the Boole’s algebra of Logic and showed that this was not
a Boolean algebra, thought it led to Boolean algebras.

IS
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developments in order to integrate and rationalize origins, connections, inter-
pretations and applications. Wille understood “restructuring lattice theory” as
“an attempt to unfold lattice theoretical concepts, results, and methods in a con-
tinuous relationship with their surroundings”, with the aim “to promote a better
communication between lattice theorists and potential users of lattice theory”.

Even the pioneer did not neglect this aspect. For example Birkhoff wrote:
“lattice theory has helped to simplify, unify and generalize mathematics, and it
has suggested many interesting problems.” In a survey paper on ‘“lattices and
their applications” [Bi38], he set up a more general viewpoint for lattice theory:
“lattice theory provides a proper vocabulary for discussing order, and especially
systems which are in any sense hierarchies”.

The approach to lattice theory outlined in [Wi82] is based on an attempt to
reinvigorate the general view of order. He went back to the origin of the lattice
concept in the nineteenth-century attempts to formalize logic, where the study
of hierarchies of concepts played a central role. A concept is determined by its
extent and its intent; the extent consists of all objects belonging to the concept
while the intent is the multitude of all properties valid for all those objects. The
hierarchy of concepts is given by the relation of “subconcept” to “superconcept”,
i.e. the extent of the subconcept is contained in the extent of the superconcept
while, reciprocally, the intent of the superconcept is contained in the intent of
the subconcept.

3 Contextual Logic

3.1 Contextual Attribute Logic

Contextual Boolean Logic has been introduced with the aim to support know-
ledge representation and knowledge processing. An attempt to elaborate a Con-
textual Logic started with “Contextual Attribute Logic” in [GW99a]. The au-
thors considered “signs” as attributes and outlined how this correspondence may
lead to a development of a Contextual Attribute Logic in the spirit of Boole.
Contextual Attribute Logic focuses, in a formal context (G, M, I ), on the formal
attributes and their extents, understood as the formalizations of the extensions
of the attributes. It deals with logical combination of and relation between at-
tributes. This is a “local logic”.

The logical relationships between formal attributes are expressed via their
extents. For example they said that “an attribute m implies an attribute n if
m’ C n'”, and that “m and n are incompatible if m’ N n' = @”. In order to
have more expressivity in Contextual Attribute Logic the authors introduced
compound attributes of a formal context (G, M, I) by using the operational
symbols =, A and V:

— For each attribute m they defined its negation, -m, to be a compound at-
tribute, which has the extent G \ m’. Thus g is in the extent of —m if and
only if g is not in the extent of m.
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— For each set A C M of attributes, they defined the conjunction, A 4, and
the disjunction, \/ A4, to be the compound attributes that have the extents
({m' | m e A} and U{m' | m € A} respectively.

— Iteration of the above compositions leads to further compound attributes,
the extents of which are determined in the obvious manner.

Observe that the complement of the extent m' is imposed to be an extent.
The new extents are generated by the family {m' | m € M} and are closed
under complementation, arbitrary union and intersection. Moreover to each ex-
tent generated as indicated above an attribute is assigned. This corresponds to
Boole’s logic where signs are attributes and classes are extents generated by the
family {m' | m € M} with respect to complementation, union and intersection.
The negation of an attribute is not necessary an attribute of the initial context.
The new context is a dichotomic context in which all concepts are attribute
concepts.

3.2 Contextual Concept Logic

At the second stage a Contextual Concept Logic should be developed by mathe-
matizing the doctrines of concepts, judgments and conclusions on which the
human thinking is based, suggested Wille. He divided the development of a
Contextual Logic in three parts: a *“Contextual Concept Logic”, a “Contextual
Judgment Logic”, and a “Contextual Conclusion Logic”. In [KV03] the authors
compared various approaches to Contextual Judgment Logic. We are more con-
cerned by the first step. Wille introduced concept algebras in [Wi0O] with the
aim “to show how a Boolean Concept Logic may be elaborated as a mathematical
theory based on Formal Concept Analysis”.

To extend the Boolean Attribute Logic to a Boolean Concept Logic, the
main problem is the negation, since the conjunction and “disjunction” can be
encoded by the meet and join operation of the concept lattice’. How can you
define a negation of a concept? To define a negation of a sign, Boole first set
up a universe of discourse, then took the complement of the class representing
the given sign and assigned to the class he obtained a sign that he called the
negation of the given sign. Here the universe is encoded by 1 and nothing by
0. Doing an analogy with formal concepts, the first problem is that the class
of extents and the class of intents need not be closed under complementation.
To have a negation as an operation on concepts, you can take as negation of
a concept (A, B) of a formal context (G, M, I), the concept generated by the
complement of its extent, namely ((G \ A)”, (G \ A)). Although the principle
of excluded middle® is satisfied, the principle of contradiction does not always
hold. This is called the weak negation of the concept (A, B). On the intent side
we obtain a weak opposition satisfying the principle of contradiction but not
always the principle of excluded middle. A concept lattice equipped with these
two operations is called concept algebra. We give its formal definition.

S See [St94]
6 See Section 4
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Definition 1. Ler K := (G, M,I) be a formal context. For a formal concept
(A, B) its weak negation is defined by (A, B)* := ((G\ A)",(G\ A)') and its
weak opposition by (4, B)Y := (M \ B)',(M \ B)"). The concept algebra
of K, denoted by U(K), is the algebra (B (K);A,V,>,Y,0,1), where A and Vv
denote the meet and the join operations of the concept lattice B(K).

We cannot expect all laws of negation to be fulfilled by a weak negation or a weak
opposition. In this contribution we demonstrate how the choice of appropriate
subsets can reconcile the mathematic idea and the philosophic idea of a negation.
These operations satisfy the equations in Definition 2 below; (see [Wi00]).

Definition 2. A weakly dicomplemented lattice is a bounded lattice L
equipped with two unary operations ©® and V called weak complementation
and dual weak complementation, and satisfying for all z,y € L the following
equations:

(1) 224 <z, (I') zVV >z,
(2) z<y = 2 297, (2) <y = 2V 2yY,
3) (xAy) V(zAy?) =z, (3) (zVy)A(zVyY)=r.

We call z the weak complement ofz andzV the dual weak complement
of x. The pair (z®,zV) is called the weak dicomplement ofz and the pair
(4,Y) a weak dicomplementation on L. The structure (L,A,V,2,0,1) is
called a weakly complemented lattice and (L, A,V,V ,0,1) a dual weakly
complemented lattice.

We give without proof some properties; (see [Kw04, Proposition 2]).

Proposition 1. For any weak dicomplementation (®,Y ) we have

(4) (zAz)> =1, (4) (zVvzV)V =0,

(5) 28 <y <= y> <z, (5) 2V 2y <> yV >z,
(6) (xAy)> =a>Vy~, (6') (zVy)Y =zV AyY,

(7) (@ Ay)AS < a8 Ayts, (7) (zVy)vY >zVV VyIV.

4 Negation

4.1 Philosophical Backgrounds

The problem of negation is almost as old as philosophy. It has been handled by
many philosophers, with more or less contradicting point of views or confusing
statements in one side, and with some attempts to formalize it on the other side.
Aristoteles (384-322 BC) considered “negation” as the opposite of “affirmation”.
What does “affirmation” mean? Even if we consider “affirmation” as all what
we know or can represent we still need the meaning of “opposite”. According
to Georg Friedrich Meier (1718-1777) the negation is the representation of the
absence of something. Therefore a negation can only be represented in mind. This
point of view is shared by Wilhelm Rosenkrantz (1821-1874) who stressed that a
pure negation exists only in thinking, and only as opposite of an affirmation. Up
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to now we still need a clear definition of the terms “opposite” and “affirmation”.
John Locke (1632-1704) had doubts on the existence of negative representation;
according to him the “not” only means lack of representation.

Meister Eckhart (1260-1328) stated that each creature has a negation in
himself. Although he did not mention how the negation is obtained from a given
creature, this implied that each creature should possess a negation. This idea
was not welcomed by all philosophers. For example Wilhelm Jerusalem (1854-
1923) thought that only a judgment can be rejected, and not a representation,
like Brentano (1838-1917) wished.

On the way to formalize negation, we can note the idea of Georg Hage-
mann (1832-1903) for whom “each negation is ... originally an affirmation of
being different”. Could we consider each object A different of B as a negation of
B? Not really. But at least each creature should be different from its negation.
An even more “formal” definition is given by Adolph Stohr (1855-1921). He said
that not-A is a derived name from A according to the type of opposing deriva-
tion meaning what remains after removing A. Coming back to George Boole, he
understood a negated sign as the representation of the complement of the class
represented by the original sign in the given universe of discourse. The opposing
derivation in this case is simply ‘“taking the complement”.

For a concept the negative is generally considered as the opposite or contrary
of the positive and means the lacking of such properties. The trend is to assign
to a negative concept an intent with negative attributes.

4.2 Some Properties of a Negation

Is there really a formal definition of “negation” ? The formalization of the nega-
tion by Boole and other operations of human thought led to Boolean algebras.
The negation is encoded by a unary operation which satisfies some nice proper-
ties. For example it is an antitone involution, a complementation satisfying the
de Morgan laws, and other properties. What are the properties that characterize
a negation? In the philosophy some “necessary” conditions have been mentioned.

principium exclusi tertii : A or not-A is true. This is called principle of ex-
cluded middle. Thus an operation abstracting a negation should be a dual-
semicomplementation. This principle is not accepted by all logicians. It
is, for example, rejected by intuitionist logicians.

principium contradictionis : A and not-A is false. This is called principle of
contradiction. Thus an operation abstracting a negation should be a semi-
complementation.

duplex negatio affirmat : not-not-A has the same logical value as A. This is
the law of double negation. A double negation is an affirmation. Thus an
operation abstracting a negation should be an involution.

To these principles we can add the de Morgan’ laws which help to get a negation
of complex concepts. A brief brief history on the discussion on Logic can be

7 De Morgan (1806-1871)
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found in the paper “19th Century Logic between Philosophy and mathematics”
by Volker Peckhaus ®.

4.3 Laws of Negation and Concept Algebras

In this part we investigate some subsets corresponding to the laws or principles
mentioned in Subsection 4.2. L denotes a concept lattice B(G, M, I).

Concepts with negation. If there is a negation on a context K it should
not depend on the intent-side or extent-side definition. Therefore the two unary
operations should be equal.

(4,B)® = (4, B)Y <> (4,B)® < (4,B)Y <= G\ AC (M\BY

Thus any object g not in A has all attributes not in B. Each concept algebra
in which the two unary operations coincide is said to be with negation. In
[KwO04] it is shown that doubly founded concept algebras with negation are
Boolean algebras. In addition the subset of elements with negation,

B(L) := {z € B(G,M,I) | z> =z},

is a Boolean algebra. It is also a subalgebra of L. If the equality & =¥ does not
hold on the whole concept algebra, we can consider the negation as a partial
operation of L defined on B(L). Its domain is quite often small although at least
top and bottom element are in B(L).

Law of Double Negation: Skeletons

Definition 3. The set S(L) of elements that satisfy the law of double negation
with respect to the weak opposition is called the skeleton and the set S(L) of
elements that satisfy the law of double negation with respect to the weak negation
is called the dual skeleton of L.

S(Ly:={zxe€L|zVV =2} and S(L):={xeclL|z?>® =z}
We define the operations M and LJ on L by:
zNy:=(VVvyY)Y and zUy:=(zVAyY)V.

These operations are from L x L onto S(L). Dually the operations

oy == (z® Vy®)® and zUy:= (2° AyP)2
are from L x L ontoS(L). An ortholattice is a bounded lattice with an antitone
complementation which is an involution.

8 http://www.phil.uni-erlangen.de/ p1phil/personen/peckhaus/texte/
logic_phil_math.html
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Proposition 2. (S(L),A,U,V,0,1) and (S(L),7,V,2,0,1) are ortholattices.

Proof. Trivially (S(L),,4,0, 1) isa bounded lattice. Moreover, for all z and y
in §(L) we have (zfy)® (x VyR)AA = (z Ay)PLL = (z Ay)? and

hy® = (28 AyP2)E = (z Ay)® = (2fly)>.
Similarly, (zUy)® = (z2 Ay2)22 = (222 Vy22)2 = (z Vy)® an
hMy® = (@22 vyte)® = (z vy)® = (ay)”.

In addition zMz® = (z2 vV z®2)2 =12 =0 and zlz® = (z° AzPP)2 = 1.
For z and y in §(L), we have zUy = (2% Ay®)® =288 v y22 =z Vy. The
proof for (S(L),A,L,¥,0,1) is obtained similarly. ]

Remark 1. Skeleton and dual skeleton both contain all elements with negation.
The meet operation and the join operation have been slightly modified on the
dual skeleton and the skeleton respectively. The skeleton or dual skeleton can
be neither distributive nor uniquely complemented even if the lattice L were
distributive. Although the operation © on the skeleton is a complementation, it
is no longer a weak complementation. The condition

Ay V(EAy®) =2

is violated. However the operation © on the skeleton is an antitone involution

that satisfies the de Morgan laws and is a complementation. Such operation is
sometimes called “syntactic negation”.

S(L) is generally not a sublattice of L. For a doubly founded lattice L, the
skeleton is a sublattice of L if and only if it is a Boolean algebra. In particular
S(L) = L if and only if (L,A,V,V,0,1) is a Boolean algebra’:

Principle of contradiction/principle of excluded middle. The weak nega-
tion satisfies the principle of excluded middle. But the principle of contradiction
fails. If we assume this principle for a weak negation we would get for all z € L,

T=(xAz?)V(zAZPD) =2 AZPP

and S(L) = L. In the case L is doubly founded we get a Boolean algebra. Instead
of assuming this principle on the whole concept algebra, we can look for con-
cepts on which the weak negation respects it. These concepts are automatically
complemented. Their extent complement is again an extent. Hence the question
arises if there is any characterization of concepts which extent complements are
again extents. We denote by E. the set of those concepts of a formal context K.

E.:={(4,B) € B(K) | (G\ 4,(G\ 4)) € B(K)}

A proof is provided in [Kw04]
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Fig. 1. A dicomplementation on the product of two 4 element chains and their skele-
tons. The corresponding context is (J(L)U {u, v}, M(L)U {u,v}, <). The skeleton and
dual skeleton are isomorphic. B(L) is the two element Boolean algebra. If we reduce
this context its skeletons will be isomorphic to B(L) which is, in this case, a 4 element
Boolean algebra.

Proposition 3. The following assertions are valid:

(i) E.={zeBK)|zAz? =0}
(i) BeC SEUK)).
(iii) If ¢ € E, then z2 is the pseudocomplement' of z.
(iv) Moreover if B(K) is distributive then
(a) E. is a sublattice of B(K),
(b) E. is a sublattice of S(A(K)) and
(c) E. is a Boolean algebra.

Proof. (i) Letz € E.. Wehave 22 = ((G\ 4)",(G\ A)) = (G\ 4, (G \ A)").
Thus z A 2 = 0. Conversely if z Az? =0 for an z € B(K) then AN (G \
A)" =@ and (G \ A)" C G\ A. This means that (G \ A)’ = G\ A and
z € FE,.

i) * € Be = & = (cAz®)V(zA z88) = z A 222, Thus
z € E, = z =z,

(i) z€ B, = zAz® =0.IfzAy=0theny = (zAy) V(> Ay) =z° Ay
and y < 2. Thus z2 is the pseudocomplement of z.

(iv) We assume that B(K) is distributive.

10 The pseudocomplement of z in B(K) (if it exists) is the largest element of the set
{yeBEK)|yrz =0}
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(a) Let x,y € E,. The assertion (zVy)A(zVy)> < (zVy)AzP Ay® =0
is valid and implies that z Vy € E.. It also holds:

(EAYA(AY? =@ Ay)A =D VYD) =0.

Thus E. is a sublattice of L. _

(b) To prove that E, is a sublattice of S(L) it remains to show that 17 is
the restriction of A. This is immediate since for any z and y in E. we
have

oy = (@ Vy®)® = (zAy)®> =z Ay

(¢) E; is a complemented sublattice of a distributive lattice and thus a
Boolean algebra.
O

| [[female|juvenile|adult/male|

girl X X

woman|| X X K
boy x x
man x x

Fig. 2. Complemented extents.

If we assume that one of the three above mentioned principles (see Subsec-
tion 4.2) holds in a concept algebra, we automatically get the others since the
unary operation is forced to be a Boolean algebra complementation. If we con-
sider only the elements satisfying the law of double negation (i.e. the skeleton),
we get an ortholattice. Again here all the above mentioned laws hold. Thus if
we want to work on the same context, we can consider a negation as a partial
operation defined only for concepts of the skeleton.

De Morgan laws. The weak negation 2 satisfies the meet de Morgan law. But
the join de Morgan law fails.
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Proposition 4. if we assume the join de Morgan law for the weak negation
then the dual skeleton is a complemented sublattice of L.

Proof. We assume the join de Morgan law for the weak negation. That is
(xVy)® =z Ay2.

From z V22 =1 we get 22 Az%® = 0. Since all elements of the dual skeletons
are of the form z® and z® VvV 222 = 1 it follows that the dual skeleton is
complemented. We are going to prove that S(L) is a sublattice of L. Let = and
y be elements of S(L). By the join de Morgan law we get

ofly = (z2 Vy?)2 =222 AyPl =z Ay

Thus z Ay belongs to S(L). We have already seen that z V y belongs to S(L).
Thus S(L) is a sublattice of L. O

Dually the weak opposition V satisfies the join de Morgan law. But the meet de
Morgan law fails. If we assume the meet de Morgan law for the weak opposition
then we will get the skeleton as a complemented sublattice of L.

5 Embeddings into Boolean Algebras

In this section we discuss how a context can be enlarged to get a negation as full
operation on concepts. An element a € L is said to be ®-compatible if for all
x € L, wehave a < x or a < 2. Dually is defined the notion of V-compatible
element.

5.1 Distributive Concept Algebras

For every set S the context (S, S, #) is reduced. The concepts of this context are
precisely the pairs (A, S\ A) for A C S. Its concept lattice is isomorphic to the
power set lattice of S. How does its concept algebra look like? For each concept
(4,S\ A) € B(S, S,#) we have

(4,S\A)% = ((S\ 4)",(S\ 4)) = (S\ 4, 4)
and
(A, S\ A)Y = (A",A")=(S\4,4) = (A,S\A)A.

The operations £ and ¥ are equal. Thus (B(S, S, #), A, V,2,0, ) is a Boolean
algebra isomorphic to the powerset algebra of S. To get the converse we make
use of the following fact:

Lemma 1.

(i) If a and b are incomparable elements of a weakly dicomplemented lattice
L such that none of them has 1 as weak complement then a V b cannotbe
& compatible.



238 L. Kwuida, A. Tepavéevié¢, and B. Seselja

(ii) If a < c and a is not ®—compatible then c is not ©—compatible.

(i)’ Dually ifa and b are incomparable elements of a weakly dicomplemented
lattice L such that none of them has 0 as dual weak complement then a A'b
cannotbe ¥V —compatible.

(i) If a > ¢ and is not ¥V —compatible then ¢ is not V —compatible.

Proof. We set ¢ := aVb. Obviously ¢ £ a. If ¢ < a® this would imply a < ¢ < a®
and a® = 1 which is a contradiction, and (i) is proved. For (ii), note thatif a %_ T
and a £ 2 forsome z then obviously ¢ £ z and ¢ £ 2. This proves (ii). The
rest is obtained analogously. ]

We obtain

Theorem 1. I[fK is a clarified context with no empty line or full column and
such that (B(K), A, v,%,0,1) and (B(K), A,V,V,0,1) are Boolean algebras then
there is a set S such that K is isomorphic to ($,S,#). In this situation the
Boolean algebras (B(K), A, V,2,0,1) and (B(K),A,V,V,0,1) are isomorphic.

Proof. The standard context of the lattice L := B(K) is (J(L), M(L), <) with
J(L) the set of atoms and M(L) the set of coatoms. Note that |M(L)| = |J(L)].
Moreover the mapping i : @ — @’ is a bijection from J(L) onto M(L) such that

a<b < b#i(a) Vae J(L)andbe M(L)

Therefore the context (J(L), M (L), <) is isomorphic to (J(L), J(L), #) by iden-
tifying each element i(a) € M(L) with a € J(L). We denote by S the set of
irreducible objects of the context K := (G, M,I). If G # S then there is an
object g € G such that yg > vg; V yga with g1 and g in S. Note that

eSS = (ya)® #1.

By Lemma 1 the element g is not ©—compatible. Thus (B(K), A, V,*,0,1) can-
not be isomorphic to (ZB(S, S,#), A, V2,0, 1). This contradicts the assumption
that (%(]K),/\,V,A ,0, 1) is a Boolean algebra. The similar argument using the
dual of Lemma 1 proves that K is also attribute reduced. O

Corollary 1. Clarified contexts without empty line and full column with nega-
tion are exactly those isomorphic to (S, S,#) for some set S.

In general contexts are not reduced. To define a negation on a context K, we can
first reduce K. If its reduced context is a copy of (S, S, #) for a certain set S, then
we are done. We define a negation on K by taking the concept algebraof (S, S, #).
In this case the set of concepts with negation is the whole concept lattice, which
is a Boolean lattice. If 8B(K) is not a Boolean lattice, we might assume that our
knowledge is not enough to get a negation. One option might be to extend the
context to a larger one in which all concepts will have a negation. We should
however make sure that doing so does not alter the relationship between concepts
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having a negation. This means that concepts having a negation in the old context
should have the same negated concept in the extended context.

Let us examine the distributive case. To each distributive lattice can be as-
signed a context (P, P,*) where (P, <) is a poset. In the context (P, P,#) all
concepts have a negation. This context is obtained by extending the relation 2
to # on P. Of course # is a closed subrelation of #. Therefore B(P, P, %) is a
sublattice of B(P, P,+#). It remains to verify that the negation is preserved on
concepts with negation. This is straightforward since each concept with negation
has a complement. In the extended context the complementation is unique and
is at the same time the negation. Thus we are again able to define a negation
on each context whose concept lattice is distributive. Unfortunately we cannot
expect to have a lattice embedding from a nondistributive lattice into a Boolean
algebra. An alternative is to find an embedding preserving the hierarchy of con-
cept and the negation on concepts with negation. This can be done using a set
representation of lattices.

5.2 General Case: Order Embedding

Unless otherwise stated, the lattices considered here are assumed to be doubly
founded. Let L be a weakly dicomplemented lattice. Since a concept is deter-
mined by its intent and its extent, the negation of a context, if there is one,
should not depend on the intent- or extent-side definition. i.e. the two weak ope-
rations should coincide. Recall that a concept is said with negation if its weak
negation and its weak opposition coincide. The set B(L) of elements with nega-
tion forms a Boolean algebra which is a sublattice of L. The canonical context
of (the weakly dicomplemented lattice) B(L) is (isomorphic to) a subcontext
representing B(L).

Theorem 2. Each doubly founded weakly dicomplemented lattice L can be order
embedded in a Boolean algebra (B, A,V,',0,1) in such a way that the structure
of elements with negation are preserved.

Proof. The set J(L) of supremum irreducible elements of L is a supremum dense
subset of L. Its powerset P(J(L)) is a Boolean algebra. We are going to embed
L into P(J(L)). Wedefine i by i(x) = lz N J(L). Trivially

iz Ay) = iz) Ni(y).

Therefore i is order preserving. Moreover ¢ is an injective mapping. In fact if
z ¢ y then there is an a € J(L) such that ¢ < z and a £ y. Thus a € i(z)
and a ¢ i(y). Therefore i(z) = i(y) = z = y. To prove that 4 is an order
embedding we have to show that z < y <= i(z) < i(y). We assume that
i(z) < i(y). We get i(z) = i(z) Ni(y) = i(x A y). Since 1 is injective we get
z =z Ay and z < y. Thus 4 is an order embedding.

It remains to prove that the weakly dicomplemented lattice operations on
B(L) are preserved. Note that £(0) = 0, «(1) = J(L) and Hx Ay) = z( zﬂ iy).
Let z € B(L). We have @ = i(0) = i(z /\xv) =i(z A z?) = i(z) Ni(z?). This
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equality implies that i(z®) C i(z)’. To prove the converse inclusion we consider
an element a in i(z)’. Therefore a € J(L) \ i(z) = J(L) \ {=. Then a < z°. ie
a € J(L)N{z® = i(z®). Thus i(zV) = i(z®) = i(z)’ and the weak operations
restricted on B(L) are preserved. For the join we have

i(zVy) =i((zVy)) =il Ay) = (i) Niy) = (i(x) Niy)) = i(z) Ui(y).

Therefore #(B(L)) is a Boolean algebra isomorphic to B(L). In other words the
structure of elements with negation is preserved by the order embedding. a

Remark 2. The similar construction holds with the set M(L) of meet irreducible
elements and the mapping j:  — j(x) := tzNM(L) from L into P(M(L)). If L
is a distributive lattice then M(L) is isomorphic to J(L) and P(M (L)} is isomor-
phic to P(J(L)). In this case there is an isomorphism ¢ : P(M (L)) — P(J(L))
such that ¥ o j =1.

If we do not assume the distributivity, it might happen that M(L) and J(L) are
of different cardinality. Without lost of generality we can assume that |[M(L)| <
|J(L)| holds. Therefore there exists an embedding ¢ : P(M (L)) — P(J(L)) such
that Y o j =1.

Remark 3. If (41,¥*) and (#2,V2) are weak dicomplementations on a bounded
lattice L such that (#1,V1) is finer than (©#2,Y2) then for all z € L we have

AL V1 < ot < b2

Thus By(L) C By(L) and Dy(L) C D1(L). The finer a weak dicomplementation
is, the larger its set of elements with negation is. In the case of doubly founded
lattice the finest dicomplementation is induced by the context (J(L), M (L), <).
Unfortunately S;(L) and S3(L) can be incomparable. On Figure 1 the context
is not reduced but gives the largest skeleton and dual skeleton. If we reduce that
context the skeleton will be the four element Boolean algebra. If the context is
(L, L, <€) (largest clarified context), then the skeletons will be a (copy of the) two
element Boolean algebra. It would be nice to have a description of the context
giving the largest skeleton.

6 Conclusion

In this contribution we have examined the effect of some laws of negation on
the weak negation introduced by Rudolf Wille. It turns out that only few con-
texts (contranominal scales) are convenient to explicitly define a negation. On
all other contexts an explicit negation should be considered as a partial oper-
ation. Its domain depends on the laws to whom we give the priority. It can
be the Boolean part, the skeleton or dual skeleton, or the set of concepts with
complemented extents/intents. It is rather seldom to have an explicit negation
satisfying the principles of Subsection 4.2. An alternative might be to enlarge the
context. Note that any orthocomplementation satisfies these laws. But it cannot
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be explicitly defined unless the corresponding ortholattice is a Boolean algebra.
The properties of Subsection 4.2 are often considered as the laws of negation.
Unfortunately they do not characterize the negation. Hence we still ask ourself
if there is a definition or a characterization of the negation. For a concept the
negative is generally considered as the opposite or contrary of the positive and
means the lacking of such properties. The trend is to assign to a negative concept
an intent with negative attributes. So far, there is no definite solution for the
problem of negation.
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Using Brandom’s Framework
to Do Peirce’s Normative Science:
Pragmatism as the Game of Harmonizing Assertions?
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Abstract. 1 introduce Robert Brandom’s Inferentialism, which he calls a
“rationalist expressivist” form of pragmatism, relating it to C.S. Peirce’s
unfinished project of Normative Science with its method of pragmatism as the
logic of abduction, and suggest how Brandom’s notion of a game (which I call
Harmonizing Assertions) might serve as an effective methodological instrument
in conceptual structures research, for its ultimate challenge of the human-
computer tool interface.

1 Introduction

Although Robert Brandom’s work on the “normative character of concept use” is not
obviously linked to C.S. Peirce’s unfinished project of Normative Science, I find
enough evidence to suggest that Brandom’s theoretical and methodological approach
is compatible with Peirce’s in a way that might be useful to conceptual structures
research, especially in treating the issues of intuition, nominalism, and automation.
Those issues are now even more relevant than when Peirce conceived his normative
science to study the evolution of intelligent habit-change [see Note 1]. If we hope to
continue augmenting intelligence, Brandom’s framework offers a means of
examining those issues in that evolution. I have argued that conceptual structures
research should be theoretically based in that inquiry [see 1], and this paper extends
my argument by suggesting a way of beginning to do normative science as a form of
game. The game mode of operation exemplifies the method that normative science
requires, Peirce’s pragmatism, which he came to call “the logic of abduction.” T start
with a familiar example of the circumstances to be explored (the human-computer
interface), then sketch the rationale and major features of Brandom’s unconventional
approach (relating it to Peirce’s theory, here and there), briefly present Brandom’s
notion of a game, and relate it to Peirce’s pragmatic method at the end.

I began to consider the game idea when John Sowa mentioned in a note on the
PORT discussion list [see 3: 238-41]: “the phrase ’intuitively obvious to the most
casual observer’ was used as ajoke to indicate a serious difficulty. ... It is essential to
have tools that are easy to learn, easy to use, and easy for multiple collaborators to
update dynamically. An important challenge for the PORT community is to design
or develop new methods for collaborating that are superior to the current haphazard

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 242-260, 2004.
© Springer- Verlag Berlin Heidelberg 2004
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techniques for ‘leaving documents around in virtual space.”” Heather Pfeiffer
concurred: “We need to come up with ways that are intuitive so that tools will be
easier to learn and easy to use.”

Peirce identifies intuition as a second intellectual capability: “besides ordinary
experience which is dependent on there being a certain physical connection between
our organs and the thing experienced, there is a second avenue of truth dependent
only on there being a certain intellectual connection between our previous knowledge
and what we learn in that way” [CP 5.341, 1868]. Nominalism disregards the second
capability, “for nominalism arises from taking that view of reality which regards
whatever is in thought as caused by something in sense, and whatever is in sense as
caused by something without the mind” [CP 8.25, 1871]: intellect is a form of
automation.

In an early effort to apply Peirce’s theory to computer interface design, I
recommended for information technology what we should now more seriously
consider for knowledge technology.

Interface philosophy must have a new conceptual framework adequate to
specify how technology development might proceed to meet human
communication needs beyond the word processor’s familiar context. Without
this framework, interface philosophy (based on the current interaction
framework) must simply assume that “intuitive interaction” or [what I describe
as] ‘“effective transparency” of the medium will make human-like
communication possible at the interface, without being able to explain why or
how this experience occurs for users. The need to explain how this “mediation
experience” occurs has become more obvious as the human-computer interface
evolves toward the goal of something even more like human-human
communication. [4: 293]

Brandom’s inferentialist framework (an ensemble of Hegel’s rationalism, logical
expressivism, and pragmatism about conceptual norms) has some origins in common
with Peirce’s normative science [see 5: 33], to which Brandom adds assertibility
theory (the notion that propositional contents expressed by declarative sentences are
like moves in a game) [see 5: 186]. He does not envision Peirce’s scientific
philosophy, but his criticisms of modern philosophy are similar to Peirce’s. He
focuses on the cultural context of inferences; although he acknowledges that these
activities ‘“‘arise within a framework of a natural world,” he is concerned with
phenomena that Hegel called Geist: “Cultural products and activities become explicit
as such only by their use” [5: 33]. Peirce’s normative science also focuses here,
proposing to be a science to study our virtual world of ideals, with a logic of
intellectual concepts.

Within Brandom’s framework, we can do the detailed semantic work necessary to
understand and observe the distinctions that Peirce’s normative science requires. His
inferentialist view of logic makes it possible to examine the difference between “the
expressive role distinctive of normative vocabulary and the expressive role distinctive
of intentional or explicitly representational vocabulary” [5: 23]. He argues that his
functional theory of concepts makes ‘“their role in reasoning, rather than supposed
origin in experience, their primary feature.” In his rationalist framework, concepts
are norms that determine “what counts as a reason for particular beliefs, claims, and
intentions, whose content is articulated by the application of those concepts” [5: 25].
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Brandom describes his rationalist, expressivist, pragmatic version of inferentialism
as a way of thinking about the origin of knowledge, the role played by language and
logic, and also about meaning, mind, and knowledge which is free of currently
prevailing empiricist commitments [see 5: 35]. He opposes many of the large
theoretical, explanatory, and strategic movements of Anglo-American philosophy in
the twentieth century: “empiricism, naturalism, representationalism, semantic
atomism, formalism about logic, and instrumentalism about the norms of practical
rationality” [5: 23]. In spite of his disagreements with modern analytic philosophy’s
world view, he identifies affinities there:

I take my expository and argumentative structure and the criteria of adequacy
for having made a claim with a clear content, argued for it, and responsibly
followed out its consequences resolutely from the Anglo-American tradition ...
For what I am trying to do is in a clear and specific inferential sense make
explicit what is implicit in various philosophically important concepts. Among
the examples treated ... are concepts such as conceptual content, logic, ought,
reliable, singular term, what is expressed by ‘of’ or ‘about’ of intentional
directedness, and objectivity.” [5: 31-2]

He hopes that his theoretical approach can enlarge the scope of analytic philosophy to
highlight “the possibilities opened up by engaging in social practices of giving and
asking for reasons, [thereby bringing us] closer to an account of being human that
does justice to the kinds of consciousness and self-consciousness distinctive of us as
cultural, and not merely natural, creatures” [5: 35]. Peirce’s method of pragmatism or
reasoned conduct also contrasts with analytic philosophy’s narrow focus on logic and
linguistic activity [see 6: 43-45].

Brandom’s assessment of modern philosophy and his inferentialist response
generally resemble Peirce’s rationale and purpose for pragmatism in responding to the
nominalist legacy in the modern tradition.

What is the purpose of Pragmatism? It is expected to bring to an end those
prolonged disputes ... which no observations of facts could settle, and yet in
which each side claims to prove that the other side is wrong. Pragmatism
maintains that in those cases the disputants must be at cross-purposes. They
either attach different meanings to words, or else one side or the other (or both)
uses a word without any definite meaning. What is wanted, therefore, is a
method for ascertaining the real meaning of any concept, doctrine, proposition,
word, or other sign. The object of a sign is one thing; its meaning is another.
Its object is the thing or occasion, however indefinite, to which it is to be
applied. Its meaning is the idea which it attaches to that object, whether by way
of mere supposition, or as a command, or as an assertion. (MS 323, in CP 5.6
[1906])

Somewhat like Peirce’s criticism of modern philosophy and its logic, Brandom
frequently claims that his approach reverses the traditional central arguments, and his
inferentialism might be understood as filling in some details of Peirce’s envisioned
normative science, especially his view of the role of normative logic. He adopts the
pragmatist’s basic methodological view: “that the point of the theoretical association
of meanings with linguistic expressions is to explain the use of those expressions.
(Semantics must answer to pragmatics.)” [5: 185]. Peirce says: “pragmatism is the
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doctrine that every conception is a conception of conceivable practical effects” [CP
5.1

Brandom’s only reference to Peirce in his major work, Making It Explicit, attributes
the pragmatist’s emphasis on “the normative character of cognitive undertakings” to
what he says is their “unfortunately obscured” acknowledgment of “the central
kantian legacy,” to which he adds in parentheses: “Peirce is, as so often, an exception”
[7: 289]. And a footnote in the introduction to his more recent work, Articulating
Reasons, remarks: “Peirce is, on this issue as on so many others, a more complicated
case” [5: 206]. 1 conclude that severely limited access to Peirce’s writings in
comprehensive and coherent form is the reason for his apparent slight notice of
Peirce’s work [see Keeler 2003]. Nevertheless, Brandom’s objective seems to be
compatible with Peirce’s: “an expressive view of the role of logic and its relation to
the practices constitutive of rationality ... [which] holds out the hope of recovering for
the study of logic a direct significance for projects that have been at the core of
philosophy since its Socratic inception” [5: 77]. Only extensive work to correlate
their views might verify compatibility, because Peirce’s theory has been so often
(understandably) misrepresented, and because Brandom explicitly takes a Kant-
Hegel-Frege-Wittgenstein-Sellars track from which to build his inferentialism. That
work is well beyond the scope of one paper, here I briefly indicate enough evidence to
compare their pragmatic approaches.

2 The Role of Logic

Brandom proposes that the contents of concepts are determined by inferential
relations, those of “material inference” (such as “Pittsburgh is west of Baltimore™) are
implicit, and those of formal inference are explicit. His inferentialism is an effort to
develop Frege’s early insight of the role of logic as an attempt to codify inferences,
rather than as a search for a special kind of truth. He argues that logic does not have
to be considered as formalists do, giving us special epistemic access to a kind of truth
by proving certain kinds of claims; instead, inferentialist pragmatism ‘“‘starts with a
practical distinction between good and bad inferences, understood as a distinction
between appropriate and inappropriate doings, and goes on to understand talk about
truth” [5: 12]. That view places logic in a normative context, consistent with Peirce’s
semeotic logic as the third normative science, theoretically specified by aesthetics and
ethics [see Keeler 2003]. They agree on the task of a normative logic as Brandom
describes it:

Logic is not properly understood as the study of a distinctive kind of formal
inference. It is rather the study of the inferential roles of vocabulary playing a
distinctive expressive role: codifying in explicit form the inferences that are
implicit in the use of ordinary, nonlogical vocabulary. Making explicit the
inferential roles of the logical vocabulary then can take the form of presenting
patterns of inference involving them that are formally valid in the sense that
they are invariant ... But that task is subsidiary and instrumental only. The task
of logic is in the first instance to help us say something about the conceptual
contents expressed by the use of nonlogical vocabulary, not to prove something
about the conceptual contents expressed by the use of logical vocabulary.
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On this picture, formal proprieties of inference essentially involving logical
vocabulary derive from and must be explained in terms of material properties of
inference essentially involving nonlogical vocabulary rather than the other way
around. Logic is accordingly not a canon or standard of right reasoning. It can
help us make explicit (and hence available for criticism and transformation) the
inferential commitments that govern the use of all our vocabulary, and hence
articulate the contents of all our concepts. [5: 30]

Peirce clearly distinguishes a broader sense of logic, which need not significantly
challenge Brandom’s, in establishing the role of normative science to “make explicit”
the evolutionary nature of conceptual habits of thought understood in terms of his sign
theory.

The term “logic” is unscientifically by me employed in two distinct senses. In
its narrower sense, it is the science of the necessary conditions of the attainment
of truth. In its broader sense, it is the science of the necessary laws of thought,
or, still better (thought always taking place by means of signs), it is general
semeiotic, treating not merely of truth, but also of the general conditions of
signs being signs (which Duns Scotus called grammatica speculativa), also of
the laws of the evolution of thought, which since it coincides with the study of
the necessary conditions of the transmission of meaning by signs from mind to
mind, and from one state of mind to another, ought, for the sake of taking
advantage of an old association of terms, be called rhetorica speculativa, but
which I content myself with inaccurately calling objective logic, because that
conveys the correct idea that it is like Hegel’s logic. The present inquiry is a
logical one in the broad sense. [CP 1.444 (1902); see Note 3].

In identifying the role of logic as a normative science, Peirce relates the two
senses: “Logic may be defined as the science of the laws of the stable establishment
of beliefs. Then, exact logic will be that doctrine of the conditions of establishment of
stable belief which rests upon perfectly undoubted observations and upon
mathematical, that is, upon diagrammatical, or, iconic, thought” [CP 3.429 (1896);
see Note 3]. Peirce and Brandom appear to disagree on logic’s theoretical generality,
but agree on its pragmatic (instrumentalist) role. Brandom’s work emphasizes the
expressive role of formal logical vocabulary for “making explicit the inferences that
are implicit in the conceptual contents of nonlogical concepts” [5: 60-1], which
resembles Peirce’s emphasis on the dialogic requirement of logic [see Note 2], our
“inner and outer worlds” [CP 5.487], and his account of Existential Graphs as a
logical instrument [CP 4.429-4.431]. And Brandom’s defense of material inference
appears to correlate with Peirce’s semeotic account in terms of iconic and indexical
sign action, as the pre-symbolic grounds of conceptual content in his Speculative
Grammar.

Peirce would find Brandom justifiably critical of many pragmatists for the mistake
of identifying propositional contents with only the consequences of endorsing a
claim: “looking downstream to the claim’s role as a premise in practical reasoning and
ignoring its proper antecedents upstream” [5: 66]. As a conceptual pragmatist,
Brandom claims:
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the sense of endorsement that determines the force of assertional speech acts
involves, at a minimum, a kind of commitment the speaker’s entitlement to
which is always potentially at issue. The assertible contents expressed by
declarative sentences whose utterance can have this sort of force must
accordingly be inferentially articulated along both normative dimensions.
Downstream, they must have inferential consequences, commitment to which is
entailed by commitment to the original content. Upstream, they must have
inferential antecedents, relations to contents that can serve as premises from
which entitlement to the original content can be inherited. [5: 194-95]

Foregoing more detailed comparison, I need only emphasize some significant
points. Both Peirce and Brandom identify logic in both a narrow (formal) context and
in a broad (normative) context, and both view logic as having the purpose of
clarifying concepts. Brandom’s role for logic in making explicit any implicit
expressions in linguistic discourse is compatible with Peirce’s arguments for logic as a
normative science and pragmatism as its methodeutic. In that expressive role,
Brandom says logic is “a distinctive set of tools for saying something that cannot
otherwise be made explicit,” making it possible to express a claim in conditional form
[5: 19]. Furthermore, he says: “Logic is the linguistic organ of semantic self-
consciousness and self-control.  The expressive resources provided by logical
vocabulary make it possible to criticize, control, and improve our concepts” [5: 149],
by “making explicit the implicit background against which alone anything can be
made explicit” [5: 35]. He insists that “‘Assertion’, ‘claim’, ‘judgment’, and ‘belief are
systematically ambiguous expressions,” and that his pragmatism “seeks to explain
what is asserted by appeal to features of assertings, what is claimed in terms of
claimings, what is judged by judgings, and what is expressed by expressings of it—in
general, the content by the act, rather than the other way around.” His conceptual
pragmatism approaches the contents of conceptually explicit propositions or
principles from the direction of what is implicit in practices of using expressions and
acquiring and deploying beliefs” [5: 4; see 23-24]. Brandom stresses that his
inferentialism is not bound by what we can identify as the empiricist tradition’s
approach to meaning, mind, knowledge and action.

3 Brandom’s Rationalist Semantic Theory

Most significant (and probably surprising) for conceptual structures researchers,
Brandom’s work correlates with Peirce’s normative science in his arguments against
the empiricist tradition (which Peirce criticizes as nominalist [see for example CP
8.20-21]). A central goal of Brandom’s work is to introduce a way of freeing
philosophy from that tradition in its distinctive twentieth-century form (developed by
thinkers such as Russell, Carnap, and Quine) which perpetuates a “classical insistence
on the origin of knowledge in experience and emphasis on the crucial cognitive role
played by language and logic.” He does not deny that “consideration of perceptual
practices must play a crucial role in our epistemology and semantics,” but he does
deny the empiricist platitude that “without perceptual experience we can have no
knowledge of contingent matter of fact, and more deeply, that conceptual content is
unintelligible apart from its relation to perceptual experience” [5: 23].
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Brandom’s primary argument is with the underlying semantic theory, which
grounds theoretical and practical reasoning, and concept use, in episodes occurring in
immediate experience: ‘“sense experiences on the cognitive side, and felt motivations
or preferences on the active side” [5: 24]. He disagrees with those who think of
having these experiences as not requiring the exercise of specifically conceptual
abilities, but instead as a preconceptual capacity perhaps shared with other mammals,
providing raw materials upon which conceptual activities operate. “We ought to
respect the distinction between genuine perceptual beliefs—which require the
application of concepts—and the reliable responses of minerals, mines, and matador
fodder. I claim that an essential element of that distinction is the potential role as both
premise and conclusion in reasoning (both theoretical and practical) that beliefs play”
[5: 109; compare his concerns with Peirce’s arguments for perceptual judgment, CP
4.539-41(1906) and CP 7.629 (1903)].

Brandom argues that our sapience can be identified in terms of inference and in
terms of truth, and that the contents of both are distinguished as intelligible by their
propositional form. “What we can offer as a reason, what we can take or make true,
has a propositional content, a content of the sort that we express by the use of
declarative sentences and ascribe by the use of ‘that’ clauses. Propositional contents
stand in inferential relations, and they have truth conditions.” He contends that such
states as belief, desire, and intention are contentful in the sense that we can
appropriately raise pragmatic questions asking: “under what circumstances what is
believed, desired, or intended would be true” [5: 158]. His primary concern is to
present a view of the relation between what is said or thought and what it is said or
thought about. The former is the propositional dimension of thought and talk, and the
latter is its representational dimension.

According to empiricist semantic theory, Brandom explains, “the content of
experience, awareness, and knowledge is to be understood in the first instance in
representational terms: as a matter of what is (or purports to be) represented by some
representing states or episodes” [5: 24-5]. And in contemporary versions, he finds
this “representational content” usually classified in terms of “what objects, events, or
states of affairs actually causally elicited the representation, or which ones would
reliably elicit representations of that kind under various conditions.” The dominant
philosophy of language begins with perceptual experience, then “focuses on
reference, denotation, and extension, following a pattern of extensional model-
theoretic semantics of the language of first-order predicate logic” [5: 24-5]. In
contrast, his view accounts for knowing (or believing, or saying) that such and such is
the case in terms of knowing how (being able) to do something [see 5: 4]. But he
distinguishes his pragmatic view from that of American pragmatists, such as James
and Dewey, by his pursuit of a relational linguistic approach, which he says “provides
a counterbalance to the Frege-Russell-Carnap-Tarski platonistic model-theoretic,
representational approach to meaning” [5: 6, see 59].

In contrasting the empiricist with the rationalist explanations of the origins of
conceptual phenomena, Brandom finds the most telling difference in how they
explain the relation between awareness and concept use: “Empiricism attempts to
understand the content of concepts in terms of the origin of empirical beliefs in
experience that we just find ourselves with, and the origin of practical intentions in
desires or preferences that in the most basic case we just find ourselves with. The
rationalist order of explanation understands concepts as norms determining what
counts as a reason for particular beliefs, claims, and intentions, whose content is
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articulated by the application of those concepts [for which such statuses can be
reasons]” [5: 25-6]. For concepts to play their role according to the empiricist, there
must be prior awareness that justifies or makes the application of a particular concept
appropriate, which “must amount to something more than just the reliable differential
responsiveness of merely irritable devices such as land mines and pressure plates ...”
Brandom argues that a functional rationalist theory explains the primary role of
concepts in reasoning, instead of their supposed origin in experience [see 5: 25-6;
compare to [CP 2.302] and [CP 5.442].

Brandom confronts us with what he calls the inferentialist lesson: even
noninferential reports (those associated with observable properties such as color) must
be inferentially articulated, in order to have conceptual content. Without that
requirement, we cannot distinguish between noninferential reporters and automatic
machinery such as thermostats and photocells, which also reliably respond
differentially to stimuli. Following Wilfred Sellars, he proposes: “for a response to
have conceptual content is just for it to play a role in the inferential game of making
claims and giving and asking for reasons. To grasp or understand a concept is to
have practical mastery over the inferences it is involved in—to know, in the practical
sense of being able to distinguish (a kind of know-how), what follows from the
applicability of a concept, and what it follows from” [5: 108].

A parrot uttering sentences cannot be making a potential move in a game of giving
and asking for reasons, which is applying a concept as node in an inferential network
of other concepts. Brandom maintains that “mastery of any concepts, entails mastery
of many concepts: grasp of one concept consists in mastery of at least some of its
inferential relations to other concepts.” Furthermore, “to be able to apply one concept
noninferentially, one must be able to use others inferentially. For unless applying it
can serve at least as a premise from which to draw inferential consequences, it is not
functioning as a concept at all.” The radical mistake, in his view then, is to think that
there could be an autonomous language game, consisting entirely of noninferential
reports: “The requirement is that for any concepts to have reporting uses, some
concepts must have nonreporting uses [whose only use is inferential]” [5: 49]. The
representational dimension of propositional contents reflects the social structure of
their inferential articulations in the game of giving and asking for reasons [5: 183].

The rationalist semantic theory Brandom introduces does not take representation
as its fundamental concept. That methodological commitment, he says, “has the
advantage of bringing into relief certain features of conceptual representation that are
hard to notice otherwise ... [by] offering an account of referential relations to objects
in terms ultimately of inferential relations among claims” [5: 28]. “The question I
address is why any state or utterance that has propositional content also should be
understood as having representational content. (For this so much as to be a question,
it must be possible to characterize propositional content in nonrepresentational terms”
[5: 158]. Brandom’s inferentialism is committed to a semantic holism, in contrast to
the atomism typical of representational semantics, and he recognizes difficulties for
his rationalist semantic theory in facing problems both concerning the stability of
conceptual contents, as beliefs change along with their commitments to the propriety
of various inferences, and concerning the possibility of communication, when
individuals endorse different claims and inferences [see 5: 29]. His model of
discursive practice renders these concerns less troublesome, by treating concepts as
norms determining the correctness of various moves in the game.
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4 Brandom’s Model of Discursive Practice:
Defining the Normative Fine Structure of Rationality

Brandom summarizes his inferentialist model of discursive practice in three themes:

1. Conceptual content is to be understood in terms of roles in reasoning rather than
exclusively in terms of representation.

2. The capacity for such reasoning is not to be identified exclusively with mastery of
a logical calculus.

3. Besides theoretical and practical reasoning using contents constituted by their role
in material inferences, there is a kind of expressive rationality that consists in
making implicit content-conferring inferential commitments explicit as the
contents of assertible commitments. In this way, the material inferential practices
[that] govern and make possible the game of giving and asking for reasons are
brought into that game, and so into consciousness, as explicit topics of discussion
[see 5: 61].

Brandom offers his model of discursive practice as one way of thinking about the
discursive commitments that express claims, making it possible to define
communication and justification in the normative terms of the interaction of
inferentially articulated authority and responsibility. In asserting something we
express our commitment, giving the content our authority, and licensing others to
undertake a corresponding commitment to use as a premise in their reasoning. One
essential aspect, then, is communication: “the interpersonal, intracontent inheritance
of entitlement to commitments.” Also, in making an assertion we undertake a
responsibility to justify the claim if appropriately challenged, thereby redeeming our
entitlement to the commitment acknowledged by the claiming; so another essential
aspect of this model of discursive practice is justification:  “the intrapersonal,
intercontent inheritance of entitlement to commitments” [5: 165].

If a claim expressed by one sentence entails the claim expressed by another, we
treat anyone committed to the first as thereby committed to the second. Brandom
reminds us that although we typically think of inferences solely in terms of the
relation between premise and conclusion (as a monological relation among
propositional contents), in discursive practice, the giving and asking for reasons
involves both intercontent and interpersonal relations. He stresses: “the
representational aspect of the propositional contents that play the inferential roles of
premise and conclusion should be understood in terms of the social or dialogical
dimension of communicating reasons, of assessing the significance of reasons offered
by others,” rather than as arrived at noninferentially from sense perception [5: 166].
Peirce stresses a similar semeotic understanding of how his Existential Graphs should
be applied dialogically [8; CP 4.429-431].

To apply Brandom’s model in any context, he reminds us, we must select
propositionally contentful expressions that can serve both as premise and conclusion
in inference: what can be offered as, and itself stand in need of, reasons.
Understanding or grasping such propositional content is a kind of know-how, or
practical mastery of the game of giving and asking for reasons: being able to tell what
is a reason for what, distinguish good reasons from bad. To play such a game is to
keep score on what other players are committed and entitled to, as two dimensions of
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normative status. Understanding the content of a claim or a belief is being able to
accord it proper significance, or “knowing how it would change the score in various
contexts” [5: 165-66].

Along with these two sorts of normative status, we must keep track of their
interaction: “Thus commitment to the content expressed by the sentence ‘The swatch
is red’ rules out entitlement to the commitment that would be undertaken by asserting
the sentence ‘The swatch is green’.” For each sentence there will be a set of sentences
that are incompatible with it, and furthermore: “Inclusion relations among these sets
then correspond to inferential relations among the sentences. That is, the content of
the claim expressed by asserting The swatch is vermilion’ entails the content of the
claim expressed by asserting ‘The swatch is red,” because everything incompatible
with being red is incompatible with being vermilion” [5: 193-94]. Brandom
summarizes, explaining in terms that correspond to Peirce’s stages of inquiry [see CP
7.469-72, 1908].

The two sorts of normative status that must be at play in practices that incorporate
a game of giving and asking for reasons, commitment and entitlement, induce three
sorts of inferential relations in the assertible contents expressed by sentences “suitably
caught up in those practices’:

committive (thatis, commitment-preserving) inferences, a
category that generalizes deductive inference;

permissive (thatis, entitlement-preserving) inferences, a
category that generalizes inductive inference; and

incompatibility entailments, a category that generalizes
modal (counterfactual-supporting) inference, [see 5: 194]

These three sorts of inferential consequence relations are ranked: “all
incompatibility entailments are commitment-preserving (though not vice versa), and
all commitment-preserving inferences are entitlement preserving (though not vice
versa)” [5: 195]. Then inheritance of commitment, inheritance of entitlement, and
entailments according to the incompatibilities defined by the interactions of
commitments and entitlements compose the three axes that “inferentially articulate”
what Brandom calls normative fine structure of rationality, to describe the rational
practices that include the production and consumption of reasons, such as in the
Sellarsian game of giving and asking for reasons [see 5: 195]. I will briefly introduce
Brandom’s notion of this game and then suggest how it might relate to doing Peirce’s
normative science.

5 The Game of Harmonizing Assertions

Peirce treated his pragmatism hypothetically (even suggesting that his EG could be
used to prove that hypothesis [CP 4.533fn]), and Brandom treats his pragmatic
linguistic rationalism hypothetically, proposing to explore its consequences in the
context of the game. Peirce’s pragmatism understands beliefs in terms of habits as
conduct: “Now to be deliberately and thoroughly prepared to shape one’s conduct into
conformity with a proposition is neither more nor less than the state of mind called
Believing that proposition, however long the conscious classification of it under that
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head be postponed” [CP 6.467]. “A belief is a habit; but it is a habit of which we are
conscious. The actual calling to mind of the substance of a belief, not as personal to
ourselves, but as holding good, or true, is ajudgment. An inference is a passage from
one belief to another; but not every such passage is an inference. ... In inference one
belief not only follows after another, but follows from it” [CP 4.53].

Brandom begins with similar pragmatic understandings but elaborates in his
rationalist terms: beliefs are commitments, commitments become concepts when they
become explicit (by a rational process exemplified in the game of asking for and
giving reasons) [see 5: 29]: concepts are norms (or socially articulated inferences),
which we can express discursively as claims [see 5: 165]. Claims permit us to
formulate commitments inferentially as assertions, to expose those beliefs that would
otherwise remain implicit and unexamined in material concepts. In these logical
formulations, we can then display the relevant grounds and consequences and assert
their inferential relations, so that implicit inferential commitments in the content are
open to challenges and demands for justification, “to groom and improve our
inferential commitments, and so our conceptual contents” [5: 71]. When we use a
concept, in Brandom’s terms, we make a commitment to an inference from its grounds
to its consequences of application, which justifies our conduct: “Acting with reasons
is being entitled to one’s practical commitments” [5: 93].

My designation of the game as “Harmonizing Assertions” is partly suggested by
Brandom’s brief reference to Michael Dummett’s idea that a theory of meaning should
account for the ‘harmony’ between circumstances and consequences in the application
of concepts as we ought to employ them, to maintain a conservative extension of the
concepts used in a language [see 7: 124-32]. Brandom prefers to apply the term at the
metalanguage level of semantic theory, to explicate the role of logical vocabulary in
the clarification of concepts under change, as in the evolution of technical concepts.
Here, Brandom warns that when we use logic to display the relevant grounds and
consequences and to assert their inferential relations, we must realize that clarification
will never achieve complete transparency of commitment and entitlement, which must
serve as an ideal modeled on Socratic practice. Brandom realizes that his notion of
harmony 1is more complicated to explain than either empiricist or rationalist
epistemologies allow us to think: as among matters of fact (expression of commitment
as belief) or as relation of ideas (expression of commitment as meaning). He insists
that these two options should not be considered exhaustive, or leave us with the
puzzle that harmony must either be compelled by the facts or dictated by freely
chosen meanings [see 5: 72-76].

Brandom contrasts the simplistic “either/or” controversy in modern philosophy of
rationalism vs. empiricism with his framework: conceptual contents are conferred on
expressions when they are “caught up in a structure of inferentially articulated
commitments and entitlements,” which the game is conceived to embody.

[A]sserting a sentence is implicitly undertaking a commitment to the correctness
of the material inference from its circumstances to its consequences of
application .. Understanding or grasping a propositional content is here
presented not as the turning on of a Cartesian light, but as practical mastery of a
certain kind of inferentially articulated doing: responding differentially
according to the circumstances of proper application. This is not an all-or-
nothing affair. ... Thinking clearly is on this inferentialist rendering a matter of
knowing what one is committing oneself to by a certain claim, and, what would
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entitle one to that commitment. Writing clearly is providing enough clues for a
reader to infer what one intends to be committed to by each claim, and what one
takes would entitle one to that commitment. Failure to grasp either of these
components is failure to grasp the inferential commitment that use of the
concept involves, and so failure to grasp its conceptual content [5: 63-64].

In thinking critically, Brandom stresses, we must examine our idioms to be sure that
we are prepared “to endorse and so defend the appropriateness of the material
inferential transitions” implicit in the concepts we employ—*“they must not be
allowed to remain curled up inside loaded phrases such as ‘enemy of the people’ or
‘law and order’” [5: 70].

He concludes that the idea of a theory of semantic or inferential harmony makes
sense only if it investigates the “ongoing elucidative process, of the ‘Socratic method’
of discovering and repairing discordant concepts.“ We can give the concept of
harmony content only in “the process of harmonizing commitments, from which it is
abstracted.” He compares that process to judges formulating principles of common
law: “intended both to codify prior practice, as represented by precedent, expressing
explicitly as a rule what was implicit therein, and to have regulative authority for
subsequent practice” [5: 75-76]. Expressing material inferential commitments
explicitly has an essential role in the Socratic practice of harmonizing our
commitments, and a commitment becomes explicit when it is “thrown into the game
of giving and asking for reasons as something whose justification, in terms of other
commitments and entitlements, is liable to question.” Brandom stresses: “Any theory
of the sort of inferential harmony of commitments we are aiming at by engaging in
this reflective rational process must derive its credentials from its expressive
adequacy to the practice before it should be accorded any authority over it” [5: 76].

Engaging in the game is testing Brandom’s pragmatic inferentialist hypothesis that
we can “aim at harmonizing our commitments” by making them explicit in claims,
remembering that claims (as assertions) are essentially performances that can both
serve as and stand in need of reasons, and their propositional contents are essentially
what can serve as both premises and conclusions of inferences [see 5: 189]. He
argues for two defining features.

1. A set of practices is recognizable as a game of giving and asking for reasons
concerning assertions only if it involves acknowledging at least two sorts of
normative status: commitments and entitlements, with some general structures
relating them.

2. The commitments and entitlements that specify proposition contents display a
particular sort of objectivity: they are not about any attitudes of the linguistic
practitioners who produce and consume them as reasons [see 5: 190].

Brandom recognizes the challenge of objectivity for his theory: “to start with a
notion of propriety of assertion that is grounded in and intelligible in terms of the
practice of speakers and audiences, and yet which is rich enough to find normative
assessments that are objective in the sense of transcending the attitudes of
practitioners” [5: 198]. Peirce’s normative science has the same challenge (and
ultimate purpose): how to arrive at authentic objectivity under the normative
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conditions of fallibility explained in his semeotic logic. We can understand the
objectivity of our thought, Brandom explains, in the way the contents of our thought
go beyond the attitudes of endorsement or entitlement which we have toward those
contents, as an aspect of the normative fine structure of rationality revealed in the
game. We play the game of Harmonizing Assertions (keeping score on commitments,
entitlements and their inferential relations) to reveal that normative fine structure of
rationality—making explicit what is implicit in conceptual content.

Sentences are the counters or markers that add toward a score. Producing or
playing one is making an assertional move in the game, making a claim, which
requires knowing at least some of its consequences (what other moves one is
committing to). Each counter bears a player’s mark, is on that player’s list, or is kept
in the player’s box, and each player’s collection of these counters constitutes his score.
Each player, at all times, must have a way of distinguishing those sentences he is
prepared to assert, perhaps when prompted, from those he is not. And Brandom
stresses that for a move to be recognized as an assertion, it must not be idle, “it must
make a difference, it must have consequences for what else it is appropriate to do,
according to the rules of the game” [5: 190-1]. Because assertions express beliefs,
when a player plays a counter, or otherwise adds it to her score, that play commits her
to playing others which add to her score.

Putting a sentence on your list of judgments, or putting it in your belief box, has
consequences for how you ought, rationally, to act, judge, and believe. We may be
able to construct cases where it is intelligible to attribute beliefs that are
consequentially inert and isolated from any others, such as: “I just believe that cows
look goofy, that’s all.” But nothing follows from that, no one is obliged to act in any
particular way on that belief, and we could not intelligibly understand all our beliefs
this way. If putting sentences onto a list (or into a box) never has consequences for
what else belongs there, then the list ought not to be understood as consisting of all of
someone’s judgments or beliefs [see 5: 191]. Understanding the significance of an
assertional move (which is a claim), requires that players understand at least some of
its consequences, that they know what else (what other moves) they would be
committing themselves to by making that claim. Brandom stresses the point that
these are rational relations. (For further game specifications, see 7: chapters 3 and 4).

6 Conclusions

Brandom says his pragmatism “offers an account of knowing (or believing, or saying)
that such and such is the case in terms of knowing how (being able) to do something”
[5: 4]. His framework might enable Conceptual Structures research to express itself
in a form through which it could apply its own technology, articulating its medium
(conceptual structures) as its message (what that medium can do in tools). Brandom’s
ideal of harmony may not satisfy Peirce’s theoretical aim, but his strategy heads
toward normative science by insisting that logic’s role is not to “trade primitive
goodness of inference for the truth conditionals of the formalist approach to logic.”
We can use conditional inferences to make implicit material commitments explicit,
but we must not assume that logical vocabulary by itself can make inferences good
inferences [see 5: 86-87]. He identifies the pragmatic role of logic in normative
terms:
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Logic transforms semantic practices into principles. By providing the
expressive tools permitting us to endorse in what we say what before we could
endorse only in what we did, logic makes it possible for the development of
concepts by which we conceive our world and our plans (and so ourselves) to
rise in part above the indistinct realm of mere tradition, of evolution according
to the results of the thoughtless jostling of the habitual and the fortuitous, and
enter the comparatively well lit discursive marketplace, where reasons are
sought and proffered, and every endorsement is liable to being put on the scales
and found wanting. [5: 153]

What if we could do the normative process of tool interface design by developing
Brandom’s notion of the game for that purpose? More significantly, what if interfaces
could be developed along with application systems (involving needs assessment,
requirements formulating, prototyping, testing, evaluation, and standardizing) within
a “harmonizing” framework, rather than as empirically observed and described
interactions, after systems are constructed? Furthermore, if the ultimate framework
for comprehending human-computer communication must be in terms anything like
human-human communication, then surely Conceptual Structures research to augment
that development should be using (at least exploring) such a dialogic game
framework? We unquestioningly accept empiricist assumptions in the prevailing
model of an “interaction process.” Perhaps we should consider Brandom’s advice:
“The more promising alternative is to focus to begin with on the conceptual
articulation of perceptually acquired and practically pursued commitments and
entitlements rather than the experiences and inclinations with which we simply find
ourselves” (which we refer to as “intuition” and treat as no different than automatic
responses, perpetuating naive nominalism). Brandom claims his strategy leads us to
expect that we will “learn more about a building by studying blueprints than by
studying bricks” [5: 32].

In the short history of interface research (which we might date from Douglas
Engelbart’s work in the 1960s [http:/sloan.stanford.edu/MouseSite/]), “user testing”
has been conducted according to empirical science principles and assumptions. Some
of us who have examined that research, can agree with Brandom that the dominant
modern tradition of empiricism has systematically slighted “the distinctive nature,
contribution, and significance of the conceptual articulation of thought and action,”
and that we have failed “to rethink from the beginning the constraints and criteria of
adequacy of the enterprise in light of the expressive power the new formal idioms put
at our disposal.” And we must agree that the empiricist program “could not in
principle do justice .. to the normativity of concept use that finds its expression
variously in the distinction between laws of nature codifying inferential relations
among facts, on the one hand, and mere regularities regarding them, on the other, and
in the difference between acting for a reason and merely moving when prompted” [5:
32]. But can we also agree that his alternative rationalist focus, on conceptual
articulation of commitments and entitlements rather than experiences and inclinations
should be primary, even in scientific inquiry?

Some scholars have attempted to explain Peirce’s pragmatism as a reconstructed
rationalism (fundamentally deductive) or an extended or radical empiricism
(fundamentally inductive). Hilda Blanco is among others who instead effectively
argue that Peirce’s theory responds to the dichotomy in traditional philosophy
between empiricism and rationalism, which are both theories of knowledge based on
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visual perception (either as the primary mode of sense perception or as an internalized
visual metaphor) [see 6: 55-61]. She explains that pragmatism’s key concept of
experience refers not to the unmediated sensory or perceptual data of the empiricists;
knowing does not begin or end with experience, but is a continuous phenomenon, also
not reducible to the rationalist ideal of a deductive system of ultimate indubitable
propositions.  Pragmatism changes the metaphor for knowing from seeing to
manipulating: knowledge of things results more from the resistance or compliance
things exhibit to our attempts at implementing them or to the habitual ways we
respond to them, than to a passive, external perception or to some ideal insight
[see 6: 45].

Peirce’s pragmatism describes the means of linking perception and insight in the
process of inquiry, by the guessing of possible links in abduction. Brandom contends
that only against the background of insight can perceived phenomena be recognized.
Peirce agrees, but stresses that when we believe we know something, we must be
forced out of that rational complacency by surprising experience that we “simply
ourselves with,” which causes us to doubt what we believed and to proceed in inquiry
toward resolving that doubt by modifying our beliefs. Knowledge requires ongoing
inquiry, progressing toward the limit of what we can only hypothesize as “objective
reality,” from rationalized experience which, without abductive and inductive steps,
would be only subjective and arbitrary. Peirce conceived pragmatism to account for
how we can know empirical experiential relations: by inferring probable antecedents
from the consequences we already know. The step of adopting an antecedent as a
hypothetical explanation (in abduction) is the method of learning by testing ideas [see
8: 254]. Peirce first regarded pragmatism as a rule for establishing the meaning of
concepts, later as a rule for selecting hypotheses, and eventually as a method for
evaluating beliefs [see 8: 259-60, 147]. Finally (by 1903), Peirce extended
pragmatism to cover the entire logic of abduction [CP 5.196]. In abduction, we:

1. experience some surprising or disturbing phenomenon (P),

2. suppose that P would be explicable as not surprising, if hypothetical condition (H)
were true,

3. accept in these conditional terms that H might be true [see CP 5.189].

We can identify Peirce’s logical stages of inquiry (deductive, inductive, and
abductive) with Brandom’s three axes of inferential relations induced by
commitments, entitlements, and their interactions, defining his ‘“normative fine
structure” of rational practices (such as the production and consumption of reasons
embodied in his pragmatic notion of the game). Abductive inference then
corresponds to the interactions of commitments and entitlements (Brandom uses the
term “modal,” rather than “abductive”) [see 5: 194; compare to Peirce’s three stages of
inquiry: CP 6.469-72]. If, in Brandom’s terms, commitments are beliefs and
entitlements are reasons for believing, to make explicit our implicit material
inferences, then Brandom’s argument for logically expressing and validating of
material inference relies on Peirce’s role for abductive inference. Brandom’s
inferentialism might be understood as trying to “harmonize” rational and empirical
elements of conceptual content (in terms of commitments and entitlements), as
Peirce’s abduction works to direct the interaction of deduction and induction in his
theory of inquiry. Helmut Pape explains: “Abduction addresses the problem of
logical continuity and singularity in the dynamics of human cognition by showing that
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there are always non-formal contents that have to be integrated into the smooth
structure of logical relations” [9: 250].

Brandom’s strategy of understanding knowledge as a normative social status, as far
as it goes, appears compatible with Peirce’s normative science, but lacks the
functional scope of Peirce’s pragmatism in its operation. Reviewing that strategy:
conceptual content is constituted by being committed in the sense that the game
requires: “as taking up a stance in an inferentially articulated network—that is one in
which one commitment carries with it various others as its inferential consequences
and rules out others that are incompatible. Only as occupying a position in such a
network can what appears to be a discursive expression be understood as
propositionally (and hence conceptually) contentful” [5: 118]. If we take someone to
know something, Brandom insists we must: “attribute a certain kind of inferentially
articulated commitment, and attribute a certain kind of entitlement to that
commitment.” In calling something “knowledge,” we are doing three things:
“attributing a commitment that is capable of serving both as premise and as
conclusion of inferences relating it to other commitments, attributing entitlement to
that commitment, and undertaking that same commitment oneself. Doing this is
adopting a complex, essentially socially articulated stance or position in the game of
giving asking for reasons” [5: 119]. But he stresses that “not all beliefs to which the
believer is entitled count as knowledge” [5: 118-19]. How then do we distinguish
knowledge from beliefs? What sort of “harmony” serves as the “objective ideal”
toward which pragmatism would have us strive to hone our beliefs: what should be
logic’s aim, according to normative science?

7 The Ultimate Challenge for Conceptual Structures Research

Missing from Brandom’s strategy is what Peirce conceived his normative science to
study. He maintained: “when one comes to such questions as ... the connection of
mind and matter (further than that mind acts on matter not like a cause but like a law)
we are left completely in the dark. The effect of pragmatism here is simply to open
our minds to receiving any evidence, not to furnish evidence” [CP 8.259].

The value of pragmatism as the method of normative science is that “abduction
commits us to nothing. It merely causes a hypothesis to be set down upon our docket
of cases to be tried” [CP 5.602]. Hypotheses are intelligent guesses or solutions to
puzzles that invite careful consideration and then perhaps testing. Conceptual
Structures tools, by which we hope to do something (by augmenting how mind acts
on matter), might be conceived as embodied hypotheses that we are prepared to test.
Beyond the abductive step of tool creation, we must then commit ourselves to some
aim (or belief) in testing (that is, to some function we claim for the tool), relying on
logic to make explicit whatever the tool does, which will entitle us to that
commitment. We can then be justified in claiming what we expect to be the tool’s
function, and in further testing others can inherit our entitlement (reason to believe
the claim). Blanco suggests that in Peirce’s terms, a claim would include a
“fallibilistic tag” as a “reference to observations, tests, and any other evidence related
to the claim, and indication of the constraints on any of these, as well as an estimate
of error.” This tagging of claims would indicate the source or direction of errors to
aid in correcting them, to ensure “‘a self-correcting tendency in inquiry” [6: 65]. How
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such “tagging” might be used in the game (to track the interactions of commitments
and entitlements) is worth investigating for use in guiding improvement.

Only by abduction do we create hypotheses (or create new solutions and tools) for
puzzles we encounter in the course of inquiry [see “meta-logical” functions, in 9:
250]. Blanco stresses that logic finds its role in situations that are indeterminate,
unsettled, and doubtful, because these qualities spur inquiry; while the quality of
wholeness, of harmony in a situation, terminates inquiry [see 6: 66]. Peirce
concludes: “all that logic warrants is a hope, and not a belief. It must be admitted,
however, that such hopes play a considerable part in logic. For example, when we
discuss a vexed question, we hope that there is some ascertainable truth about it, and
that the discussion is not to go on forever and to no purpose” [CP 2.113]. That “hope”
is the ultimate abduction. The purpose of Peirce’s normative science is to inquire into
that ultimate aim of inquiry, which drives all attempts at knowing anything more than
what we immediately experience and ensures the “Non-relativity of Knowledge” [CP
8.112].

In Peirce’s normative science of feeling, action, and thought (studied under
esthetics, ethics, and logic) [see CP 5.130], Kelly Parker explains that esthetics
describes inquiry’s ultimate abduction or highest ideal as “the quality of feeling
evoked by the process that evolves greater reasonableness and harmony out of the
plurality of things in the universe. ... not a state of absolute harmony or absence of
strife—not nirvana—but rather the feeling that accompanies increasing order and
harmony in the world of our experience.” Logic’s normative aim then is “to articulate
the conditions for veracity, under which thinking can reasonably be considered to
increase order, harmony, and connectedness in the world of thought” [10: 32, 35].
Parker formulates what he says might be Peirce’s categorical imperative: “The aims
one pursues ought above all to contribute, in the long run, to the increase of order,
harmony, and connectedness within one’s own community and world of experience.
Any action that neglects this imperative is ultimately pernicious” [10: 34; see “Gospel
of Greed,” CP 6.294]. Logic’s role is to discern the regularities and laws that can be
found in feeling, action, and thought alike, “the determination of such generals in
fluid and chaotic experience is the key to establishing order, harmony, and
connectedness in the world” [10: 35]. Logical goodness (or goodness of
representation), relies on moral goodness (or veracity), which relies on esthetic
goodness (or expressiveness) to advance knowledge toward truth, conceived as a
unifying representation of reality in the indefinite future [see 10; CP 5.137-43; 5.331].

Peirce’s pragmatism responds to that ultimate imperative, asking us at every step of
inquiry to envision (as best we can, by whatever representational means we can) if the
consequences of how we conceive the world would ultimately lead to that desirable
future. “[Representation] is that which is what it is by virtue of imparting a quality to
reactions in the future” [CP 1.343]. Representing knowledge, on Peirce’s pragmatic
account, would exemplify that evolution of inquiry, making explicit our concepts of
intuition, automation, and nominalism in the normative terms of esthetics, ethics, and
logic. Can conceptual structures tools be developed toward that ultimate aim through
Brandom’s framework?
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Notes

1.

Normative Science forms the heart Peirce’s view of philosophy as a science, in
terms of esthetics, ethics (or practics), and logic. Logic regarded as the theory of
deliberate thinking implies that thinking is controlled with a view toward
conforming it to a standard, purpose, or ideal; logic must be studied as a species of
ethics, which is a species of esthetics. Kelly Parker explains that Peirce conceives
his normative science as the study of what gives the rest of the sciences their
direction: “it is in normative science that we critically examine the ends that guide
our interactions with the world, including the action of knowing the world.
questions of value precede not only action, but they also precede most questions of
fact (excepting only the most general questions of formal fact concerning
mathematical relations, and those concerning the structure of experience which are
raised in phenomenology)” [9: 29]. Facts are value-laden, and must be understood
as such in scientific inquiry, without values being assumed to be hopelessly
relative. The inquiry of Normative Science must address that problem.

. Thought is not necessarily connected with a brain. It appears in the work of bees,

of crystals, and throughout the purely physical world; and one can no more deny
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that it is really there, than that the colors, the shapes, etc., of objects are really
there. Consistently adhere to that unwarrantable denial, and you will be driven to
some form of idealistic nominalism akin to Fichte’s. Not only is thought in the
organic world, but it develops there. But as there cannot be a General without
Instances embodying it, so there cannot be thought without Signs. We must here
give “Sign” a very wide sense, no doubt, but not too wide a sense to come within
our definition. Admitting that connected Signs must have a Quasi-mind, it may
further be declared that there can be no isolated sign. Moreover, signs require at
least two Quasi-minds; a Quasi-utterer and a Quasi-interpreter; and although these
two are at one (i.e., are one mind) in the sign itself, they must nevertheless be
distinct. In the Sign they are, so to say, welded. Accordingly, it is not merely a
fact of human Psychology, but a necessity of Logic, that every logical evolution of
thought should be dialogic. You may say that all this is loose talk; and I admit
that, as it stands, it has a large infusion of arbitrariness. It might be filled out with
argument so as to remove the greater part of this fault; but in the first place, such
an expansion would require a volume -- and an uninviting one; and in the second
place, what I have been saying is only to be applied to a slight determination of our
system of diagrammatization, which it will only slightly affect; so that, should it be
incorrect, the utmost certain effect will be a danger that our system may not
represent every variety of non-human thought. [CP 4.551 (1906)]

3. Now it may be that logic ought to be the science of Thirdness in general. But as I
have studied it, it is simply the science of what must be and ought to be true
representation, so far as representation can be known without any gathering of
special facts beyond our ordinary daily life. It is, in short, the philosophy of
representation [CP 1.539 (1903)].
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Abstract. Collaboratories are increasingly important as instruments for distrib-
uted work. They are highly complex socio-technical systems, in which often ad-
vanced ICTs need to be carefully tailored to subtle work practices and organi-
zational structures. However, despite their importance and potential impact, not
many successful examples of Collaboratories exist. One key obstacle is the com-
plexity of the testbed development process in which the collaboratory is to evolve.
In this paper, we propose a method for collaboratory improvement. We show how
conceptual graph theory can be used to help improve the testbed development
process.

1 Introduction

The scientific research community is one of the creators and oldest users of the Internet.
Already when the first computer networks became operational at the end of the sixties,
researchers started using their potential for collaboration. Although originally intended
for the mere exchange of files, enthusiastic users immediately invented e-mail, one of the
current killer applications. Internet-based technologies have developed at a phenomenal
rate, both in reach and range. The privileged happy few from the early days have become
a worldwide population of hundreds of millions of active users. Moreover, the primitive
file exchange technologies from the beginning have evolved into a huge toolbox of
functionalities. Much attention has been paid to the needs of individual users: e-mail,
information retrieval applications like search engines, office tools, and so on. However,
collaborative applications are still underdeveloped. Despite the billions of dollars poured
into research into computer supported cooperative work, most collaborators still use
powerful but primitive technologies such as mailing lists. Although these tools have
proven to be very successful in bringing people together into virtual communities, they
have many limitations such as information overload, navigation problems, primitive
workflow management capabilities, and lack of customization. This negatively affects
motivation and the accomplishment of joint objectives.

One major cause of problems is that the usefulness of knowledge tools is not rig-
orously evaluated [20]. The scientific community being global and therefore to a large
extent virtual in nature, and having a strong drive to collaborate, is among the first to
have become aware of the need for systematic support for the evolution of its socio-
technical systems. It is no longer enough to just offer a toolbox with many hammers
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and nails, and then to wait for a virtual house in which to collaborate to construct it-
self. Instead, perspectives, methods, and techniques need to be developed in which such
socio-technical systems are developed more effectively and efficiently. This takes place
in collaboratories.

A collaboratory consists of “various tools and technologies ... integrated to provide
an environment that enables scientists to make more efficient use of resources wher-
ever they are located [19]”. Since research collaboration is highly complex, constantly
changing, and in need of many sophisticated ICTs, such integration of tools into a com-
plete environment is not trivial. In collaboratories, a structured and fine-tuned testbed
development process should therefore be adopted in which guided experiments with
various technologies efficiently lead to more effective community information systems.
However, what properties such an evolutionary process should have, let alone how it is
itself to be supported by information systems is still unclear. In earlier work, we outlined
parts of the solution for collaboratory process improvement. In [6], we described how
Conceptual Graphs could be used to improve the pragmatic inquiry process needed for
more focused testbed development. In [5], we explained how formally modelling tool
contexts could be helpful to this purpose as well. Using this previous work as a starting
point, our purpose in this paper is twofold: (1) to explicitly model the collaboratory
testbed development process using conceptual graphs and (2) to use this formalization
to improve this process. Conceptual graphs are the formalism of choice since they are
very useful in pattern matching, which we will show to be essential in this process.

In Sect. 2, we show how collaboratories can be viewed as evolving socio-technical
systems. Sect. 3 studies some knowledge structures useful for the modelling of collabo-
ratory improvement. In Sect. 4, we present our method for collaboratory improvement.
We end the paper with conclusions.

2 Collaboratories: Evolving Socio-technical Systems

Already from the beginning, collaboratory research has focused on socio-technical sys-
tems. For example, the definition adopted by the National Science Foundation in the
early years of collaboratory research was: “ [A collaboratory consists of] various tools
and technologies [...] integrated to provide an environment that enables scientists to make
more efficient use of resources wherever they are located” [19]. However, the insight is
gaining ground that collaboratories are especially entities that support rich and recur-
ring interaction around a common research focus, the critical element for their success
thus being the opportunities they allow for encounters, discussions, and the sharing of
ideas [10]. A very important question therefore is “how to support communication that
permits human cooperation even when the evolutionary social mechanisms that depend
on proximity are absent [15].”

2.1 The Testbed Development Process

Despite their great potential, collaboratories have not grown as much as originally en-
visioned. This is not so much a failure of the original vision, but a consequence of the
great difficulty of supporting complex group work in virtual settings [10]. Successful
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collaboratory development requires (1) a system architecture and integration to explore
ways that people and machines can use component technologies most effectively, (2) a
research program to study the conditions required for collaboration, and (3) user-oriented
rapid-prototyping testbeds, to understand the impact of the technologies used [19]. Al-
ready in the very first report on collaboratories, the essential role of testbed development
for collaboratory construction in various scientific disciplines was stressed [17]. Testbeds
must be established in actual working contexts, where the required tools for data access
and communication can be designed, developed, and tested within a program of proto-
typing, testing, and evaluation that can support continuous development. Mary Keeler’s
PORT (Peirce Online Resource Testbeds) project is an important initiative, which aims
to produce an integrated context view of such development, using a collaboratory on the
interpretation of Charles Peirce’s manuscripts as an example [13].

To conceptualize an approach for formally modelling and supporting the testbed
improvement process, we build on two streams of thought: Douglas Engelbart’s ideas on
improving the process of co-evolution of the social and the technical systems, and socio-
technical interaction networks as a way of formally modelling improvement patterns.

Engelbart has spent his life studying how to improve systems development by long-
term, pragmatically guided whole-system evolution. With today’s dazzling rate of tech-
nological progress, tool functionalities are developing faster than man’s ability to use
them to the fullest. Engelbart’s mission is to find ways to accelerate our intellectual
development, so that we can keep up with our tools and improve their co-evolution with
work practices [12]. In his view, one is notjust to focus on the co-evolution of Human and
Tool-systems, but also to continuously improve the design process itself [8]. In his CO-
DIAK (COncurrent Development, Integration and Application of Knowledge) process,
he describes a vision for increasing the capabilities of organizations to “improve their
improvement” [9]. It consists of intelligence collection (to identify problems, needs,
and opportunities), dialog records (to conduct and coordinate improvement dialogs),
and knowledge products (that capture relevant improvement project status and plans).
However, these artefacts are not an end, but only a means to improve improvement ca-
pabilities and processes. This is in line with modern views on knowledge management,
which claim that tacit and explicit knowledge both have specific, inter-related roles to
play in optimizing knowledge creation processes [18].

A good way to capture the structure and behaviour of collaboratories, is to see them
through the lens of socio-technical interaction network (STIN) theory, which is rooted
in actor-network theory [14]. Using the theory to do careful empirical analyses of work
situations, it was found that almost identical technologies are often configured very dif-
ferently in practice. The theory acknowledges that collaboratories can be seen as layered
systems of technical and social components. However, it takes issue with the fact that
in traditional socio-technical systems analysis the technology often predominates. In
contrast, STIN analysis has a more integrated view of the interaction between humans
and technologies. Technologies are not a given, to which the social system has to adapt.
Rather, there are many social characteristics that help shape the technologies, but are
also being formed by them. STIN models take into account such issues as actor relations,
content control, resource dependencies, work to make the system useful and sustainable,
translations to mobilize resources, and business model and governance structures. The
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models can be used to analyze the complex interactions between people, between people
and technologies, and between technologies themselves. Social analysis is required in
all stages of the collaboratory lifecycle, including planning, development, configuration,
use, and evolution. These forms of analysis acknowledge that ‘users’ are too shallow a
construct for obtaining useful insight in collaboratory improvement. Instead, the mod-
els provide socially richer characterizations of people working and communicating in
complex, overlapping socio-technical networks.

Combining Engelbart’s views on testbed development improvement with the basic
ideas behind socio-technical interaction networks seems a feasible approach toward mod-
elling testbed development improvement. However, both approaches are still qualitative,
informal and disjoint. Collaboratory improvement, with all its inherent operational and
evolutionary complexities, could benefit greatly from a - partially - formal approach. In
this way, more systematic analysis methods and supporting tools can be developed. In
the remainder of this article, we will outline the foundations of how such an approach
could look like, using conceptual graphs as the knowledge representation and reasoning
formalism. First, we introduce some relevant knowledge structures.

3 Knowledge Structures for Collaboratory Improvement

Based on Engelbart’s views, we distinguish several systems providing contexts of in-
terpretation of tools. Next, we acknowledge the need for improvement patterns, and
analyze one promising direction: a socio-technical pattern language. We then explain
why conceptual graphs are our knowledge formalism of choice.

3.1 Tool Contexts in Testbed Development

As a starting point for our approach, we use Engelbart’s insights into co-evolution im-
provement to create a layered tool context model. Focal constructs in these contexts
are processes, since obtaining better quality testbed dynamics is at the core of what is
needed. Based on Engelbart, we distinguish four layers of testbed processes:

— Information/Communication (I/C) processes: the processes enabled by the tools.

— Workflows: the processes in which tasks are executed and coordinated so that the
goals of the community can be accomplished.

— Design processes: the processes in which the users reflect on their work and I/C
processes and propose modifications to the design of their socio-technical system
so that workflows can become more effective and efficient.

— Improvement processes: the processes in which the design processes themselves are
made more effective and efficient.

These processes are organized in four nested systems: the information system, work
system, design system, and improvement system respectively. Each higher-order system
provides a context for the system it embeds. For example, the information system is
embedded by the work system, which thus defines the context of use of the information
system. Similarly, the design system provides the context of change of the work system,
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and the improvement system the context of optimization of the design system. Collab-
oratory improvement can only occur systematically if all systems and their interfaces
are clearly defined at the level of detail required by the particular community. The ad-
vantage of modelling collaboratory improvement as a set of embedded systems is that
it allows for the abstracting of details less relevant to a particular improvement purpose.
For instance, sometimes the improvement may focus on the information system, when a
new tool needs to be evaluated. In other cases, the community may not be interested so
much in the particular details of its current socio-technical system, but want to focus on
how it can improve its evolutionary practices. Using this contextual framework, testbed
development methods can be more systematically created, interpreted, and changed.

3.2 Improvement Patterns

Using the tool context model allows us to conceptually distinguish between the layered
elements of improvement knowledge. However, in order to reason about properties of
this knowledge, such as about knowledge gaps, we need to use modelling approaches that
are well suited to the particulars of this kind of knowledge. As the theory and findings on
socio-technical interaction networks show, socio-technical systems knowledge evolves
in fragmented, partial ways. Furthermore, testbed development knowledge often has
different degrees of specificity: at the beginning of a project, some aspects, such as which
particular workflows to support by what tools can remain undefined, while some other
issues, as who to involve in a particular design process may need to be very precisely
defined. How to combine this fragmented and diffuse knowledge evolution process with
the systemic view proposed by Engelbart?

Patterns are good ways to capture such knowledge and place it in a system context. A
pattern is something designed or used as a model for making things (Merriam-Webster).
The following statements more precisely indicate the power of patterns:

A pattern is a careful description of a perennial solution to a recurring
problem within a building context, describing one of the configurations which
brings life to a building.

A pattern language is a network of patterns that call upon one another.
Patterns help us remember insights and knowledge about design and can be
used in combination to create solutions. (both quotes from Alexander et al,
1977, in [22]).

Humans are very good at using patterns to order the world and make sense of things
in complex situations [16]. In the information systems literature, patterns are gaining
prominence as a way to deal with the complexity and dynamics of the real world. For
example, workflow patterns can be used to develop ideas on how to implement certain
business requirements given that a workflow server already exists. Others focus on de-
veloping pattern languages that capture communication knowledge of large, distributed
communities [22]. In collaboratory evolution, a structured representation facility for
efficiently reporting, tracking, and mapping advancements within projects is essential,
making it possible to compare patterns of development and trace similarities and differ-
ences among project technical requirements [13].
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Thomas et al. give a good description of the role that patterns can play in socio-
technical systems improvement, and propose a socio-technical pattern language to make
the software development cycle more effective and efficient [24]. In outlining the ele-
ments and use of this language, they pose three important questions: (1) how to guide
pattern authors to help produce clear, understandable and helpful patterns? (2) how to
support users to explore a design space using patterns? (3) what is the relation between
a pattern and software components?

Important as an informal pattern language may be, it is not enough to ensure effective
and efficient pattern use. Improvement patterns outline dependencies between events in
the collaboratory and actions to be taken, by the system or the users. Often, human
beings will need to be the agents to signal the need for change, but computers can help
monitoring and managing the complex chain of change actions required. Even in small
examples like the case mentioned next, people are already at a loss of doing so, as
many of the case participants have reported. Thus, the informal pattern language helps
to identify what needs to be done when, but in addition some (semi)-formal knowledge
representation and reasoning method can be helpful to activate that knowledge. For this
purpose, conceptual graphs are our formalism of choice.

3.3 Using Conceptual Graphs

Collaboratories are complex and dynamic networks. Important properties of networked
societies are that they are loosely organized, their boundaries are permeable, they are
often imperfectly integrated, have (reconfigurable) nodes that may be part of other net-
works, and have flat and recursive hierarchies [14,25]. Semantic networks are useful
forms of network knowledge representation, as they use links to both record facts and
to provide associative access paths, by which facts can be accessed from each other.
These paths are then the basis for efficient reasoning algorithms [27]. In fact, the ability
to represent and use these links is essential in defining the knowledge of a collaborative
community [2].

Conceptual graphs are a flexible and extensible method for knowledge representation.
Conceptual graphs are particularly useful forms of semantic networks, as they also
include generalization hierarchies (of types, relations, and complete graphs), with a
set of powerful operations that make use of properties of the hierarchies of graphs
and their components. Conceptual graphs not only allow the description of complex
domain knowledge, but also to validate that knowledge against meta-knowledge about
the domain. Thus, they are very well suited to represent and reason about the context of
pattern knowledge, which, as we argue, is a prerequisite in collaboratory modelling.

4 Towards a Method for Collaboratory Improvement

The previous section outlined the main knowledge structures needed to conceptualize
collaboratory improvement, and presented a context- and pattern-based view on the
testbed development process. The current section describes the method that formalizes
the process in which these knowledge structures are put to use. The method uses concep-
tual graphs as a formal backbone to initialize focused conversations for specification.
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To illustrate the method, we first introduce a case. We then examine the role of con-
versations for specification in collaboratories. To better support these conversations, a
collaboratory improvement ontology is introduced, which forms the conceptual basis
for our architecture of collaboratory improvement systems.

4.1 Case: The Tools-Yak Community

Blue Oxen Associates' aims to develop the art and science of collaboratories and in this
way to contribute to the common good. One of its initiatives is to develop collaboratories
on collaboratories. To this purpose, it hosts several mailing lists, one of them being the
Tools-Yak list>. By discussing the ways tools could and should be used in collaboratories,
and then implementing and testing proposed solutions, the community formed around
this list aims to find principles and practices that contribute to better socio-technical
systems for collaboratories. The list has been operational since December 2002. The
list has attracted and sustained high-quality discussions, resulting in several interesting
experiments and evaluations. As such, it seems a good candidate to illustrate some of
the ideas proposed in this paper.

To get an idea of the complexity of collaboratory conversations, we show some
illustrative data. For the example, we analyzed the mailing list archive of the first half
year of the Tools-Yak community. As in this paper we cannot go into depth, we give an
example of only one particular tool being examined in the community: Purple Numbers.
One problem with Web pages is that it is hard to refer to specific items in a page.
This makes linking often too coarse-grained. To increase the granularity of web links,
software has been developed to automatically add ‘purple numbers’ to each paragraph in
aweb page. Instead of just linking to a page and then making cumbersome and possibly
erroneous references to the “second section, first line”, one can now include a link to
the specific paragraph of a Web document. It is a simple (technical) idea, but turns out
to have important socio-technical ramifications. This is illustrated by the following key
indicators:

From December 2002 - May 2003, 95 mails were exchanged on the implementation
or use of purple numbers. 17 people were involved in those discussions, with an average
of 5.6 mails per person, and a standard deviation of 6.0. In this period, purple numbers
were mentioned in no less than 23 threads. The average length of those parts of the
threads in which purple numbers were mentioned, was 4.1, with a standard deviation of
6.6. There were several interesting outliers: one person, a coordinator of the community,
contributed 24 messages. Furthermore, one thread, on the role of purple numbers in
e-mail was extremely long: 31 messages.

Quantitative data on collaboratory improvement are still scarce in the literature. Al-
though benchmarks are lacking to fully interpret their meaning, the presented indicators
may help to appreciate the complexity of collaboratory development. They are typical
of successful virtual communities, in which there is broad participation, some of it initi-
ated by a facilitator, and in which a wide range of topics is discussed, sometimes leading
to passionate debate. However, in Tools-Yak, many community members have voiced

! http://www.blueoxen.org
2 hitp://collab.blueoxen.net/forums/tools-yak/
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the concern that the quality of the collaboratory improvement content is excellent, but
that many good ideas are lost because of their fragmentation across threads and lack
of follow-up. Thus, much is to be gained by improving the quality of the collaboratory
improvement process.

4.2 Conversations for Specification

The lifeblood of any community, collaboratories not excluded, are conversations. There
are many types of work-related conversations, one of which is the conversation for
action, in which the goal is to coordinate explicit cooperative action [26]. Another major
class of conversations in collaboratories are conversations for specification. We define
such a conversation as a self-contained unit of communication to accomplish certain
specification objectives, like the specification of an experiment for testing a tool in
its context of use. Evidence for the effectiveness of predefined conversation models
is ambiguous, however [1]. We therefore require a conversation to be only partially
structured in the sense that only main specification process entities need to be defined.
However, the format of the utterance acts in which these definitions are made can remain
free, as is the case in e-mail conversations. We propose that such partially-formalized
conversations are crucial in providing adequate support for collaboratory improvement.

There is great value in free-form e-mail message exchange, as it does not constrain
users in artificial formats which may have little meaning to them. However, e-mail does
not support productive conversations per se [21]. Its free form is not only its strength, but
also its weakness. Most explicit dependencies in e-mail are chronological: somebody
sends an e-mail with a question or an idea, one or more people respond, those replies
themselves attract new replies, and so on. Mostly, e-mail discussions on a particular
topic are prolonged, divergent, and repetitive. Such problems lead to many process
inefficiencies, as has been studied extensively in, for example, the literature on the IBIS
(issue-based information systems) paradigm [3]. We conjecture that such conversation
process inefficiencies, not lack of motivation, may be one of the most important reasons
that successful collaboratories are so few and far between.

The question now is: can we reduce conversation inefficiencies using some form
of (conceptual graph-based) formalization, without losing the strengths of informal (e-
mail-based) conversation? In other words, can formalization, used wisely, contribute to
collaboratory improvement? The answer is to be found in defining a practical form of in-
cremental formalization. This enables users to choose when and how to add finer-grained,
computer-readable codification to informal content [23]. In this process, boundary ob-
jects are defined: objects which are both plastic enough to adapt to local needs and the
constraints of several parties employing them, yet robust enough to to maintain a com-
mon identity across sites (Star and Greisemer in [23]). These formal boundary objects
form a process space that circumscribes rather than exactly prescribes all aspects of col-
laborative work [11]. As such, this way of thinking fits very well with the pattern-oriented
design philosophy.
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4.3 A Collaboratory Improvement Ontology

The core of the formal part of our architecture is a collaboratory improvement ontology.
The current ontology is by no means complete, but forms a sufficient root hierarchy to
be further refined and extended in future collaboratory research efforts.

At the heart of collaboratory improvement is the process of pragmatic inquiry, as
described in [6]. Here, the improvement process is seen as a continuous process of
hypothesis testing on the role that tools should play in the collaboratory. Proposed
hypotheses on, for example, which tools to use to support a particular workflow, can
be implemented and tested, and their usage evaluated based on certain community-
defined criteria, such as security and userfriendliness. After evaluation, a hypothesis is
labelled either as failed or succeeded. The socio-technical system itself can be defined in
many different constructs, three of which are named here: element-definitions describe
parts of the various (information, work, design, and improvement) subsystems making
up the total socio-technical system. Mappings connect elements from these subsystems.
One example of a mapping is a support definition, which links tools in the information
system to workflow definitions in the work system. Socio-technical (system) patterns,
finally, can be constructed of any (cross-sections) of the other elements. For example,
“Who Speaks for Wolf” is a powerful socio-technical pattern aimed at engaging all the
stakeholders in a design discussion, also those who are absent at a meeting[24]. The
focus of this particular pattern is on roles and processes in the design system: make
sure to involve all end users in changes to their socio-technical system, etc. However,
it also optimizes this process in the improvement system, specifying, for example that
bad designs need to be weeded out, that stakeholders should be involved in the design
process early, etc. Such qualifications of the design process should be modelled in the
highest-level improvement system. The type hierarchy of the ontology is given next.

T> T > T>
Criterion > Process > System >
Definition > Design_Proc Des_Sys

Element 1/C_Proc Impr_Sys
Mapping > Impr_Proc > Info_Sys
Support Propose_Hyp Work_Sys
STS_Pattern Test_Hyp Tool >
Hypothesis > Workflow > Mailing_List
Prop_Hyp Archive Wiki
Tested_Hyp > Discuss .
Failed_Hyp
Succ_Hyp

Note that many of these concepts have proper type definition graphs. These can be
used to enforce required semantics, but have been omitted for lack of space. Furthermore,
this ontology contains some domain-specific concept subtypes, such as Mailing List and
Wiki-Tools, and Discuss and Archive-Workflows. In other cases, these specific types
could be different.

4.4 An Architecture for Collaboratory Improvement Systems

Fig. 1 outlines the architecture of the system we propose to be used in support of the
collaboratory improvement process. It is based on Dan Corbett’s important vision of
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Fig. 1. An Architecture for Collaboratory Improvement Support

at unification can be made [4]. The outline of our architecture is as follows. As e-mail
conversations for specification take place, users can identify key mails. These are e-mails
in which, in the user’s opinion, important collaboratory improvement suggestions are
made. For example, the author of the very first e-mail to Tools-Yak, Eugene, indicated
that two tools had been installed: Mailing Lists and Wikis. The mailing list was to sup-
port the discussion and list archiving-workflows, whereas the Wiki was to be used for
management of the knowledge obtained in the collaboratory discussion.

As soon as a key mail has been recognized, the Index Wizard is invoked. In a simple
(pseudo-natural language) dialogue, the user is quizzed by the system. To do so, it can use
(an extended version of) the ontology given above. Many advanced querying techniques
have been developed in the CG community over the years. A very simple scenario of
how a key mail could be indexed is the following.

- After Eugene indicates that the current mail is a key mail, the system presents Eugene
with list of indexing options:
(a) Describe tool functionalities;
(b) Describe workflow properties;
(c) Describe workflow support

— Eugene selects option (c)

— The system retrieves all subtypes of this Tool-concept, including Blog, Mailing_List
and Wiki; the same goes for the subtypes of Workflow. The system presents these
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concepts as a simple HTML-pulldown menu, from which Eugene has to select
which workflow is supported by which tool. Furthermore, he is asked whether the
discussion is about the results of an experiment already conducted, and whether
this experiment was successful or not, or whether it is about a new experiment.
The system would store this result by adding a relation to the STS-graph with a
Succ_Hyp, Failed_Hyp, or Prop_Hyp concept, respectively.

The result of this human-machine dialogue is an STS (socio-technical system)-graph,
which is stored in the STS-knowledge base. In case of the first mail, this graph obtained
from the dialogue could look like this:

[STS_Pattern] -
(Part) -> [Prop_Hypl
(Part) -> [Support] -
(Inst) -> [Mailing List]
(0bj) -> [Discuss]
(Part) -> [Support] -
(Inst) -> [Mailing List]
(0bj) -> [Archivel
(Part) -> [Support] -
(Inst) -> [Wiki]
(0bj) -> [Knowledge_Management]

Note that the graph represents a proposed hypothesis: the coordinator expects the
tools to be used this way, but as the intensity of the discussion in the following half year
has shown, many modifications were proposed. Had our system been available, many
additional graphs could thus have been added to the knowledge base.

Now, assume that Mary, the coordinator of the PORT collaboratory, would like to
find out about possibly useful experiences and contacts related to the following question
she has: are there actually any successful user experiences with tools for knowledge man-
agement in collaboratories? Her interaction with the index-wizard leads to the following
formal representation of her query:

[STS_Pattern] -
(Part) -> [Succ_Hyp)
(Part) -> [Support] -
(Inst) -> [Tool]
(0bj) -> [Knowledge_Management]

To find relevant conversations, the improvement query is projected on the STS-KB.
In this case, the STS graph representing Eugene’s mail is not retrieved, as it is not a
specialization of the query. Assuming this is the only graph in the KB, the query fails. In
a subsequent dialogue with the wizard, Mary decides to generalize her query: she is not
just interested in successful experiments, but in any experiment. The first Part-relation
of her query is therefore dropped. Querying the knowledge base again this time returns
Eugene’s graph. The Presentation Wizard uses this graph to initiate a dialogue with Mary
on whether this is what she wants. The conversation looks interesting, and she wants to
know more. The system then creates a maximal join of her query with Eugene’s graph,
stores this new graph in the KB, and initiates a new conversation to which both Mary
and Eugene are invited. The link to the initial node of this conversation is stored with
the graph in the knowledge base. The participants can then use the normal discussion
tools like e-mail and mailing lists to exchange tips and tricks. If in the future somebody
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has a query like Mary’s initial one, this person will now immediately be guided to the
log of the new query, which is much more specific than the thread started by Eugene’s
initial mail.

The system has been partially implemented using Adil Kabbaj’s PROLOG+CG". Of
course, many technical extensions are conceivable. Once pointed to relevant discussions,
the users could also use the more traditional discussion tool navigation functionality, for
example search-options in a mailing list-archive, to further expand the context of inter-
pretation of a particular improvement proposals. Additionally, content-based automatic
mail-indexing tools, such as developed in the FCA community could also be added.
However, such enriched content analysis is not the focus of this paper: our contribution
has been to find a subtle balance between the strength of human collaborators (interpreta-
tion of rich e-mail content) and the power of machine systems (automatic inferencing of
complex pattern knowledge), so that current bariers to socio-technical system evolution
can be reduced.

In sum, the contribution of this approach is that collaboratory improvement is framed
as a problem of socio-technical system evolution; that these abstract ideas are opera-
tionalized in a practical use-situation ; and that a fine-balanced mix of human natural
language interaction is coupled with powerful graph matching to find links to rich human
conversations, to be interpreted by people. The innovation of this approach is that the
indexing by people is very simple, and hardly disruptive, while simultaneously being se-
mantically very rich, as the index graphs are framed in terms of a socio-technical system
improvement ontology. This meta-level reasoning, which makes good use of generaliza-
tion hierarchies of the index graphs, helps people find relevant mails more easily than
possible with current keyword searches. Such an approach will become truly powerful
when multiple collaboratories start using this or a similar ontology: cross-community
learning can then take place between communities that do not even know each other.

5 Conclusions

Improvement patterns are an essential element of collaboratory evolution. They capture
collective wisdom and can be used in various ways, for example, in guiding discussions
or designing tools that are customized to the complex needs of a particular community.
Although improvement pattern confent is quickly maturing, many process inefficiencies
of how to effectively use these many rich and - by definition - partial patterns remain.

In this paper, we proposed the outline of a semi-formal method to help collabora-
tories more efficiently establish contacts and tune in to relevant informal collaboratory
improvement discussions, across cases and communities. Our model is grounded in En-
gelbart’s context-based philosophy of the socio-technical system improvement process
in combination with a pattern-based view to deal with the partiality and specificity of
this process. We formalized this model using conceptual graphs.

The basis of the formal model is an ontology of collaboratory improvement. We
showed how the collaboratory improvement process can be modelled as a search for a
match between an improvement query graph and the graph definitions representing the

3 http://www.insea.ac.ma/CGTools/PROLOG+CG.htm
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existing socio-technical system. Queries themselves become the basis for new socio-
technical system graphs. All graphs are linked to specific conversations in the collabo-
ratory. The main use of the retrieved graphs is to act as indices to previous community
discussion, and as initiators of new discussion.

The ultimate goal in collaboratory improvement is to build active knowledge systems:
systems that have the capability to solve practical and complex problems. Crucial to
such systems is that they can interact and not just interface with the real world [7]. A
collaboratory improvement system that would make use of the approach described in this
paper, combined with, for instance, actor-based checks for improvement opportunities
and automatic notification of key users, could be a major step forward on the way to
more powerful and tailored collaboratory development.

Another implication of this work, is that it may give conceptual graph theory a class
of practical and theoretical problems that do justice to its power and elegance. It has
often been said that this theory was ahead of its time, in a way a solution looking for
a matching problem. The area of collaboratory improvement, with its high significance
in for instance the research and business domains could prove to be one of the ‘killer
problems’ our field has been waiting for.

By combining the representational and reasoning power of conceptual graphs with
the - fortunately - unique capabilities of human beings to interpret and frame improve-
ment problems and their solutions, we have presented one operationalization of the
essence of Engelbart’s vision on using computer technology to augment collaborative
communities. We hope that others will extend this preliminary work and use it to develop
the collaborative methods and systems that are essential in an ever more complex and
dynamic society.
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Abstract. The investigation into the intrinsic nature of relations has led to the
development of the Relation Element theory. At present, there is no significant
initiative to comprehensively describe the intrinsic nature of relations in onto-
logical representations for the Semantic Web. The use of relation elements can
describe the nature of relations in knowledge domains beyond the capabilities
of currently popular knowledge representation paradigms for the Semantic Web
such as OWL and DAML. With this in mind, this paper presents an implemen-
tation of the relation element theory for the Semantic Web using the reification
feature of RDF/RDFS. The reasons for the inability to use DAML or OWL for
defining relation elements are discussed with possible solutions. Finally, some
of the possible benefits of using relation elements to define the intrinsic nature
of relations for Semantic Web applications are also proposed and demonstrated
in this paper.

1 Introduction

The chief objective of the Semantic Web [1] is to format the extensive knowledge,
data and meta-data stored in the World Wide Web for processing by intelligent
agents. This involves using standardized sets of markup tags on Web pages that can
be used to encode the information contained in them.

In keeping with the decentralized nature of the Web, the Semantic Web is a col-
lection of ontological representations of knowledge domains spanning the dimensions
of human knowledge. The ontological representation of a knowledge domain com-
prises definitions of classes, individuals and the properties of those classes and indi-
viduals. Properties capture the descriptive attributes of classes and individuals; and
also the relationships between them.

The Resource Description Framework (RDF) [2] and RDF Schema (RDFES) [3]
were among the very first markup formalisms that could be used on Web pages to
encode information in the context of the Semantic Web. RDF can be used to declare
the meta-properties of Web pages or “resources” in the form of Object-Attribute-
Value triples while RDFS provides a standard set of constructs used by RDF repre-
sentations at a higher level of abstraction. In summary, RDF/RDEFS is a very basic
Knowledge Representation (KR) formalism that can be used to define classes and
properties and to specify subsumption hierarchies among the defined classes and
properties.

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 275-286, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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The main drawback of RDF/RDEFS is the lack of formal underlying model se-
mantics as pointed out by Pan and Horrocks [4]. This drawback is absent in more re-
cent and popular Semantic Web languages such as the DARPA Agent Markup Lan-
guage (DAML) [5], developed by the Defense Advanced Research Projects Agency
(DARPA), the Ontology Inference Layer (OIL) [6] and the Web Ontology Language
(OWL) [7, 8], developed by the World Wide Web Consortium (W3C). These lan-
guages are based upon Description Logic (DL) formalisms [9], which provide very
rich semantics for the definition of concepts and their relationships in a knowledge
base as compared to RDF/RDFS.

However, the increased semantic expressiveness offered by these underlying DL
systems is more biased towards classes (or concepts) than relations (or roles) between
these classes. It is possible in these DL systems to make statements about sets of con-
cepts such as to declaratively specify that two classes are disjoint. However, once a
fixed conceptual framework is established, that is, the classes and relations have been
defined for some universe of discourse, analogous declarative statements are not pos-
sible about sets of relations due to the absence of reification mechanisms. This DL
system limitation has been noted in our earlier work regarding the modeling of UML
inter-link constraints asserted upon associations using OWL [10]. For example, it is
not possible in DL systems to assert that two relations are disjoint, nor is it possible to
make statements about the intrinsic nature of relations. It is proposed that augmenting
DL systems and DL-based languages, such as OWL and DAML, with richer seman-
tics for relations, including mechanisms for reification, will benefit inference mecha-
nisms on the Semantic Web.

The next section presents an effort using RDF/RDEFS to represent the intrinsic
nature of relations beyond the capabilities of DL-based languages. The reasons for the
impossibility of defining relation elements using DL-based languages such as OWL
and DAML are also discussed. Section 3 presents an overview of relation element
theory and discusses in detail some of the possible ways in which richer relation se-
mantics can benefit knowledge representation and management for applications on
the Semantic Web. Section 4 outlines conclusions and possible future areas of work.

2 Using RDF/RDFS for Relation Semantics

Huhns and Stephens [11] have defined a set of meta-properties or “relation elements”
viz. composable, connected, functional, homeomerous, intangible, intrinsic, near,
separable, structural and temporal that can be used to describe the intrinsic nature of
a relation between two entities. Given a relation, each of these meta-properties can
take a value from {yes, no, n/a} to denote, yes the property holds, or n/a the property
is not applicable or no the property does not hold between the domain and range ele-
ments of the specified relation. This vector of meta-properties can be used to describe
3! different relations on the basis of the nature of the relationship between the do-
main and range. Additional relations could be defined when accounting for the possi-
bility that two given relations could potentially have the same vector instantiation, but
differ in their domain and/or range; therefore making each unique. The definition of
each of these relation elements is as follows [11]:
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a) Functional: Ifthis relation element takes the value yes, the domain element is
in a specific position that supports the functional role of the range element.

b) Homeomerous: If this relation element takes the value yes, the domain ele-
ment is made of the same “stuff as the range element. Moreover, every do-
main element paired with a given range element must be made of the same
“stuff”.

¢) Near: Ifthis relation element takes the value yes, the domain element is spa-
tially or temporally near the range element. In terms of time, the domain and
range elements would be contemporaneous while in terms of space, they
would be located in physical proximity to one another.

d) Separable: If this relation element takes the value yes, the domain element
can be separated from and can exist independently of the range element

e) Composable: If this relation element takes a value of yes, the relation can be
composed with other relations.

f)  Connected: Ifthis relation element takes the value yes, the relation element is
temporally/physically connected to the range element directly or transitively.

¢) Intangible: If this relation element takes the value yes, the domain and the
range element have a hierarchical relationship with regard to ownership or
mental inclusion.

h) Intrinsic: If this relation element takes the value yes, the relation can be
viewed as a descriptive attribute of the domain element. If it takes a value no,
the relation is simply a descriptive attribute of the range element.

i)  Structural: If this relation element takes the value yes, the domain and range
element have a hierarchical relationship with the domain element below the
range element in the hierarchy. If it takes a value no, the range element is
below the domain element in the hierarchy.

j) Temporal: If this relation element takes the value yes, the domain and the
range elements are temporally related to one another with the domain ele-
ment preceding the range element. If it takes a value no, the range element
precedes the domain element.

In [12], the reification feature of RDF/RDFS has been used to implement a
vector of relation elements to describe every relation in a simple ontology. Reification
is the most controversial and least understood feature of RDF/RDEFS. Reification al-
lows for statements about classes and properties to be treated as classes themselves.
The controversy arises because reification allows knowledge engineers to avoid as-
serting the validity of the information or knowledge that they provide. Used in a re-
stricted sense however, it lends itself well to the cause of specifying properties of
properties, or meta-properties. Fig. 1 illustrates a property definition in RDFS.

Each of the meta-properties is defined in RDF as a property having a property
and a string literal as its domain and range as shown in Figure 2. The use of relation
elements in this way to describe relations would not be possible without reification or
the ability to treat properties in the same way as concepts. This is not the case in cur-
rent state-of-the-art KR formalisms such as DAML, OIL and OWL, which are based
upon DL systems that do not support reification. Moreover, DL systems do not pro-
vide constructs to define properties in the same breadth of detail as classes.
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<rdf:Property rdf:ID=" subEvent">
<rdfs:comment> subEvent (Eventl, Event2)means Ewventl is a
subEvent of Ewvent2
</rdfs:comment>
<rdfs:domain rdf:resource="#Event"/>
<rdfs:range rdf:resource="#Event"/>
<uofM_eece:composable> yes
</uofM_eece:composable>
<uofM_eece:connected> yes </uofM_eece:connected>
<uofM_eece: functional> yes
</uofM_eece: functional>
<uofM eece:homeomerous> no
</uofM_eece:homeomerous>
<uofM_eece:intangible> no
</uofM_eece:intangible>

<uofM _eece:intrinsic> ves </ucfM_eece:intrinsic>
<uofM_eece:near:> yves </uofM_eece:near>
<uofM_ eece:separable> o </uofM_eece:separable>

<uofM_eece:structural> n/a

</uofM_eece:structural>

<uofM eece:temporal> no </uofM_eece: temporal>
</rdf : Property>

Fig. 1. Definition of a property using a set of meta-properties in RDF/RDFS

<rdf:Property rdf:ID="composable”>
<rdfs:domain rdf:resource="#subEvent”/>
<rdfs:range rdf:resource="&xsd;StringLiteral”/>
</rdf:Property>

Fig. 2. Definition of a meta-property in RDF/RDFS

Constructs from OWL and DAML can capture inclusion relationships among
relations, apart from the transitivity, asymmetry and reflexivity of relations but not
reification. This is the reason that relation element semantics are not supported in
such DL-based KR paradigms. An extension to the underlying DL system to treat
relations in the same level of detail as concepts would enable the definition of relation
elements using OWL. Note that relations correspond to object properties in OWL and
DAML or simply properties in RDF and RDFS. These richer relation semantics
would subsequently benefit inferencing mechanisms for Semantic Web applications.

In the next section, some of the work in relation element theory is summarized
and the benefits of relation elements from the perspective of the Semantic Web are
discussed.

3 Relation Elements for the Semantic Web

Relation elements were first proposed by Chaffin and Hermann [13]. Relation ele-
ments are used to describe relations and can also be used for the analysis and classifi-
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cation of relations. This is because relation elements explicitly capture the intrinsic
nature of the relationship between the domain and range entities.

It is proposed that using relation elements to describe properties of relations or
object properties on the Semantic Web will have quite a few benefits for automated
inference. Expressing these properties of relations is beyond the capabilities of current
state-of-the-art Semantic Web KR formalisms. In the following subsections, some of
these benefits of using relation elements on the Semantic Web are enumerated and
discussed.

3.1 Plausible Inference for the Semantic Web Using Relation Elements

Huhns and Stephens [11] defined a set of relation elements on the basis of previous
work by Chaffin and Hermann [13], Winston et al. [14] and Cohen and Loiselle [15].
These relation elements can be used to derive plausible inferences from previously
asserted knowledge in a knowledge base.

Plausible inference mechanisms infer new knowledge that is not within the de-
ductive closure or logical entailment of previously asserted knowledge. This involves
the composition of existing relation instances to infer new relation instances between
the participating entities. The relation elements that describe the relations involved are
the basis of the composition of these relation instances.

Recall that every relation element takes on a value from {yes, no, n/a} for a rela-
tion that it describes. Therefore, a relation can be defined as a vector of relation ele-
ment values. In Figure 3a for example, the relation renting is defined by a vector of
ten relation element values as shown. Figure 3b shows the relation physicalParts
defined using a different vector of relation element values.

When two relation instances are composed, a new relation instance is derived
and consists of a new vector of relation element values. The relation element values of
the new relation instance are derived by combining the corresponding relation ele-
ment values of the composed relation instances. Huhns and Stephens [11] also pro-
posed an algebra for combining the corresponding relation element values in their
work.

Vrenting = [Y€S, ves, n/a, n/a, n/a, n/a, n/a, n/a, nfa, n/al (a)

VihysicalParts = [¥©S, yes, yes, no, yes, n/a, yes, yes, no, n/a] (b)

Fig. 3. The renting and physicalParts relations represented as vectors of relation element
values.

Figure 4 shows an example of composing two relation instances on the basis of
their relation element values. In Figure 4, composing the renting(person, car) in-
stance with the physicalParts(car, engine) instance yields a set of relation element
values that are identical to that of the renting relation. In this way, the inference that
a person renting a car also rents the engine of the car can be drawn using relation ele-
ments. This inference is beyond the deductive closure of the knowledge previously
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asserted and is not entailed by logical deduction inference mechanisms. This example
is summarized by Figure 5.

renting (Person, Car) O physicalParts(Car, Engine) =

Vrenting 0 vghysicali’arts

[yes, vyes, n/a, n/a, n/a, n/a, n/a, nfa, n/a, n/fal
[yes, vyes, yes, no, Yyes, n/a, yes, yes, no, n/al

[ves, yes, n/a, n/a, n/a, n/a, n/a, n/a, n/a, n/al

Fig. 4. Composition of two relations using relation elements.

DAYSicalParts ’
. 4

Fig. 5. Deriving a new relation instance using plausible inference.

Figure 5 shows the two composed relation instances as edges between nodes that
correspond to the entities that they relate. The dashed arrow represents the relation
instance between the previously unrelated entities that is inferred by plausible infer-
ence. The interested reader is referred to [12] for the details of an implementation of
plausible inference for the Semantic Web that uses the set of relation elements pro-
posed by [11].

3.2 A Top-Level Relation Hierarchy Using Relation Elements

A top-level hierarchy of relations would be analogous to high-level ontological repre-
sentations such as Allen’s temporal logic [16] and Sowa’s upper ontology [17] that
outline the hierarchy of the most basic and common concepts of all human knowl-
edge.

Research initiatives such as Cyc [18] and the IEEE Suggested Upper Merged
Ontology (SUMO) [19, 20] are Semantic Web compatible ontological representations
that capture the taxonomy of these basic concepts within the dimensions of time and
space. The concepts in a high-level ontology such as SUMO can be extended by more
domain specific ontological representations and thus enables a top-down approach to
the process of knowledge sharing and reuse across the Semantic Web. It is proposed
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that the development of a similar Semantic Web compatible taxonomy of high-level
relations would further the cause of knowledge sharing and reuse.

Chaffin and Hermann [13] identified 31 different kinds of relations on the basis
of the nature of the relationship between the domain and the range, grouping them
into 5 families. These are: contrasts, similars, class inclusion, case relations and part-
whole. They also proposed different sets of relation elements to describe relations
from different families. The set of relation elements to describe relations in the part-
whole family is for instance different from the set for the relations from the contrasts
family. The set of relation elements particular to a family also forms a hierarchy. The
top relation element in this hierarchy (the root) serves to distinguish the family from
the other families. The relations within a family are distinguished by relation elements
at deeper levels of the hierarchy. This could be a good starting point for the classifi-
cation of relations into a taxonomic hierarchy. However, Hermann and Chaffin con-
tend that the list of 31 relation types they describe is by no means exhaustive; nor is
the list of sets of relation elements adequate to describe every relation.

It would be very difficult to derive an exhaustive and universally agreed upon list
of relation element sets to describe every relation in every knowledge domain. Few
relation elements would be relevant across all knowledge domains. For instance, the
homeomerous relation element would not be relevant to describe relations in the do-
main of atomic physics. Even within knowledge domains, not all relation elements
would be relevant across all contexts. Therefore, a more pragmatic task would be to
restrict the scope of the relation elements to a knowledge domain of interest or fur-
ther, to a context within a knowledge domain.

Kashyap and Borgida [21] have categorized relations in the medical domain into
5 classes on the basis of the nature of the relationship between the domain and the
range. These are: physically_related_to as in the domain is physically related to the
range, spatially_related_to, conceptually_related_to, temporally_related_to and
functionally_related_to. These can be used as a set of relation elements to describe
and classify relations within the medical domain.

To handle contexts, Cyc is divided into locally consistent contexts or microtheo-
ries, as pointed out by Reed and Lenat [22]. Each microtheory contains assertions and
the set of assumptions (or the context) under which the assertions are valid. Therefore,
some relation elements would have to be declared and used in conjunction with the
contexts where they are of relevance.

Similarly, the set of relation elements proposed by [11] are by no means adequate
to represent every known relation. However, the relations that they can describe can
be considered to be a part of a microtheory. Within the scope of this microtheory, the
relation elements can be classified into those that specify a meronymic or part-whole
relationship between the domain and range and those that do not. This classification
can be done on the basis of the values that can be assigned to an element. For exam-
ple, in non-meronymic relations, the elements functional, homeomerous and separa-
ble are assigned the value n/a. In meronymic relations these relation elements are as-
signed the values yes or no.

Winston et al. [14] and Priss [23] have used the relation element theory to further
subdivide meronymic relations on the basis of the nature of the relationship between
the part and the whole. Storey [24] uses a slightly different approach to classify mero-
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nymic relations into 7 different categories viz. component-object, member-collection,
portion-mass, stuff-object, phase-activity, place-area and feature-event.

Of the three relation elements describing meronymic relations, the homeomerous
relation element is not required to describe meronymic relations belonging to the
phase-activity, place-area, member-collection, component-object and feature-event
categories. On this basis, the set of relation elements describing meronymic relations
can be subdivided into homogeneous and heterogeneous categories. The homeomer-
ous relation element has the value yes in the homogeneous category and the value no
in the heterogeneous category.

RDF:Property 5
Bfidomain
\BSrange
|BBcomposable = {yes, no, n/a}
BBconnected = {yes,no,n/a}
ESfunctional = {yes,no,n/a}
&%homeomerous = {yes,no,n/a}
&Fintangible = {yes,no,nfa}
intrinsic = {yes,no,n/a}
&near = {yes,no,nfa}
&separable = {yes,no,n/a}
B8structural = {yes,no,n/a}
BStemporal = {yes,no,n/a}

A
Non-Mermnymic Property | | Meronymic Property
Blfunctional = {n/a) | |Efunctiunal = {yes,no}
B8homeomerous = {n/a} | | BBhomeomerous = {yes,na}
B8separable = {n/a) ‘ {BBseparable = {yes.no}

N
R S

_ Heterogeneaus

Homogeneous | I Bt
E¥homeomeraus = {yes}| |Bfihomeomerous = {no}

Fig. 6. Partition of the relation elements proposed by Huhns and Stephens

The relation elements in the non-meronymic category can be subdivided in a va-
riety of ways. For instance, they can be subdivided into those that specify a temporal
relationship between the domain and the range elements and those that do not. The
relation element temporal would be irrelevant in describing relations that do not
specify a temporal relationship between the domain and range elements and as such
would have the value n/a in one of the two categories. Figure 6 depicts the partition of
the relation elements proposed by [11]. The partitioning of the relation elements in the
non-meronymic category can be done in several ways and is not taken up in detail
here. The complications that would arise in the partitioning or classification of rela-
tion elements capable of describing every possible relation can be envisaged from this
simple example. This is why the restriction of the scope of relation elements to con-
texts (or microtheories) or to knowledge domains is a much more pragmatic option.
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3.3 Mapping Relations Between Ontologies Using Relation Elements

In a distributed environment such as the Semantic Web, several different ontological
representations can exist for a knowledge domain. Problems arise during the integra-
tion of these different ontologies due to synonymy and polysemy, which hinder
knowledge sharing and reuse. Specifically, a relation partOf relating an entity Engine
to another entity Car can be defined synonymously in a different ontology (describing
the same knowledge domain) as physicalParts. A machine without prior definitions
cannot infer that the semantics of these two relations are identical. Klein [25] and
Doan et al. [26] describe the inter-ontology mapping and integration problem in detail
and propose several possible solutions.

It is proposed that relation elements can be used to infer the semantic similarity of
two synonymous relations such as the ones above, thus aiding the ontology mapping
and integration process. Consider the two relations pieceOf and madeOf. The pieceOf
relation relates an entity PizzaSlice to another entity Pizza. The madeOf relation relates
an entity BicycleWheel to another entity Aluminium. Both of these relations can be rep-
resented as a vector of relation element values as shown in Figure 7.

pieceOf( pizzaSlice, pizza) =
[ves, yes, no, vyes, ves, n/a, n/a, yes, no, n/al

madeOf (bicycleWheel, aluminum) =
[ves, n/a, vyes, yes, yes, n/a, n/a, yes, yes, n/al

discCof (piece0f, madeOf) =
0+1+0.5+0+0+0+0+0+0.5+0=2.0

Fig. 7. Computing the discriminator coefficient

Comparing the value of each relation element in turn, a score of 0 is assigned if
the values are identical, +1 if one of the values is n/a and the other is either yes or no,
and +0.5 ifboth the values are either yes or no but not identical. A discriminator coef-
ficient on a scale between 0 and 10 can be computed by summing up the scores across
the two sets of relation element values. A higher coefficient would indicate a greater
degree of dissimilarity between the two relations. In the example in Figure 7, a coeffi-
cient of 2.0 is computed between the pieceOf and madeOf relations indicating a sig-
nificant amount of semantic similarity between them.

This is a naive approach to computing similarity that uses the simple set of rela-
tion elements proposed by Huhns and Stephens [11]. A more rigorous methodology is
based upon the taxonomy of relation elements proposed by Chaffin and Hermann
[13]. To expound briefly, two relations could be compared at different levels of the
relation element hierarchy starting from the top level and then progressing towards
the bottom. Assigned scores would be weighted on the basis of the level of hierarchy
at which the relation element values differ.

Algorithms similar to this can be developed to quantitatively specify the similar-
ity or distinctness of pairs of relations on the basis of the values of their underlying
relation elements. The same would apply for the translation of relations between
global and contextual ontological representations [27] that differ in definition scope or
as a part of “relative decontextualization” [28].
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4 Conclusions

The investigation into the intrinsic nature of relations goes back to the times of Aris-
totle. Relation element theory attempts to categorize relations on the basis of the rela-
tionship between the domain and the range entities that the relation captures. While
not adequate to describe every known relation, relation elements offer a powerful
methodology to define the intrinsic semantics of relations facilitating the creation of
relation taxonomies and disambiguation among relations. Upper level ontologies and
knowledge representation formalisms for the Semantic Web focus more upon the na-
ture of concepts in a knowledge domain and focus relatively little upon that of rela-
tions between these concepts. The use of relation elements to create relation taxono-
mies can help overcome this limitation.

In this paper, the limitations of state-of-the-art knowledge representation formal-
isms such as OWL and DAML for capturing intrinsic semantics of relations have
been highlighted. Extending the underlying DL system to provide richer semantics
including reification of properties to overcome this shortcoming is the subject of our
current research. An initial methodology using RDF and RDFS constructs to specify
properties of relations beyond the capabilities of current state-of-the-art Semantic
Web KR formalisms such as OWL and DAML has been presented.

Some of the possible benefits of incorporating additional relation semantics into
KR formalisms for the Semantic Web have been discussed at length. Specifically, an
implementation of plausible inference for the Semantic Web, which leverages the
additional semantics provided by relation elements, has been presented. A naive algo-
rithm that uses relation element values to quantitatively determine the semantic simi-
larity or dissimilarity of relations has also been introduced. This approach has been
presented as a possible solution to the problems encountered in the merging and inte-
gration of different ontologies pertaining to the same knowledge domain or in the
process of relative decontextualization. Finally, the importance of precise relation
semantics by way of relation elements for the creation of a top-level relation hierarchy
has also been discussed in some detail.

A caveat in the relation element approach is the dependence of the relation ele-
ment values on the subjectivity of the ontological engineer who is responsible for
making the assertions. This can be overcome by consensus standards and with de-
ployment experience over time.

Possibilities for continued work include investigations into extending DL systems
to support richer relation semantics and reification such that relations and associations
among relations can be incorporated using constructs in languages such as OWL and
DAML. This extension will enable the specification of relations with semantics simi-
lar to concepts. Another area for continued work is the specification of a high-level
relation taxonomy for the Semantic Web similar to the class hierarchy of IEEE
SUMO or Cyc. Lastly, a more rigorous method for the determination of the semantic
similarity of relations based upon the relation element taxonomy proposed by [13]
will be taken up in the future.
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Abstract. We describe some aspects of our research in relational knowl-
edge discovery and combinatorial scientific computing [11], with special
emphasis on the relation to the research portfolio of the conceptual struc-
tures community. We have recently been developing [10,12] a combinato-
rial approach to the management and analysis of large ontologies such as
the Gene Ontology (GO) [6]. Our approach depends on casting the GO as
a labeled partially ordered set (poset) [16], and then using scores based on
pseudo-distance measures which we have developed to categorize lists of
labels (in the case of the GO, genes and gene products) concerning their
clustering and depth within the GO. We hold that such taxonomic se-
mantic hierarchies serve as the core conceptual structures underlying all
ontological databases, and through this work we have developed a num-
ber of what we believe to be both fundamental and novel ideas about
treating such large posets as data objects, in particular the nature of
distance in such structures, and the nature of level as an interval-valued
property. After laying out this basic framework, we can then bring these
ideas to a particular kind of poset, namely the concept lattice [5]. Con-
sidering a concept lattice as a poset, we are then prepared to develop
techniques for anomaly detection in relational data by measuring the
relative level of concepts vs. their cardinalities.

1 Introduction

Semantic hierarchies are ubiquitous, not just in formal semantic structures like
conceptual graphs, ontologies, and concept lattices (CLs), but also in meta-
modeling environments, object-oriented typing architectures, and even natural
and computational linguistics. We are concerned with the fundamental nature
of semantic hierarchies, and report on the current state of our work here.

We open with some discussion of the POSet Ontology Categorizer (POSOC),
which was the motivation for the beginning of this work. POSOC was in turn
motivated by the need for biologists to use algorithmic tools to navigate the Gene
Ontology (GO), the best example of the vast, novel conceptual structures which
the genomic revolution has thrust into the world only very recently: very large,
taxonomically organized, hierarchical data objects as specialized databases.

Our view is that semantic hierarchies naturally live within the theory of
partially-ordered sets (posets), and POSOC was developed on that basis. After

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 287-302, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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reviewing POSOC’s foundations, including some elementary partially ordered
set (poset) theory, we then move on to consider general semantic hierarchies,
and thus arrive at our core points: explicating our new conceptualizations of
level and distance in posets as a vector-valued quantity of the height and width
of the neighborhood (defined in a particular way) of a collection of poset nodes.

We conclude with some speculations about the use of such concepts in lat-
tices, particularly CLs, conceived of as proto- or putative ontologies generated in
the context of available relational knowledge, in our case, protein-ligand binding.

2 The POSet Ontology Categorizer (POSOC)

The computational biology revolution has produced a proliferation of large data-
bases of genomic information. A premier example is the Gene Ontology (GO)'
[6], a large (> 16,000 node), standardized knowledge structure consisting of
three branches: Molecular Function (MF), Biological Process (BP), and Cellular
Component (CC). Each branch is organized as a taxonomy of nodes which rep-
resent different categories of genomic characteristics. Once a gene is sufficiently
characterized, it can be attached to the appropriate node, as shown in Fig. 1 [6].

a DNA metabolism
DNA degradation<—————— / | \\—~————»DNA recombination
DC9 wrid ugi
DNA packaging DNA replicati DNA tep:fu
RNH3S Ratl Recct w8 Lig3
RNRI Revd Remi v
mitochondrial &rm2 hey
genome maintenance
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DNA \ a“!ﬁw T Ligt
DNA-i{g B Ligd
pre-replcative complex
formation and malnienance
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mcwum Iﬂ'-"'l

leading steand PDI)
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Bl vus MCAS hay PoL2
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Fig. 1. A portion of the BP branch of the GO [6]. GO nodes in the hierarchy have
genes from three species annotated below them.

' http://www.geneontology .org
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We have been working on the categorization task in the GO, where fol-
lowing a gene expression experiment involving high throughput microarrays or
Affymetrix gene chips, a biomedical researcher is confronted with a list of a few
hundred to a thousand genes, from which she will need to extract useful infor-
mation about the various types of biological processes that were affected in the
experiment. The researcher then wants to take the names of these genes which
have been annotated to the GO and gain an understanding of their overall func-
tion by examining their distribution through the GO: are they localized, grouped
in distinct areas, or spread uniformly? Manual approaches and existing software
are inadequate to answer this question over hundreds of proteins and more than
16,000 GO nodes, and thus an algorithmic approach is necessary.

At its core, the GO is a hierarchy of semantic categories. So to approach
this problem, we have needed to address a number of fundamental questions
about the nature of such hierarchies, modeled as partially ordered sets (posets),
to provide algorithmically determined numerical scoring of the nodes in the GO
with respect to the genes of interest. We produce a ranked list of appropriate
summarizing nodes within the GO, which act as functional hypotheses about
the characteristics of the genes expressed.

POSOC has been developed over the past year [9,10,11,12] by researchers
at the Los Alamos National Laboratory (LANL) and Procter & Gamble Corp.
(P&G), and is currently in use by staff scientists at P&G?. In addition, exten-
sions of POSOC to handle textually-based queries have been used recently in a
submission by LANL for the BioCreative challenge® for automated annotation
[18].

2.1 Posets

We first introduce some elementary ideas from the theory of finite partially
ordered sets (posets). This is mostly standard and elementary [16], but in some
cases novel (to our knowledge), at least in terms of notation and perspective.

A finite poset is a structure P = (P, <) where P is a finite set and < C P?is
a reflexive, anti-symmetric, transitive binary relation on P. Posets are the most
general combinatorial structures admitting to description in terms of levels, in
our case, levels of semantic generality. While more specific than directed graphs
or networks (every poset is a digraph with no cycles), they are more general than
trees or lattices (every tree and lattice is a poset), in that collections of nodes
can have multiple parents.

The GO is notably a directed acyclic graph (DAG), as is evident in Fig. 1,
and every DAG determines both a unique poset and a unique Hasse diagram,
in which all transitive links have been removed®. In a poset, two nodes p,q € P

2 As previously reported [9,10,12], POSOC was originally targeted specifically at the
GO, and was thus called the Gene Ontology Categorizer (GOC). GOC has now been
generalized to deal with any poset ontology, and is thus now called POSOC here.

3 http://www.mitre.org/public/biocreative

4 Le., if both a < b and b < ¢ are included, then if a < ¢ is present, it is removed.
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are comparable, denoted p ~ g, if either p < qgor p < g¢; a chain C C Pis a
collection of comparable nodes; and the height #(P) is the size of the largest
chain. Similarly, two nodes p,q € P are non-comparable if p £ ¢, an anti-
chain is a collection of non-comparable nodes, and the width W(P) is the size
of the largest anti-chain. For any node p € P, its ideal is | p:= {g € P: ¢ < p},
its filter istp:= {¢g € P:q > p}, and its hourglass is Z(p) := 1 pU | p. Define
these concepts over a collection of nodes @ C P similarly:

QR=Uir, t@=U1te, 2@ =] Z0).

PEQ PEQ PEQ

For any subset @ € P, anode p € @ is maximal in Q if Ag € Q,q > p.
Let Max(Q) be the set of all maximal nodes in O, noting that Max(Q) must be
non-empty if Q is non-empty. Define the set of all minimal nodes Min(Q) dually.
For any two nodes p,q € P the set *pN1q is their “joint filter” in some sense,
and p V g := Min(tpN1q) are their joins. For a collection of nodes @ C P, let

\/Q := Min ﬂ 1p

PEQ

Lower bounds and meets A are defined dually. Note that posets are distinguished
from lattices in that pV g € P is not a single node, and is not guaranteed to
exist, but is rather an arbitrary, possibly empty, subset of nodes.

If there exists a node 1 € P such that Max(P) = \/ P = {1}, then we say
that P is upper-bounded, and dually for 0 € P. If either there is no unique
upper or lower bound 0,1 € P, then we can create them easily by constructing
the closure of P as P := (P U {0,1},<), where Vp,q € P,p < q & p < q, and
V¥p € P,0 < p < 1. Most of our results below require either an upper-, lower-
, or totally bounded poset. We will presume that when P is not naturally so
bounded, its closure P is available in this way.

For two comparable nodes p < g, all the nodes “between” them is the inter-
val [p,q] = {t : p <t < q} =1tpnlgq. For comparable subsets P;, P, C P with
P, < P, (so that Vp € P1,q € Pp,p < q), their interval {P;, Py] is

[P1, Py] := U [p1, p2]-

(p1,p2)EP1 X P,

For two comparable nodes p < ¢, the interval [p,q] is equivalent to the set
of all chains between p and p, denoted C(p, q). The vector of chain lengths
h(p,q) = {|C(p,q)]) is the collection of the lengths of all these chains, and
finally the minimal and maximum chain lengths between p and ¢ respectively
are h.(p,q) == mingec(p,q) |C| and h*(p,q) = maxcec(p,q) Iols

The Hasse diagram of an example of a poset on a set of nodes P = {1,A,B,
..., K} is shown in Fig. 2. Note the inherently two-dimensional structure dis-
played by division into levels: while nodes can be re-drawn left to right (width)

> Here we assume the Hasse diagram, otherwise p < ¢ — ha(p,q) = 1.
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Fig. 2. An example of a labeled poset.

as convenient, vertically it’s crucial that higher nodes be placed above lower ones
(height).

2.2 The GO as a Labeled Poset

The GO has measurable poset properties, as shown in Tab. 1 and Fig. 3 (GO
for September, 2003). The height parameter shows that the GO is properly seen
as a structure divided into levels, 15 for BP and 13 for MF and CC. It branches
out quickly and broadly, with twice as many nodes (10.6K) being “terminal”
leaves compared to interior nodes (only 5.4K). Calculating the width of a poset
is still daunting algorithmically, so the width shown here is only a lower-bound
estimate. Thus the structure is at least three orders of magnitude wider than it
is high. Fig. 3 shows the distribution (on a log scale) of the number of parents
and children per node. Note that a few nodes have hundreds of children, and a
substantial quantity have at least two parents, some as many as four or five.
We can then define a structure O := (P, X,F) as a POSet Ontology
(POSO), where X is a finite, non-empty set of labels, and F: X — 2% is a
function mapping each label z € X to a collection of nodes F'(z) C P. In Fig. 2,

Table 1. Poset statistics of the GO.

Nodes Leaves Interior Edges H W

MF| 7.0K 56K 13K 8.1K 13 > 3.5K
BP| 77K 41K 3.6K 11.8K 15 > 2.9K
CC| 1.3K 09K 04K 1.7K 13 > 04K
GO|16.0K 10.6K 5.4K 21.5K 16 > 5.9K
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Fig. 3. Distribution of number of children (left) and parents (right) per node.

we have X = {a,b,...,j}, and e.g. F(b) = {A,E,F}. In the case of the GO,
then P is the collection of GO nodes, < is the ordering relations present in the
GO, and X is the set of genes annotated to the GO, as illustrated in Fig. 1.

2.3 POSOC Methodology

We can now pose the categorization problem in the context of the example
in Fig. 2: given a particular set of genes of interest cast as a query, say Y =
{e,e,i} € X, what node(s) in P best summarize that set? One answer is C, since
it “covers” all three genes, and does so in the most specific way. The node 1 also
covers the genes, but would not be favored since it’s a more general category. But
it can also be argued that H is a good answer, since, while it only covers ¢ and e,
it does so more specifically than C does. We will see that this interplay between
“coverage” and “specificity” will be central to the methodology developed.

To proceed, we need the concept of a pseudo-distance as a function &: P?
R where Vp < ¢ € P, h.(p,q) < 6(p,q) < h*(p,q); and a normalized distance
as 6 := 0/H(P). Current pseudo-distances implemented in POSOC include: the
minimum path length §,, := h,; the maximum path length 4, := h*;
the average of extreme path lengths é,,(p,q) = MMM; and the

average of all path lengths 4,,(p,p’) := —%’”’)h Other candidate pseudo-
distances are in exploration.

Given a pseudo-distance and a set of nodes of interest Y C X, we then want
to develop a scoring function Sy (p) which returns the weighted rank of a
node p € P based on requested nodes Y. We actually use two kinds of scores,
an unnormalized score Sy:P — IRt which returns an “absolute” number,
and a normalized score Sy:P — [0,1] which returns a “relative” number.
We allow the user to choose the relative value placed on coverage vs. specificity
by introducing a parameter s € {... —1,0,1,2,3,...}, where low s emphasizes
coverages, and high s emphasizes specificity. The scoring function can use either
the unnormalized distance §, or the normalized 8. Letting r = 2%, we have the
four scoring functions shown in Tab. 2.
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Table 2. Scoring functions.

Score
Distance Unnormalized | Normalized
e = T -ITa = Sy (p)
Unnormalized(|Sy () == 3.cy 2perayp<p @ @ P) +1)7 |Sy(p) = @
I ; g = N0 — B! ™lg — Syip)
Normalized Sy(p) =) ey Zp’éF(-‘:):p'Sp (1 5@',p))" |Sy(p) = m

Table 3. POSOC output for example in Fig. 2 for query Y = {c, e, i}.

g =—1 s=1 =8
Rank|| Sy (p){p Sy (p)|p Sy(p)|p
1][0.7672|C 0.5467/H 0.3803|H
2ll0.6798[1*  ||0.3867|C*  |[0.3333|A:7
3//0.6315[H 0.3333|A:L1,J
4{|0.5563]1 0.0617|C*
5(0.5164|B 0.0615|1
6(/0.3333|A;J 0.2400|B* 0.0559|F;G;K
7 0.2267|1*
8//0.2981|F;C:K [|0.2133|F:G:K
9 0.0112|B
10 0.0060|1

We then find non-comparable nodes within the ranked-list to serve as “cluster
heads”. The resulting clusters are at different depths in P: while “headed” by
non-comparable nodes, their contents (the collection of their descendants in P)
can overlap. Cluster heads which are non-comparable to all other cluster heads
of lower rank are called “primary”, and those above some previously identified
cluster head ‘“‘secondary”.

Output for the example in Fig. 2 is shown in Tab. 3, for query Y = {c¢, e, i},

specificity values s = —1,1, and 3, doubly-normalized score 5', and pseudo-
distance &,,. Cluster heads are shown in bold, and secondaries are labeled with
*. Inspection reveals desirable results: for low specificity, C is the preferred pri-
mary cluster, with 1 a secondary; for high specificity, H and J are preferred (J
specifically covers %), with C as the next-ranked secondary.

POSOC was validated by a highly experienced molecular immunologist who
had no prior knowledge of the POSOC to assess its utility and accuracy [12]. It
was also validated formally by comparing POSOCs annotations to a collection
of independent annotations of collections of GO nodes (corresponding to our
lists of target genes) available through the InterPro projecté, which catalogs
assignments of protein families, domains, and functional sites to GO IDs [12].

6 http://www.ebi.ac.uk/interpro
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As noted, we are in the process of generalizing POSOC’s implementation to
target any POSO, not just the GO. Current targets include the Enzyme Com-
mission (EC) database’ and the MEdical Subject Headings (MESH) ontologyg.

3 Requirements for Working with Semantic Hierarchies

While modern bio-ontologies take many forms, an adequate overall description
is of a taxonomically organized data object over which automated inference and
reasoning (for example using description logics [2]) is performed. Leading re-
search in ontologies tends to focus on logical properties, inference, and search.
Our view is that what has made existing bio-ontologies such as the GO so success-
ful are their attributes as hierarchical, taxonomic, categorizations of biological
objects, coming closer to being specially structured databases.

Moreover, these attributes are fundamental to other aspects: it is clear that
large taxonomically-organized database can be very useful without an inference
engine, but the converse is not so evident. Indeed, semantic hierarchies are truly
ubiquitous. Even a casual observation reveals them at the foundations of knowl-
edge architectures such as conceptual graphs [17], as object-oriented data types
[14], in CLs and related work [5], and even in verb type hierarchies from cognitive
linguistics [4]. And yet there seems to be little attention paid to the need for algo-
rithmic approaches to their representation, analysis, navigation, manipulation,
and measurement, or even their generic properties as formal structures.

While there are no doubt many reasons for this, these likely include the rel-
atively later development of poset theory as compared to lattices and networks
(the first serious textbook appeared in 2003 [16]), and especially the novel ap-
pearance of these large, taxonomically organized knowledge objects which now
require this kind of computer-scientific approach.

So we are motivated to continue in a number of directions:

— First, we have found our pseudo-distances 4 lacking, as they are only available
between comparable nodes. We are thus seeking to generalize this idea to a
more inclusive measures of distance, size, level, etc.

— There are many more tasks which need to be addressed within the overall
poset ontology world than the categorization task. Examples include:

Matching: How do we match two parts of a poset ontology? This arises,
for example, in both the BioCreative task and the InterPro validation of
POSOC, where POSOC has provided certain answers, and we wish to
compare those to some “correct” answer provided by someone else. This
can be formalized as follows: assume a poset P = (P, <), with Py, P, C
P, inducing the sub-posets Py = (P, <|p,) and Py = (P2, <|p, )- How
can we then measure the similarity of P; and Pz?

7 http://www.biochem.ucl.ac.uk/bsm/enzymes
8 http://www.nlm.nih.gov/mesh/meshhome . html
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Comparison: Assume now that we have two different orderings available on
the same underlying set, for example ontologies constructing by different
teams of researchers. How can we compare their similarity? This can also
be formalized as assuming P; := (P,<;) and P2 = (P, <2), then how
can we measure the similarity of Py, Py?

Merger: Finally we have the most general formulation of the problem,
assuming two complete different ontologies Py = (P1,<1) and Py =
{P», <2). How can we hope to measure their similarity, and ultimately
find ways to merge them together into some new poset P on Py U Py?

The general situation is illustrated in Fig. 4, where the EC and the GO are
shown as posets on different underlying sets P, but with the same set of
labels X. This common labeling can also be used as a source of comparison
information, showing, for example, similarity between nodes A, G, F' of GO
and E, J of EC in virtue of the annotation of genes b, g, h, ¢, some of which
are analogous, and some of which (e.g. i) are not.
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(=

o
-
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b ¥
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Fig. 4. Cartoon of the general ontology matching problem between the EC and GO.

— We are also interested in considering CLs as semantic hierarchies (see Sec. 5),
and using formal measures of level and distance in them to induce hypotheses
about both extractable knowledge and potential anomalies in data sets.

— Indeed, this general class of problems arises in a number of more specialized
lattices and posets, for example posets of system reconstruction hypotheses
in multi-dimensional statistical analysis [8,13,15] and classes of random sets
in generalized information theory [7].

4 Measures in Semantic Hierarchies

In all these instances, what is required are much better conceptualizations of
measures in posets. Our thoughts extend to two important concepts: a general,
interval-valued concept of vertical level or rank within a poset; and a general,
vector-valued concept of overall distance between two arbitrary nodes.
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The scope for this paper allows only a partial formal development. Here we
introduce a few suggestive definitions and results, and refer the reader to future
work for a detailed development, including more proofs of the basic results.

4.1 Interval-Valued Poset Rank

Rank as a measure of the vertical “level” of a node is an important combinatorial
concept [1,3], but usually used only in more constrained combinatorial structures
such as lattices or so-called Jordan-Dedekind, or JD, posetsg. We have found [16]
rank to be defined in posets in a lower-bounded way:

{0, pe Min(P)
’I'*(p) e {TL, pe Min (P — {q : T*(Q) < n})

We use 7. suggestively, as its dual function is readily available:

wrn [0, p€Max(P)
r*(p) == {n,zeMz(P—{qir*(Q) <n})

And so an interval rank function can be easily identified as R: P — D(H(P)),
with R(p) := [r.(p), H(P) — r*(p)]", where D(n) := {[z,y] : z,y € Z+,0 <
z < y < n} is the set of all integer intervals for n € Zt. An example of a
bounded poset equipped with its interval rank function is shown in Fig. 5, so
that R(D) = [1,2], R(K) = [1,4].

I S

Fig. 5. A bounded poset equipped with its interval rank.

° Those where all chains between comparable nodes have the same length.
10 Note that if we instead use R(p) = [H(P) — r(p),7*(p)], the “top” and “bottom”
as in Fig. 5 are simply reversed.
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To conceptualize the interval rank, first, P can possess at most #(P) “levels”.
So for any node p € P, it’s level has to be no less than as “high up” from the
bottom as it is, but no more than how “far down” from the top it is.

Theorem 1. R(p) = [h.(0,p), H(P) — h«(p,1)]

Proof. Since R(p) = [r«(p), H(P) — r*(p)], it is sufficient to show that 7.(p) =
h«(0,p), and r*(p) = h.(p,1). For p = 0, clearly r.(0) = 0 = h.(0,0). Soif
p € Min(P — Min(P)), then r.(p) = 1, and also h.(0,p) = 1. Indeed, at each
step Min (P — {g:7«(q) <n}) = {g : h«(0,¢) = n}, and thus r, partitions
P into bands of lower rank n with hy = n. Thus Vp € P,r.(p) = h.{(0,p).
r*(p) = h.(p,1) follows by a dual argument.

R induces an order mapping R:P +— (D, X) from P to the set of integer
intervals D, where < is an interval order on D. Whether R is order preserving
depends on the interval order used. For two integer intervals I = [I.,I*],J =
[J«, J*] € D, consider the following weak and strong interval orders:

I=yJi=1<Jeand I" < J*, I=,J=I"<J,.

Theorem 2. R is order preserving from P to (D, =), but not to (D, =,).

Proof. Let p < q. Then h..(0,p) < h(0,q), and h.(g,1) < A.(p, 1). Thus we have
R(p) = [k (0,9), H(P) — hu(p, 1)] =y R(@) = [1a(0,0), H(P) — ha(g, 1)] directly.
but it might be that H(P) — ha(p,1) < h.(0,q) or not, and so it could be that
R(p) and R(q) are non-comparable in <.

We also have the following unproved conjecture about how scalar-valued rank
arises as a special case of our interval-valued rank.

Conjecture 1. Assume a fully bounded poset P, and a node p € P with 7.(p) =
r*(p) so that R(p) = [r,7] for somespecific € Z. Then VC & C(0,1),p € Ciff
C is maximal in the sense of |C|. Moreover, Vp € P, R(p) = [r,r] iff P is JD.

For example, in Fig. 5, we have R(H) = [2,2] = 2, and H is only on a
maximal chain 0 <K A< H<L<I<B<1.

4.2 Vector-Valued Poset Distance

In conjunction with our new sense of “vertical distance” in posets, we also wish to
have a general sense of distance which captures the horizontal component as well.
Towards that end, for some collection of nodes @ € P, including both comparable
and non-comparable pairs, we need to characterize the nodes “between” them in
some sense. We characterize this as the neighborhood of Q, and our sense of
distance is directly related to some measure of the “size” of this region of P. This
should be a vector quantity consisting of a horizontal and vertical component,
since these concepts are so distinct in posets.

We have some preliminary ideas in this direction, which we report here, al-
though we regret that we haven’t yet explored the implications of our definitions
deeply yet, nor the relationship to interval-valued rank described above.
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Definition 1 (Neighborhoods). Assume a poset P and a collection of nodes
Q € P. If \/ Q exists, then define the upper neighborhood of Q as the inter-
section of its filter and the ideal of its lubs:

V@ =t@ni(Va).
If \Q exists, then define the lower neighborhood of O dually:
M@ =ient(AQ).

When both \| @ and A\ Q exist, then define the neighborhood as the intersection
of the hourglass and the interval between the lubs and glbs of Q:

N@ =z2@n[AeVal.

In all cases, if|Q| =2 so that Q = {p,q}, then define for each appropriate form
e.g. N(p,q) = N(Q).

Note that N(Q) exists because necessarily AQ <V @. A simplified cartoon of
the appearance of N*(p,q) is shown in Fig. 6.

N'(p,q) PVa

Fig. 6. Cartoon of the upper neighborhood N*(p, g) (shaded region).

The idea is to say that the nodes in the neighborhood of Q should be “en-
trained” by both the filter 1@ and ideal [ @ (that is, by the hourglass Z(Q)),
but then also should not be “higher” than the joins \/ @, nor “lower” than the

meets A\ Q; indeed, they should be only those parts of the hourglass between
A Q@ and V Q. Thus we have:

Conjecture 2. N(Q) is the set of all chains between A @ and V@ which go
through some node of Q.

Chains have no horizontal width, so an easy special case is recovered.

Theorem 3. [fC = {p1,p2,...,pn} C P is a chain withp; < ps < ... < pp,
then N(C) = [plapn]'
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Proof. Let C = {p1,p2,...,Pn} be a chain with p; < p3 < ... € p,. Then
tpp 2 Tp; forall 2 <4 < n, and |p, 2 lp; forall 1 < i < n—1. Also,

A C = p1,V C = p, both exist, so that [A C,\ C] = [p1,pn]- Thus we have:

N(C) = 5(C) N [/\c\/c]

() () o

=(p1ULps) N(TP1ULpn) =11 ULpn = [p1,Pn)-

Note the trivial corollary that p < ¢ — N(p,q) = [p, g}
We now define a vector-valued distance in terms of these neighborhood.

Definition 2 (Size and Distance). Assume a bounded poset P. Then let the
vector-valued size of a collection of nodes @ C P be

D(Q) = (H(N(Q)), W(N(Q))),
and the vector-valued distance between two nodes p,q € P beD(p,q) =
D({p,q}).
For examples, consider that in Fig. 2, we have
N(B,J)=E2(B,J)N{BAJ,BVJ}=(P-{E})n[D,1] = [D,1],
D(B,J) = (H([D,1]), W([D,1])) = (5,3),

and in Fig. 5, we have
N(J,K)=E2(J,K)Nn[JAK,JVK]=({0,D,J,C,1}U{0,K,1}) N [0,1]
={0,D,J,C,1,K}nP={0,D,J,C,1,K},
D(J,K) = (H({0,D,J,C,1,K}),W({0,D, J,C,1,K})) = (5,2).
We recover a pseudo-distance easily for the case of comparable nodes.

Theorem 4. Ifp < g, then D(p,q) = (0:(p,q),1).

Proof. If p < ¢, then we know from Thm. 3 that N(p,q) = {p,q], and thus
D(p, q) = (H([p,q]), W([p, q])} = (r*(p,9),0) = (6z(p, ), 1).

In the future, we may recover other pseudo-distances 4 if we first restrict our
sense of height H(P) to bounded posets, but then relax it to be the interval
H(P) = [h(0,1), h*(0,1)] instead of the scalar H(P) = h*(0,1).

S Distance Measures in Concept Lattices

We recognize formal concept analysis (FCA) as both a foundational tool for
the representation of relational information [5], and a way to extract semantic
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hierarchies from relational data. The trivial observation that every lattice is a
poset opens the way to the consideration of the application of our ideas about
levels and distances to nodes in CLs.

Space precludes a detailed exposition, instead we refer to the standard ref-
erences [5]. Instead, we will simply assert the availability of a context as a
binary relation R € X x Y which generates a poset £ = (P, <), where: £
is actually a lattice, in particular the concept lattice of R, P C 2% x 2Y is
a set of concepts generated by R; and < is the subset ordering such that
p £ q:=p = {A;,B1),9 = (A3,Bg), with A; C A; and B; 2 B;, where
A, A2 C X,B,B2 CY.

Lattices as Special Posets: When a poset P is a lattice (recalling that P here
is finite), we always have that V@Q C P,\/ Q and A Q exist, and furthermore
as unique members of P. Thus the formulations of Def. (1) and (2) become
largely simplified, for example:

N(p,q) = (tpUtqUipuig)n(tlpnigNi{trnty)).

We do not know of the further significance of this at this time, and in par-
ticular what the meaning of these kinds of expressions are specifically in the
context of P being a CL L. Indeed, we are suspicious that we are probably
recapitulating or generalizing known results from lattice theory [3].
Ontology Induction: One of the great challenges in ontology work is the abil-
ity to create ontologies from other information sources such as relational
or statistical data. CLs provide such an opportunity. In our case, we are
working with molecular biologists and machine learning researchers who are
creating relational knowledge bases of the interaction between a set of pro-
teins R = {r;} and ligands (smaller molecules which bind to them to form
biologically active complexes) L = {l;}. As illustrated in Fig. 7, this provides
a formal context in R x L relating proteins to those ligands with which they
bind, and the resulting CL is a semantic hierarchy categorizing proteins 7 in
the context of those ligands ! which they bind, and vice versa. In this way, an
actual POSO O is generated, where concepts P = 2& are collections of lig-
ands, <is Con L, X = R, and F is determined by the concept lattice. Thus

Fig. 7. Mapping a protein-ligand binding relation to its concept lattice proto-ontology.
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O is fodder for our methodology, including POSOC for categorization, but
also explorations of mappings from these proto-ontologies to other existing
ontologies such as the GO or EC.

Anomaly Detection: We conclude with the final direction in which we would

like to take this work, namely the use of measures in semantic hierarchies
to detect anomalies in relational data as represented in CLs. Simply put,
depending on the semantics of the formal context being represented, there
may or may not be an expected distribution of nodes in the CL with respect
to their cardinalities, that is |A| and |B|. In other words, object concepts
(where |A] = 1) should be “low” in the hierarchy, and attribute concepts
(where |B] = 1) “high”. When this is not the case, it indicates an usual
object, attribute, or collection thereof. Much more needs to be explored
here, but for now we will leave this as a suggestion for the community to
consider further development.
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Abstract. This paper tackles the question of representing and reasoning
with types and coreference in simple conceptual graphs (SGs). It presents
a framework integrating a number of previous works. This proposal is
guided by the usability of CGs in practice. In other words, notions should
be easy to use in knowledge representation and operations for doing
reasoning have to be efficiently realizable. We propose to use conjunctive
concept types, which are conjunctions of primitive types. The conjunctive
concept type set is defined by means of a primitive type set and a set of
banned conjunctive types. For efficiency reasons our framework is based
on projection. However it has been shown that projection is complete
(w.r.t. logical deduction) only when SGs are in normal form. In some
situations the original form of the SGs has to be kept; we thus define
an extension of projection, called coref-projection, which is complete for
SGs of any form. Coref-projection is in particular suitable for frameworks
where it is not assumed that coreferent nodes are mergeable.

1 Introduction

This paper tackles the question of representing and reasoning with types and
coreference in simple conceptual graphs (SGs). The analysis is guided by the us-
ability of CGs in practice. More specifically the following points are emphasized:

— All notions should be simple to understand from a modeling viewpoint;

— Operations for doing reasoning should be realizable in an efficient way;

— Reasoning should be sound and complete w.r.t. to the formal semantics of
SGs.

Let us first briefly introduce the problem. With efficiency in mind, the funda-
mental operation for doing reasoning with SGs is a graph homomorphism called
projection. In SGs several concept nodes can refer to a same entity. They are said
to be coreferent. When it has no coreferent concepts, a SG is said to be normal.
On normal SGs projection is complete w.r.t. its usual formal semantics (its set
semantic or its logical semantic @). But in general it is not. Several questions
arise then. Can any pair of concepts be coreferent? This question is related to
the interpretation of the concept type set. In which cases does a SG possess an
equivalent normal SG? When a SG has no equivalent normal SG or when this
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latter is not computable in practice, is there an alternative to projection? Finally
is the coreference notion really interesting for simple SGs? We shall study these
questions and present answers found in the literature as well as a framework
integrating a number of previous works.

Concept types. In [Sow84] the concept type set is a lattice. In later works and
in the proposed standard for CGs [NCI98] it becomes a partially ordered set
with a greatest element, thus a less constrained structure. Besides the structure
an essential point is how the type hierarchy is interpreted. When a type is in-
terpreted as a set of entities, the order over the hierarchy is interpreted as the
inclusion. Then according to the terminology of [BHP+92] the greatest lower
bound (glb) of two types, when it exists, can be lattice-theoretically or order-
theoretically interpreted. In the order-theoretic interpretation there is nothing
more than the interpretation of the subtype relation by set inclusion. With the
lattice interpretation the interpretation of the glb of two types is furthermore
interpreted as the intersection of these sets. E.g. let Building and 01dThing
be two incomparable types and let HistoricLandmark be their glb (Figure 1
left, example from [CCW97]). With both interpretations, every entity of type
HistoricLandmark is also of types Building and 01dThing. With the lattice
interpretation every entity of both types Building and 01dThing is necessarily
of type HistoricLandmark. With the order-theoretic interpretation the glb of
two types is simply a subtype, thus a subset of their intersection; an entity of
both types Building and 01dThing is not necessarily a HistoricLandmark.

Building 0l1ldThing Building 0ldThing
HistoricLandmark Building & 01dThing
HisteoricLandmark

Fig. 1. Interpretation of types

The way the concept type set is interpreted has an effect on reasoning, as
pointed out in [WL94] [CCW97]. For instance let Q be the query [Historic-
Landmark:#*] (“is there a HistoricLandmark?’) and let G be an assertion con-
taining the coreferent concept nodes [Building:a] and [01dThing:a] (thus G
asserts that @ is an entity which is a Building and an 01dThing). With the lat-
tice interpretation, G should provide an answer to Q while in the order-theoretic
one it should not.

The lattice-theoretic interpretation requires to explicitely build all type inter-
sections (for instance if a Building and 01dThing is not necessarily a Historic-
Landmark one has to build their common subtype Building&01dThing which is a
supertype of HistoricLandmark, see Figure 1 right). Thus it leads to a number of
new and artificial types which can be exponential in the number of useful types.
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On the other hand, the drawback of the order-theoretic interpretation is that
we loose the possibility of expressing conjunctions of types, e.g. that Historic-
Landmark is exactly the intersection of 01dThing and Building. This property
could be expressed by a rule, stating that every entity of type Building and of
type 01dThing is also of type HistoricLandmark; however coding the conjunc-
tion of types in the hierarchy itself is more efficient than using rules, exactly as
coding the subtype relation in a type hierarchy is more efficient than considering
a flat set of types and representing the hierarchy by rules (cf. the discussion in
[AKNS6]).

A concept node represents an entity but an entity can be represented by
several coreferent concept nodes. In order to ease the building and the under-
standing of a SG by a human being a way of gathering all or some concept
nodes representing the same entity is desirable. A simple way to gather these
nodes is to merge them into one node. This operation has to keep the meaning
of the original SG. Thus if an entity is represented by a node of type ¢ and by
a node of type # there must be a type representing exactly the entities which
are of both types ¢ and t'. More generally, we need to express that a type is
the conjunction of several types. In [Bag01] a mechanism for type conjunction
in conceptual graphs is proposed (see also [CCW97] where type conjunction is
used in the context of fuzzy types). In Baget’s framework, the set of conjunc-
tive types is defined in intension by a hierarchy of primitive concept types. Any
subset of (incomparable) primitive types defines a conjunctive type. The set of
conjunctive types is partially ordered by an order extending that on primitive
types.

However not all conjunctions of types have a meaning. Thus we need a way of
expressing that the conjunction of two (or more) types is banned, or equivalently
that they cannot have a common subtype. A classical way of doing is to add a
special Absurd type below types with an empty intersection. But this technique
is not always precise enough. For instance, t;,t3,t3 being direct supertypes of
Absurd means that the intersection of any two of them is empty. We cannot
express that £; and t9 are disjoint as well as ¢; and t3, but that there can be
an entity of type t; and t3 (e.g. {; = Animal, ¢, = Ship, {3 = Robot, all being
subtypes of MobileEntity).

Giving in extension all acceptable types is not conceivable in practice, there-
fore we define the set of acceptable conjunctive types by the primitive type set
and the (maximal) banned conjunctive types. In previous example, the types
{t1,t2} and {t1,?3} would be banned. Theoretically, the number of banned con-
junctive types can be exponential in the number of primitive types, but, practi-
cally, considering banned types of cardinality two seem to be sufficient and their
number is at most quadratic in the number of primitive types.

Coreference. Coreference of several concept nodes can be expressed by the
fact that these nodes have the same individual marker or by coreference links
[Sow84]. Let us say that these nodes are in the same coreference set.

More or less restrictive definitions of the coreference notion can be found in
the literature. These definitions are related to the interpretation of types and



306 M. Chein and M.-L. Mugnier

markers. Let us point out that we study here coreference in SGs, which is not
the same relation as coreference in general CGs (for instance, coreference is a
transitive relation in SGs whereas it may be not in general CGs). An individual
marker is generally considered as a surrogate or an identifier (in the programming
meaning) of an entity. According to the Unique Name Assumption usually made
in knowledge representation, it is thus assumed that two distinct individual
markers represent distinct entities. Hence nodes with distinct individual markers
cannot belong to the same coreference set (once again the situation is not the
same in general CGs, where for instance coreferent nodes with distinct individual
markers @ and b can be used to express that “a is not b”). An exception is
the framework of [Dau03] which allows coreference between different individual
concepts'.

Let us consider two concepts with incomparable types t; and t5. Can these
nodes be coreferent without any condition on ¢; and #2? In a lot of works the
answer is positive. As already said, in our opinion important properties to ensure
are, firstly, that (a) coreferent concepts can always be merged into a single node,
secondly, that (b) the meaning of the obtained graph is the same as the one of
the original one. With a lattice-interpretation of concept types these properties
are ensured if the types of the coreferent nodes have a glb (distinct from the
Absurd type), which becomes the type of the new node. With the order-theoretic
assumption, and in absence of conjunctive types, the only way to ensure these
properties is to impose that the set of types of the coreferent nodes possesses
a minimal element in this set itself. Indeed suppose for instance there are two
coreferent concepts with types Building and 01dThing respectively. Either these
concepts cannot be merged and (a) is not satisfied, or they can and the type of
the new node is a subtype of Building and 01dThing and the obtained graph is
(in general) strictly more specialized than the original one. That is why in works
where properties (a) and (b) are required it is imposed that coreferent nodes
have the same type (e.g. [CMS98] [KerO1]). In the framework of conjunctive
types proposed here (a) and (b) are obtained as soon as the conjunction of the
types of the coreferent nodes is not a banned type. Then every SG can be easily
transformed into an equivalent normal SG, which is called its normal form.

Whether a coreference set may contain both generic and individual nodes is
a less important point. Indeed making a generic node and an individual node
coreferent can always be performed by restricting the marker of the generic
concept to the individual marker of the other node without changing the meaning
of the graph.

In general CGs or in positive nested CGs coreference is mandatory to express
identity of nodes belonging to different contexts. Now, is coreference a useful
notion for SGs? In frameworks where it is not always possible to merge coreferent
nodes of a SG the answer is obviously positive. But as soon as every SG possesses
a normal form one may ask whether coreference is needed at all. Firstly, there
is no doubt that coreference links are interesting in user interfaces. Indeed an

" This case corresponds to the existence of aliases among the individual markers. It
could be included in our framework with slight modifications.
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interest of SGs is their readability, quality that is lost when the SG becomes too
big (e.g. too big to be entirely drawn on a screen). A SG too big can be split
into pieces each displayable on one screen. The split can also be performed to
decompose a SG into semantic modules, or to enhance a particular substructure.
During a knowledge acquisition step a user can build a SG piece by piece, then
connect them with coreference links. The same situation occurs when a SG basis
has been constructed by different people or at different times. Secondly, even
if the normal form can be computed in polynomial time, the variable of this
polynomial is the size of the SG basis. Therefore, if the SG basis is very large
(e.g. it is a significative part of the web or a document basis with millions of
items) the cost of normalization can be prohibitive. Normalization can even be
unthinkable if the basis is distributed among several servers.

Reasoning. Our framework is based on projection. However it has been shown
that projection is complete only when SGs are in normal form. As explained
above, in some situations one has to keep the original form of SGs; we thus
propose an extension of projection, called coref-projection, which is complete
without restrictions on the SG form. Coref-projection is in particular suitable
for frameworks where it is not assumed that coreferent nodes are mergeable.

Paper organization. The sequel of the paper is organized as follows. Section
2 is devoted to the representation of the concept type set and the coreference
relation. We provide basic definitions and properties and identify fundamental
algorithmic problems. Section 3 deals with reasoning. It introduces the notion
of coref-projection and elicits the relationships between projection and coref-
projection.

2 Concept Types and Coreference

2.1 Concept Types

Throughout this paper, notations of [DP02] are used for the notions about or-
dered sets. The first notion for dealing with concept types is the primitive concept
type set.

Definition 1 (Primitive concept type set). A primitive concept type set is
a (finite) ordered set of primitive concept types. It is denoted by T. It possesses
a greatest element, called the universal type, and denoted by T.

A conjunctive concept type is a set of primitive concept types. It can be
acceptable or banned. A type is banned if there cannot be an entity of this type,
conversely there can be entities of an acceptable type. If there are two comparable
types, say ¢; < tj;, in the acceptable conjunctive type t = {t1,...,tn}, then the
conjunction of ¢; and ¢; has the same meaning as ¢; since every entity of type
t; is of type t;. Therefore £; is useless. In the same way, if the conjunctive type

t = {t1,...,tn} is banned, and if ¢; < t;, then the smaller one, i.e. ¢; is useless.
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In order theory a subset of non comparable elements of an ordered set is called
an antichain. Thus, the set of conjunctive types is the set of antichains of the
primitive type set T.

Definition 2 (Conjunctive concept type). A conjunctive concept type is
given by a (non empty) set of non comparable types i.e. an antichain of T.

A primitive type can be seen as a conjunctive type with one type. Conjunctive
types are provided with a natural partial order which extends that on primitive
types: a conjunctive type t is a specialization of a conjunctive type s if every
primitive type of s has a specialization (possibly equal to itself) in .

Definition 3 (Conjunctive concept type set). Let T be the set of primitive
concept types. T denotes the set of all conjunctive types over T. It is provided
with the following partial order, which extends the partial order on T: given two
nypes t = {t1 ... tn} and s = {s1 ... sp}, t < s if for every s; € 5,1 < j <p,
thereisat; €t ,1 <4< n, such thatt; < s;.

Proposition 1. (T, <) is a lattice.

A direct proof of this property is straightforward: the set of minimal elements
of the union of two antichains is the glb of these antichains, therefore (T, <)
is a join-semi-lattice, and since it has a maximal element, it is a lattice?.

The property of being a banned conjunctive type is hereditary: if a con-
junctive type A is banned, all conjunctive types less than A are also banned.
Therefore, the banned types form a down-set and one can assume that only the
maximal banned conjunctive types are given.

Definition 4 (Banned type set). Let B denote a subset of non comparable
conjunctive types. An element of T is said to be banned w.r.t. B ifit is less or
equal to an element of B. | B denotes the set of all banned types i.e. L B={t €
T | 3t € B,t <t'}. An element of B is a basic banned type.

Banned types should not be confused with negated types. For instance,
banned types do not allow to express that an entity is of type —(t; A t2). Intro-
ducing a banned type, say {t1, t2}, is simply equivalent to adding the constraint
“=3z(t1(z) Ata(z))” to the vocabulary.

The set of acceptable conjunctive types can be exponentially bigger than
the primitive type set. That is why the concept type hierarchy is not defined in
extension but by means of the primitive type set and a set of assertions stating
which types are banned. The set of acceptable types is obtained from 7T by
removing the banned types | B.

2 1t is well-known that the set of antichains of an ordered set is a lattice. But, usually,
the order relation considered is the “complement-dual” of ours i.e. ¢ < s if for every
t; € t there is a s; € s such that ¢; < s; (with this order the lattice of antichains is
isomorphic to the lattice of down-sets of 7" whereas, in our case, it is isomorphic to
the lattice of up-sets of T').
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Definition 5 (Concept type hierarchy). A concept type hierarchy T¢ is
given by a couple (T, B) where:

— T is the set of primitive concept types

— B is the set of basic banned conjunctive types

— B complies with T, i.e. for allb € B, there is no type t € T witht < b i.e.
IBNT =0.

Tc is defined as the set T™\ | B. T is thus partitioned into the acceptable types
T and the banned types | B.

The least upper bound (lub) in T™ of two acceptable conjunctive types is
acceptable, therefore:

Proposition 2. The set of acceptable conjunctive types To is a meet-semi-
lattice.

Type definitions. Let us come back to the example of the introduction. We can
now express that an entity is of type Building and 01dThing. We could associate
a very simple type definition mechanism authorizing to name conjunctions, such
asHistoricLandmark = {Building, 01dThing}. Then concept types could be
labelled by conjunctions of primitive types and named conjunctions. One can
always associate to such a type a conjunction of primitive types by recursively
decomposing named conjunctions. Thus this mechanism can be added on top of
the techniques proposed here without difficulties.

2.2 Concept Labels

CGs are defined with respect to a vocabulary, that we recall here to fix the
notations.

Definition 6 (Vocabulary). A vocabulary is a 3-tuple V = (T¢, Tr,I).

— Te, Tr and I are pairwise disjoint (finite) sets

— T is the concept type hierarchy

— Tg, the relation set, is partially ordered by <, and is partitioned into subsets
TL. .. Tk of relations of arity 1...k respectively (k > 1). Two relations of
distinct subsets are non comparable.

— T, is the (finite) set of individual markers. * being the generic marker, the
set ZU{x} is partially ordered in the following way: * is the greatest element
and elements of I are pairwise incomparable.

Definition 7 (Concept label set). The set of concept labels is the set of cou-
ples (t, m) such thatt € Tc and m € TU {x}. The partial order on concept
labels is the product of the partial orders on Te and TU{x}, i.e. (t,m) < (t',m’)
ifft <t' and m <m'.
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Since the product of two meet-semi-lattices is a meet-semi-lattice, the follow-
ing property holds.

Proposition 3. The ordered set of concept labels is a meet-semi-lattice.

Thus a set of labels possesses a lub, furthermore if it has at least a common
lower label then it possesses a glb. When an entity is represented by several
concepts we impose that the labels of these concepts satisfy two conditions.
The first condition corresponds to the unique name assumption. The second
condition requires that the conjunction of the types of the concepts representing
an entity is not a banned type. These two conditions are gathered in the following
definition.

Definition 8 (Compatible concept labels). The concept labels (t1,my),-
., (tx,mg) are compatible if

— 1 ZIn{my,... , me} <1
— the conjunctive type t defined as the set of minimal primitive types of UX_.t;
is acceptable i.e. is in To

Proposition 4. The concept labels (t1,m1), ..., (tg,mg) are compatible iff
they possess a greatest lower bound.

The glb of concept labels (t1,m1), ..., (tg,mi) is the concept label (¢, m)
with t = min(UL;t;) and m = min(UE_,{m;}) i.e. m is the generic marker
if all m; are the generic marker, otherwise m is the unique individual marker
appearing in the m;. By extension, concepts are said to be compatible if their
labels are compatible.

Definition 9 (Concept merging). A set of concepts {c1,...,cn} is compatible
if the set of their labels is compatible. Letl be the greatest lower bound of their
labels. Merging c1, ..., cn consists in replacing them by a unique node c with label 1.

2.3 Algorithmic Problems Related to Types

Let us now list the algorithmic problems to be solved.

Pb0. Compare two elements of an ordered set T
This problem occurs when one has to compare two primitive concept types
(or two relations). A lot of different coding schemes of ordered sets have been
proposed for this basic problem and for other problems over ordered sets
(cf. [Fal98] [FIN91] [ThiO1]). To simplify the presentation of the following
problems we assume that PbO can be solved in O(1) (otherwise the given
complexities must be multiplied by the complexity of Pb0).
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Pbl. Compute a conjunctive type
Data: an ordered set 7, a subset t C T
Problem: compute the set of minimal elements of ¢ ie. min(t) = {¢; € t|Vt; €
tt; £t}

Naive algorithm: compare each element of ¢ to the others; the complexity is
o(Jt?).

Pb2. ﬂCompare two conjunctive types
Data: two antichains ¢ and s of T
Question: does t > s hold ?

Naive algorithm: compare all elements of ¢ to the elements of s; the com-
plexity is O(|t| x |s|).

It may be necessary to check if B, as given by a user, is an antichain of
T™, and that can be done by an algorithm for Pb2. Furthermore, if B is not
an antichain it can be replaced by the set of maximal elements of B, and
that can be done by a variant of Pbl (considering T"" instead of T and max
instead of min).

Pb3. Check the acceptability of a conjunctive type
Data:T,B and t an antichain of T
Question:is t acceptable w.r.t. B, i.e. does ¢ £ s hold for all s € B?

Naive algorithm: compare, with an algorithm for Pb2, every element of B to
t; the complexity is O(size(B) x complexity(Pb2)), where size(B) is equal to
the sum of the cardinalities of the elements of B.

Remark: B complies with T iff any primitive type is acceptable, that can be
checked in O(size(B) x |T).

Pb4. Compare two concept labels
Data: two concept labels (t,m) and (¢, m')

Question: (t,m) < (t',m’)?

Algorithm: compare ¢t and ¢ with an algorithm for Pb2 (or PbO if the types
are primitive); therefore, the complexity is the same as the one of Pb2 be-
cause the comparison of two markers is trivial.

PbS. Check the compatibility of concept labels and compute their glb

Data: a set of concept labels {(¢1,m1), ..., (tg,mg)}
Problem: is this set compatible ? If it is the case compute the glb of this set,
Algorithm: compute t = min(U¥_,¢,) i.e. make the union of the ¢; then use
an algorithm for Pbl, check if ¢ is acceptable (cf. Pb3), and if {ms,... ,my}
has a glb m. If (¢,m) exists it is the glb of the set of labels.

Open problem. As previously mentionned there are numerous coding schemes
of ordered sets for efficiently solving Pb0. There are also coding schemes of
lattices of antichains. But in order to solve very efficiently all preceding
problems we need a scheme for coding rogether T, B and a dynamic set of
antichains of T (e.g. the conjunctive types appearing in a SG).

2.4 Basic, Simple, and Normal CGs

A basic conceptual graph (BG) is a SG without explicit coreference links. It is
required that, if an individual marker appears more than once in the BG, the
conjunctive type associated with these occurences is an acceptable type.
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Definition 10 (Basic Conceptual Graph). A basic conceptual graph (in
short BG) defined over a vocabularyV = (T¢,Tr,T), is a 4-tuple G = (C, R, E, 1)
satisfying the following conditions:

1. G=(C, R, E) is a finite, undirected and bipartite multigraph called the un-
derlying graph of G. C and R are the node sets, respectively of concept
nodes and of relation nodes. E is the family of edges.

2. U is a labelling function of the nodes and edges of G which satisfies:

a) A concept node c is labeled by a pair (type(c), marker(c)), where type(c)€
Te, and marker(c)e T U {}.

b) For any individual marker 1, the conjunctive type associated with the set
of types of the concepts with marker i is in Te (i.e. is not banned).

¢) A relation node r is labelled by an element l(r) of Tg.

d) The degree of a relation node v must be equal to the arity of I(r).

e) Edges incident to a relation node are totally ordered and they are labeled
from 1 to the arity of l(r)). If there is an edge labeled i between the
relation node v and the concept node ¢, this edge is denoted by (r,1,c).

If an individual marker 4 appears more than once in a BG the types associated
with ¢ in concept labels have a glb (condition 2(b) of Def. 10). Thus these concepts
are compatible. Therefore any BG, say G, can be transformed into a normal BG
by merging concepts having the same individual marker. The result is unique,
we call it the normal form of G, that we note norm(G). A BG has the same
meaning as its normal form.

Having two concepts with the same individual marker is a particular case of
coreference. In general coreferent nodes can be individual or generic. To indicate
that a generic concept is coreferent with another concept a coreference link is
used. It is classically represented in drawings by a dotted line between the two
concepts. The coreference relation is the reflexive and transitive closure of the
relation defined by coreference links and individual marker identity.

Note that the coreference relation is transitive in SGs, whereas it may be not
in general CGs (depending on whether coreference is transitive or not, general
CGs correspond to FOL with equality as in [BMT99] [Dau02] or without equality
as in [Ker01]).

A SG is a BG provided with a coreference relation.

Definition 11 (Simple conceptual graph). A simple conceptual graph (in
short SG) over avocabulary V is a 5-tuple (C, R, E, 1, coref) such that:

— (C,R,E\l) is a basic conceptual graph over V
— coref is an equivalence relation over C such that:
e the concepts of any coref class are compatible

e if two individual concepts have the same marker then they are in the
same coref class
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A BG can be seen as a SG with a coref relation completely determined by
its individual concepts. A normal SG is such that coref is the identity relation
i.e. each concept is coreferent only with itself. A normal SG can thus be seen as
a BG. In other words normal SGs and normal BGs are the same objects.

Every SG, say G, possesses a normal form, which is obtained by merging all
concepts belonging to a same coreference class. We note it G/coref.

Definition 12 (G/coref). Let G = (C, R, E,l,coref) be a SG. G/coref is the
normal SG obtained as follows: for any coref class X = {ey,...,cx} all the ¢;
are merged into one concept X. G/coref is also called the normal form of G,
and denoted by norm(G).

2.5 Algorithmic Problems Related to Coreference

Algorithms for solving the following problems can be built by using algorithms
for the problems in section 2.3 and classical list structures for graphs (for each
relation node, one has the ordered list of its neighbors; for each concept node c,
the neighbor list is the list of couples (z,7) such that (r, i, ¢) is an edge ; each
concept node contains its label and its coref class; for each coref class one has
the list of its elements, ...).

Pb6. Merge compatible concepts
Data: A SG G and a set of compatible concepts {ci, ...,cn} of G.
Problem: Compute the SG obtained from G by merging ci, ..., Cp.
Algorithm: first, compute [, the glb of their labels (cf. Pb5), then create a
new concept node with label {, and with neighbor list the concatenation of
the neighbor lists of the ¢; (this last operation can be computed in linear
time in the sum of the list sizes).

Pb7. Compute the normal form of a BG or a SG
Data: aBGoraSG G
Problem: compute the quotient graph G/corefq
Algorithm: merge the nodes of each coreference class (cf. Pb6).

3 Reasoning

3.1 Reasoning on BGs

The fundamental notion for reasoning with SGs is the specializa-
tion/generalization relation. This relation over SGs is originally defined by means
of a set of elementary graph rules but for effective computation on SGs a global
operation is used, called projection. This operation is equivalent to elementary
rules: G is a generalization of H (notation G > H) iff there is a projection from
G to H (see [Mug00] for a synthesis on these notions).

Definition 13 (Projection). Let G and H be two BGs. A projection from G
to H is a mapping 7 from Cg to Cy and from Rg to Ry, which preserves edges
and may specialize concept and relation labels, i.e.:
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1. Y(r,i,¢) € G, (n(r),3,m(c)) € H;
2. Vz € Cq URg, ly(n(z)) <la(z).

When there is a projection (say 7) from G to H we say that G projects to
H (by ). G is called the source graph and H is the target graph. The existence
of a projection from G to H intuitively translates the fact that all information
contained in G is also contained in H. But projection does not behave as expected
on non normal graphs (as independently noticed in [GW95] and [CM95][MC96]).
See Figure 2: G and H are intituively/logically equivalent but they are not for
projection; indeed there is a projection from H to G but not from G to H.

®
G H

Fig. 2. Projection with a non normal target BG

Formally, projection is sound w.r.t. to the logical translation of BGs given by
the mapping @ of [Sow84] and complete when the target BG is in normal form.

Theorem 1 (Projection soundness and completeness). Ler G and H be
two BGs defined on a vocabulary V. Let $(V) be the logical translation of V.

— If G > H then ®(V),8(H) E &(G) [Sow84].
—If &(V),8(H) E &(G) then G > nf(H) [CM92] [CMI5].

3.2 Reasoning on SGs

Let us now consider SGs instead of BGs. A natural idea is to extend the BG
projection in the following way: if two concepts are coreferent they must have
coreferent images, that is to say either the same image (coref being a reflexive
relation) or distinct coreferent images. We thus obtain the following definition.

Definition 14 (SG Projection). Letr G = (Cg, Rg, Eg,lg,corefg) and H =
(Cu, Ry, Ep,lpg,corefi) be two SGs. A projection w from G to H is a projec-
tion from the BG (Cg, Rg, Eg,lg) tothe BG (Cy, Ry, Ey,ly) which preserves
coreference i.e. Vz,y € Cq,corefc(z,y) = corefu(m(x), n(y)).

As natural as it may seem previous definition does not solve the problem we
have foreseen on BGs. Indeed, see that the SG projection behaves exactly as the
BG projection in Figure 2. Let us study in more detail the relationships between
SGs and their normal forms.

Proposition 5. Every SG (thus every BG) projects to its normal form. The
converse is false, as shown in Fig. 2 where G is the normal form of H.
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Proposition 6. Given SGs G and H, there is a bijective mapping between the
set of projections from G to norm(H) and the set of projections from norm(G)
to norm(H).

The normal form of a SG always exists and is easily computable. However in
some cases we have to do reasoning on SGs exactly as they are. An alternative
to projection is then needed. The idea is that projection does not deal correctly
with coreference because a concept cannot be mapped onto several concepts. If
we modify this operation so that it maps coreference classes onto coreference
classes we obtain the desired operation.

3.3 Coref-Projection

Definition 15 (Coref-projection). Let G = (Cg, Rg, Eg,la,corefg) and
H = (Cy,Ry,Ey,lg,corefy) be two SGs. A coref-projection from G to H
is a mapping 7 from corefg to corefy and from Rg to Ry such that:

1. ¥(r,i,¢}) € G, let C be the coreference class of ¢, then there is a concept
¢ € w(C) such that (m(r),i,d) € H ;

2. YC € corefq, let lg(C) and ly(w(C)) be the greatest lower bounds of the
concept labels in C and w(C) respectively; then lg(C) > ly(n(C));

3. Vr € Rg, lg(’r) > lH(ﬂ'(’I‘)).

Each projection defines a coref-projection since by definition of a projection
all coreferent nodes have their image in the same coreference class, but the
converse is not true. The following property specifies the relationships between
both notions.

Proposition 7. Given SGs G and H, there is a bijective mapping between the
set of coref-projections from G to H and the set of projections from norm(G) to
norm(H).

Since projection is (sound and) complete on normal SGs (theorem 1) we
obtain the following corollary:

Corollary 1. Coref-projection is sound and complete on SGs.
Following property summarizes the ‘“safe” ways of comparing two SGs.
Proposition 8. Let G and H be two SGs. There is a bijective mapping between:

— coref-projections from G to H
— projections from norm(G) = G/coref to norm(H) = H/coref
— projections from G to norm(H).

Let us also cite [CH94] which deals with BGs and, to obtain projection com-
pleteness, splits the source BG instead of computing the normal form of the
target SG. With the idea of adapting this technique to SGs we could imagine
to split the source SG into its so-called anti-normal form ([GW95]) in which a
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concept is incident to at most one edge. This method works well with a restricted
definition of coreference (a coreference set does not mix generic and individual
nodes and coreferent nodes have the same type) as presented in [Mug00]. Fig.3
shows that with the more general definition studied in this paper it does not
work anymore: the antinormal form of G, denoted by anf(G), does not project
to H, whereas G does project to norm(H) (actually G = norm(H)). Thus split-
ting the source SG into its anti-normal form is not an alternative to compacting
the target SG into its normal form.

-/.
tl t2 a !
O EF (T

G anf(G)

Fig. 3. Splitting the source SG is not an alternative

Equivalence with generalization/specialization rules. In same way as projection,
coref-projection can be equivalently defined as a sequence of generalization (or
specialization) rules. Because of space limitations we cannot detail these rule set
here. Briefly, two new rules are added. These rules are “equivalence” rules in the
sense that the output SG is equivalent to the input SG. The first rule merges
two coreferent nodes into a single node, and the second one is the reciprocal rule
that splits a node into two coreferent nodes (notice that if a concept ¢ is splitted
into coreferent nodes, say ¢; and ca, the labels I(c;) and {(c2) are not necessarily
equal to I(c), but their glb is). Intuitively the first rule allows to go from a SG to
its normal form. The rule set should also allow to generalize a SG by splitting a
coreference class into two classes and reciprocally to specialize a SG by merging
two coreference classes (provided that their union is a compatible set).

Finally, let us point out the interest of coref-projection in frameworks where
it is not assumed that coreferent nodes can be merged into a single node (thus
not all SGs have a normal form). See that the above definition of coref-projection
can be reformulated replacing condition (2) by the following condition (2°): VC €
corefa, Ve; € C, 3¢; € II(C) with lg(c;) = lu(c;). Equivalence between (2)
and (2°) follows from the definition of the partial order on conjunctive types’.
Rewritten in this way coref-projection can be used without any assumption on
type compatibility.

3 Indeed, it is not true for any lattice that given two sets E = {a; ...ap} and F =
{b1 ...bq}, gIb(E) > glb(F') implies for all a; in E there is b; in F with a; > bj.
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4 Conclusion

In this paper we have proposed a framework integrating notions from previous
works for dealing with the two related notions of conjunctive concept types and
coreferent concept nodes in simple conceptual graphs. This framework keeps
the qualities of CGs that we consider as essential. Namely, it is easy to use
for knowledge representation because labelled graphs allow intuitive semantics
based on drawings; reasoning is grounded on graph operations which are easily
understandable; graph operations can be efficiently implemented; and last but
not least they are sound and complete w.r.t. the usual FOL semantics.

In the same way as it is proposed for concepts, including conjunctive relations
in SGs could also be done (following [Bag01]). Designing and implementing effi-
cient algorithms is an important issue. In particular coref-projection checking is
an NP-complete problem (since projection checking is [CM92]). Coref-projection
being very close to projection, algorithmic techniques developed for projection
(as in [Bag03]) should be adaptable to it.
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Abstract. We have upgraded the Conceptual Programming Environment (CP)
from a single standalone application to a set of component modules to increase
flexibility of the environment and to allow any one of the modules to be used
by applications outside of the environment. This allows the CP modules, in par-
ticular CGIF, to be tested pragmaticly in real applications. The CGIF module is
encapsulated as a component and has been given an API specification. This mod-
ule implements the NMSU modified ICCS2001 version of the CGIF interchange
format for Conceptual Graphs (CGs) that is part of the dpANS and is setup to link
with applications written in C, C++, JavaT™ and Visual Basic 6.0. Communica-
tion is possible to all these languages by designing the API of the module so that
it can accept either standard C string or Unicode string within the function calls.
Since modules are flexible units of code, the components of the CP Environment
have been tested for use under most versions of Microsoft Windows and different
flavors of Linux.

1 Introduction

John Sowa developed Conceptual Structures (CS) [35,36] as a form of semantic mod-
elling using first-order logic. These models are based on the works of C.S. Peirce [24]
and represent declarative knowledge. This knowledge is implemented using connected
multi-labeled bipartite oriented graphs that Sowa refers to as Conceptual Graphs (CGs).
Each graph consists of nodes (with types - concept, relation, actor, specialcontext, com-
ment) and edges (arcs connecting the nodes). There exists a mapping from each of these
graphs to formulae in first-order logic.

In order for CGs to be transferred between working tools, either all the tools must
be implemented within the same environment as a single application or there must be an
interchange format. When tools are developed through a single system, the same data
structure (or model) can be shared among all the tools so that data can be stored and
retrieved. However, when tools are not part of the same system, they do not necessarily
share the same internal data structure (or design model). To support interoperability for
the CG-based applications [29], aninterchange formatreferred to as “Conceptual Graph
Interchange Format (CGIF)” has been proposed [37].

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 319-332, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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This interchange format must be agreed upon by the whole working community.
All though the CGIF document has been submitted as a standard, the final agreement
for this format has not been reached within the community. Therefore, we present a
pragmatic approach for enhancing and improving this format by offering a mechanism
for interchange that can be placed in a testbed of applications. This is in response to
the theoretical problems that are preventing the final agreement of this interchange
format. We hope that as the community exchanges and uses CG s developed by different
application tools, that the CGIF format will be enhanced, modified, and more clearly
and precisely defined.

In this paper, we use the NMSU modified ICCS2001 version of CGIF'. At the
“Workshop on Conceptual Graphs Tools (CGTools)” [28] at ICCS2001, at least part of
the community agreed on this form of the interchange format. The major differences
between this specification and the standard dpANS [40] are 1) CGStream has been added;
2) Qualifiers have zero or more quoted strings instead of arcs*; 3) Special Contexts must
have (no longer optional) a colon after the SpecialContextLabel before the definition; 4)
Comments are just comments (no special types); 5) Referents begin with a colon and the
colon is removed from the Concept definition; 6) All Type Definitions must have a colon
between the type and label (same is true of Relation Definitions); and 7) The knowledge
base is called a KB as oppose to a Module (this matches the original proposed standard
[37D).

There are now several tools available within the CS community for processing Con-
ceptual Graphs (CGs) and Concept Graphs (FCAs) for use with different applications.
However, it is obvious that not all these applications use the same data structure for repre-
senting CGs and FCAs. Some of the data structures represent CGs as graphs with nodes
and edges as in a semantic network structure [21]. Some examples are the Conceptual
Programming Environment (CP) [25,26]; CGWorld [15,14]; GoGITaNT [3]; CGKEE
[22]; and editors, such as, CharGer [11,10,1] and ARCEdit [27]. Other applications use
concept lattices to define conceptual relationships as defined through Formal Concept
Analysis (FCA) [17]. Some examples of these are Toscanal [18,6,5]; Docco [2]; and
WebKB [23]. Other applications do not actually display CGs, but use the Conceptual
Structure syntactic data and semantics to process information and define new languages;
for example, pCG [8,7] and Prolog+CG [20]. Each of these applications has its own in-
ternal representation for CS and, therefore, they all use different data structures. One
would not want to use the same data structure for all these systems as they have been
optimized for either the application that is being implemented and/or the new languages
that are being designed.

2 CP Environment

The Conceptual Programming Environment (CP) has been completely redesigned since
originally presented by NMSU in 1992 [25,26]. Recalling that CP is a knowledge rep-
resentation development environment with a graphical visualization framework, this set
of tools uses graph structures and operations over those structures to do knowledge
reasoning.

! http://www.cs.nmsu.edu/hdp/CGTools/cgstand/cgstandnmsu.html#Header_44 location
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All knowledge within the system is stored and operated on as a graph. These graphs
are implementations of Sowa’s Conceptual Graphs [35], but also retain many of the
features of graph theory [19]. Although there exists a mapping from CGs to formulae
in first-order predicate calculus (FOPC), the operations used in the CP system take
advantage of the graphical representation; therefore, the data structures and operations
over the graphs use graph theory [19] instead of FOPC.

The original system was a single application written in Lisp and ran only on a
Symbolics machine. The data structures were CGs defined using link lists of structure
elements where the structures held the node information and the links were the edges
of the graphs. All graphs had to be entered directly into the environment’s editor, and
each graph was stored into the environment’s knowledge base. The CP inference engine
would then operate over these data structures; sometimes creating new graphs or partial
models of conceptual graphs and storing them into the environment’s knowledge base.
In the old environment, there was no way to import or export any of the graphs or models.

2.1 Motivation for Change

Over the last decade, we at NMSU have discovered that creating flexible, modularized
environment is a much better design than a single application. Harry Delugach’s invited
talk at ICCS2003 [12] outlined a framework for building active knowledge systems. We
agree with this view point and have designed the CP Environment to be the “heaven”
displayed in his framework.

John Sowa, in a paper published in 2002 as part of a “Special Issue on Artificial
Intelligence” of the IBM Systems Journal [38], proposed a modular framework as an
architecture for intelligent systems because of the flexibility in communication and
interoperability it provides. This flexible modular framework (FMF) allows different
applications in different memory space to communicate using a blackboard architecture
of message passing between applications. FMF would be very useful in implementing the
reference framework discussed in Aldo de Moor’s RENISYS specification methodology
[13] because FMF handles interprocess communication across computers as well as
processes, and it would also be useful in developing the intelligent agent operations
from Delugach’s framework [12]. However, the modularization of CP is at a module
component level, rather than the FMF process communication level, so that the module
can be directly “tied-in” to another application. The modular design at the component
level also allows modules to be interchanged as units, as in modular furniture, to get the
most flexibility from the environment.

The modularization of the CP Environment allows parts of the environment, the
actual modules, to be both interfaced and interacted with by outside systems or appli-
cations. It also has a specific module, CGIF, that creates a mechanism to import and
export CGs created from execution of the environment’s inference engine modules and
storage in the environment’s knowledge base. This mechanism can be “plugged-in” to
other applications by using the CGIF module’s API specification to call the module’s
implementation code level [34]. Therefore, if an application currently available within
the community does not have the ability to read and write CGIF format, this module
could be “plugged-in” to the existing application to give it that functionality.
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Fig. 1. Current CP Environment

2.2 Layout of Environment

Figure 1 depicts the new directionality of the CP Environment. The very light gray
background area indicates what is actually part of the environment. The light gray oval
depicts applications, i.e. the pCG reasoning and language system. The medium gray
rounded-corner-square represents editors that are available for CGs, i.e. ARCEdit; these
editors should be able to import/export CGIF formated files. The light gray trapezoid
and drum shapes indicate data that is not necessarily graphical in nature, but may be part
of a domain of information that a user wishes to process (note: the data in the database
need not necessarily be textual and may be graphical or any visual form). The very dark
gray shapes are modules that are part of the CP Environment and use the environment’s
internal data structures. All solid arrowed lines in the figure indicate data or processing
that is currently available; dashed arrowed lines indicate where an interface, connection,
interaction, and/or translation should be available between these elements, but is not
currently present.

This newly designed environment has several areas of research that should be inves-
tigated. Some of these would be: data structures for syntactic data processing; database
record processing; raw data processing; storage and retrieval of internal KB data process-
ing; and reasoning and query processing. These areas should handle not only declarative
and assumption knowledge, but also procedural knowledge containing time, space and
other constraint information.
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However, in this paper, we would like to look more closely at data structures for
syntactic dataprocessing. In particular, efficient and flexible ways of dealing with moving
syntactic data information around (such as CGIF formatted graphs), both inside and
outside of the CP environment.

3 Implementation Language Evaluation

Each of the applications and semantic languages defined in Section 1 may or may not
share the same implementation language. So an added complication, besides different
internal data structures, is that an application may not be able to communicate at a
function call level with another application because they are not written in the same
implementation language.

When we began to redesign the CP Environment, the question arose what implemen-
tation language should be used with the new modules. We examined first the CS editors
that were currently available. These editors, for editing CGs and FCAs, have different
implementation languages. CharGer is based on the API/Implementation code of Notio
[34,33] which is written in JavaT™.ARCEdit is a plug-in to PowerPoint and is written
in Visual Basic 6.0. ToscanaJ has an editor as part of its suite of tools written in Java™™.,
While Docco is actually based on a Conceptual Email Manager [9], written in C++/QT,

the commercial version of the manager [16] is a plug-in for Microsoft Outlook.

Since Notio, written in JavaT™, is already defined as an API/Implementation code

level and is available with extendable class definitions, we considered using the Notio
interface for the CGIF module. However, there are some drawbacks in communications
to JavaT™(see Section 3.2), and Notio is in hiatus and is not currently being enhanced
or developed [32].

All of the applications discussed in Section 1 employ different implementation
languages, such as Prolog, XML, Schema, RDF, etc., which make it difficult to pass
even simple syntactic representation data by linking languages in modules. Files,
streams, pipes, blackboards, etc. can be used to pass data information without passing
the actual data structures, but these mechanisms can be slow if there are a large
number of graphs or the graphs are extremely complex. Every time one application
process needs to talk to another, these mechanisms require multiple file descriptors
to be opened. If the applications or systems execute on different machines, the FMF
architecture is a flexible way of passing the syntactic data representation; but, if the
applications and systems are able to be executed on the same machine configuration, a
good API/Implementation design would be more advisable because the module can be
linked directly into the existing application. Communication by files and other stream
devices may require a locking mechanism to be setup, so that one application can know
when it is safe to read the input graphs from another application. The locking of records
can cause a problem when two applications communicate by way of shared databases
or message passing systems, such as MPL If on the other hand, an application/system
can call another application/system directly (or can link to it), processing can go more
quickly.
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However, connecting systems when the implementation languages are not the same
is more difficult, because a straight forward “call” to the other system’s functions is
not always possible. Each language implementation has its own calling specifications.
In order to know which language would be best for implementation of the new envi-
ronment’s modular components, so that they could possibly be used directly by other
applications, we performed an evaluation of how the C++ language interacts, interfaces
and communicates with other languages.

31 C++toC

Interfacing implementation code between languages that are somewhat similar, .i.e.
C++ and C, is not as difficult as other communications between languages. However,
this connection may not be bidirectional. The calling sequence for the C language is
simpler than for the C++ language, because C++ does name mangling with the name of
the function, the types of the arguments and the return type of the function. C does not
do the same name mangling and uses only a modified form of the actual name of the
function.

Therefore when designing an API in C++, the interface routines should be exported
as “C” functions as opposed to being methods for a class in C++; this will prevent the
routines from being name mangled by the C++ compiler. Wrapping C++ with standard
C routines allows the internal implementation of the module to remain C++ and use the
classes and methods functionality from C++, while at the same time using the simpler
formulation of the name of the calling routine provided by C.

32 C++ to Java™

Connecting C++ to JavalM

with C. This connection is also not bidirectional, but for different reasons. Java
a simpler language than C++ [30], but it is an interpreted language. This means that
JavaT™™can be byte-compiled, creating a smaller file to be moved across the web, but it is
not compiled to machine code. This allows JavaIMto be platform independent; C++ is a
compiled language and is both platform dependent and operating system (OS) dependent.
However, because JavaT™is interpreted instead of compiled, it can not be linked and
called directly by a system (application) that is not written in Java™. Java™ must start
the process, and then can call compiled code in some of the other compiled languages
(i.e. C/C++). Therefore, JavaT™ can call interface functions written in C or C++, but
C++ can not call Java™ directly.

is also possible, but is more difficult than communicating
T™;
is

3.3 C++ to Visual Basic 6.0

The connection or interface from C++ to Visual Basic 6.0 is the most difficult
connection among the four languages discussed in this paper. One reason is that Vi-
sual Basic 6.0 is a two part language; an event driven module part and a class module part.
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The class module part is very similar to C++ and holds the characteristics that are
available in object-oriented languages. Class modules can also be compiled just like C++
to native code for the machine. However, the event driven part executes Basic code in
response to an event. These event driven procedures (routines) are triggered by a form or
control which is hooked into the visual part of the language. The triggering of a routine
by an event is similar to the interpretation of a function call in languages like Java™.
Because of the event driven part of the language, Visual Basic 6.0 can call C++ or C
API/Interface routines, but C++/C cannot trigger an event within the Visual Basic code,
so the event procedures (routines) are not executed outside of Visual Basic code.

A second reason Visual Basic 6.0 is difficult to connect, is that it has different en-
coding of some of its data types than C, C++, or JavaT™ [31]. Character data is stored in
more bits by Visual Basic than by C. Therefore, to pass a character string as a parameter
from Visual Basic to C or visa versa, the character string must be converted to Unicode
first, that is passed as a parameter, and then decoded from Unicode at the other end.
This makes passing character data much more cumbersome. Also, Visual Basic defines
different boolean values than C; the “false” value is 0 in both languages, but the “true”
value for Visual Basic is -1 (negative) where in C itis 1 (positive). Therefore, in passing
boolean values, the user must be careful when working with conditionals.

3.4 Visual Basic .Net

If we were willing to have the CP Environment component modules available only for
execution under the Microsoft Windows OS, Visual Basic .Net does not have any of
the connection or interface problems discussed above. However, this would not allow
the components implementation to be moved off the Microsoft Windows OS. If the CP
modules are not implemented in Visual Basic .Net, than they can be made more widely
available under Linux operating systems and eventually under other operating systems
such as Unix.

4 API for CGIF Module

The CGIF module within the CP Environment is shown as the medium gray box labelled
“CGIF” in Figure 1. The box is colored medium gray to depict that the functionality
of this module was originally developed as part of the ARCEdit editor[27]. We decided
that because the ARCEdit editor provides a way for graphs to be imported and exported
to the CP Environment with a visual interface and able to import and export CGs in the
CGIF format, we would remove the CGIF functions from ARCEdit and make a callable
module that would become part of the environment. Weighing all learned during the
evaluation of implementation languages discussed in Section 3, and wanting the new
module to be portable to different operating systems, we selected the language C++ for
implementing the new modules in the CP Environment.

By using C++ for the implementation of the CGIF component and defining an API
to make it truly modular, we produced a DLL in the Microsoft Windows environment
and later a C++ library in the Linux environment for the implementation of the module.
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Definition 1. CG

A conceptual graph is a list of zero or more concepts, conceptual relations,
actors, special contexts, or comments.

CG ::= (Concept | Relation | Actor | SpecialContext | Comment)*

The alternatives may occur in any order provided that any bound coreference
label must occur later in the CGIF stream and must be within the scope of the
defining label that has an identical identifier. The definition permits an empty
CG, which contains nothing. An empty CG, which says nothing, is always true.

The API to the CGIF module was designed to allow: the creation of CGs as defined by the
standard (see Definition 1 - from the CGIF standard document), the storage and retrieval
of each of the CG elements (as in Definition 1), and the reading and writing of CGs
(as in Definition 1) into a file in CGIF format for sharing among the user community.
However, while the module’s API was being designed, considerations were made to
allow implementation languages beyond C and C++ to interface and interact with the
module’s implementation routines.

The API routines are defined to be standard C-named functions as wrappers around
the C++ internal code. This is important to avoid any name mangling at compilation
time and to allow other languages such as JAVAT™ to call the functions. The routines are
also not attached to an event so they can be called by implementation languages other
than Visual Basic 6.0. Using C++ instead of Visual Basic .Net allows the implementation
of the module to be ported easily to operating systems other than Microsoft Windows.
This was an added reason why the CGIF routines were not originally left in Visual Basic
6.0 and just made into a project by themselves (outside of ARCEdit). If this had been
done, the CGIF module could have been made into a DDL for use on other Microsoft
Windows machines, but could not be called by applications written in languages other
than Visual Basic and could not have been ported to Linux.

As one can see in the Appendix, there are duplicates of some of the routines; this
provides an interface for implementation languages, such as, Visual Basic 6.0 to pass
character strings as arguments.

Example 1. Parse Concept (node) Routines
CGIF_API BOOLEAN STDCALIL CGIF ParseConcept( char *, BOOLEAN );
CGIF_API BOOLEAN STDCALL CGIF _ParseConceptW( BSTR, BOOLEAN),

An example of one of these paired routines can be seen in Example 1. In this example,
the routines are almost exactly the same except that the second routine carries a ‘W’ after
the routine name to indicate that the character string parameters or return arguments are
in Unicode format, not standard C character strings.

Therefore when an implementation language needs to handle character strings as
Unicode strings, they would call the routine from the API with the appended ‘W’; C and
C++ implementation routines can just call CGIF_ParseConcept directly.
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Definition 2. Concept

A concept begins with a left bracket”[” and an optional monadic type followed
by optional coreference links and an optional referent in either order. It ends
with an optional comment and a required ”’]”.

Concept ::= "[" Type(1)? {CorefLinks?, Referent?} Comment? "]"

Ifthe type is omitted, the default type is Entity. This rule permits the coreference
labels to come before or after the referent. If the referent is a CG that contains
bound labels that match a defining label on the current concept, the defining
label must precede the referent.

The code within the two API routines is identical and both functions correctly implement
the definition of a Concept as defined from the standard in Definition 2.

An example of using the paired routines seen in Example 1 would be if one parsed
the phrase given in Example 2 using tools written in different languages.

Example 2. CG Concept Phrase
[CAT:‘Felix’]

If the ARCEdit editor was to parse the concept in Example 2, the second routine of
the pair (CGIF_ParseConceptW) would need to be called, so that the string parameter
would be sent in Unicode form. However, if the reasoning program pCG was to parse
the Example 2 phrase, it would call the first routine (CGIF-ParseConcept) and use the C
string type for the parameter. Both routines would create a concept node with the type:
CAT and referent: ‘Felix’.

5 Conclusion

Defining the CP environment to be both flexible and modular, makes it fit into the
framework for beginning to build an active knowledge system. The modular design is at
a component/unit level - rather than at the process/machine level - as seen in the FMF
architecture. However, a module from the CP Environment allows other applications or
systems to use a single module or a small group of modules from CP without requiring
all of it.

The component module includes an API, so that other applications can directly link
to it and need not incur the overhead of files, etc. The CP Environment design creates a
way for a single module, i.e. CGIF, to be made available to other applications and systems
written in differentimplementation languages, so that they can quickly incorporate it into
their systems for handling the CGIF format. The CGIF module is available for download
from the CP Environment’s web page”. As other modules become available they can be
downloaded, with source implementation code and complete documentation.

As the community begins to use the CGIF format to transfer Conceptual Graphs from
tool to tool, benchmarks of graphs can begin to be built and used in testbeds, such as PORT

2 http://port.semanticweb.org/CP/index html
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[4]. This will allow the user community to evaluate the features of each tool and how it
might contribute to their research. Evaluation of the CGIF format would give different
tool developers the opportunity to identify shortcomings in the current specifications
and suggest possible theoretical design changes. The community’s tool developers can
then coorporate together to define more precisely the interchange format. By use of this
pragmatic approach, we hope the CGIF format can be improved, and agreement might
be reached within the community.

Within the CP Environment application, new modules can be added to translate
CGIF format to other formats, such as the CLCE being developed currently by John
Sowa [39]. This environment can be easily modified to use the FMF architecture by
adding new component modules to communicate with the blackboard.

6 Future Research

Current research efforts for the CP Environment are to make the “CP Operations” module
available to be linked by applications and systems outside the environment. This module
has been encapsulated and an API is being defined. We will test the API/Implementation
module by setting up communication between the CP Operations module and the pCG
reasoning system. Once testing is complete, this module will be placed on the CP En-
vironment web site > and made available to outside applications and systems. It should
be noted, that the pCG reasoning system is implemented in JavaT™, but will be able
to interface and interact directly with the CP Operations module, written in C++. The
CP Operations module has the basic operations: maximal-join, project, generalize, and
specialize. In the not so distant future, we hope that operations will be added to this
module for performing operations over time, space and constraint processing.

Acknowledgements. Thanks to the many reviewers that took the time to help me im-
prove and revise this paper. In particular, I would like to thank Mary Keeler for all her
great comments and observations.
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Appendix: Example Documentation

 Main Page | Modules File List Globals

CGIF Parse Functions

CGIF Parse Functions
These functions can parse CGIF format for each node type in CG.

CGIF_AP! BOOLEAN STDCALL

CGIF_AP| BOOLEAN STDCALL

CGIF_AP| BOOLEAN STDCALL

CGIF_AP| BOOLEAN STDCALL

CGIF_API BOOLEAN STDCALL

CGIF_API BOOLEAN STDCALL

CGIF_API BOOLEAN STDCALL

CGIF_AP| BOOLEAN STDCALL

CGIF_ParseConcept (char *conceptstr, BOOLEAN opt)

331

Parse the concept string that is in the form [ type(1)? {coreflink? referent?} comment? ",

CGIF_ParseConceptW (BSTR bsconcept, BOOLEAN opt)

Parse the concept string that is in the form "[" type(1)? {corefiink? refi ?)

CGIF_ParseRelation (char *relstr, BOOLEAN opt)
Parsa the relation string that is in the form (" type(N) arc* comment? )",

CGIF_ParseRelationW (BSTR bsrelation, BOOLEAN opt)
Parse the relation string that is in the form (" type(N) arc* comment? ")".

CGIF_ParseActor (char “actstr, BOOLEAN opt)
Parse the actor string that is in the form "<" type(N) arc* " arc* comment? *>",

CGIF_ParseActorW (BSTR bsactor, BOOLEAN opt)
Parse the actor string that is in the form “<" type(N) arc* *|" arc* comment? ">"

CGIF_ParseSpecCxt (char *scsir, BOOLEAN opt)
Will parse the special concept strings (Note: not implemented yet).

CGIF_ParseSpecCxtW (BSTR bsspecxt, BOOLEAN opt)
Will parse the special concept strings (Note: not implemented yet).

Detailed Description

These functions can parse CGIF format for each node type in the Conceptual Graphs:
Concept, Relation, Actor, Special Context.

177"
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Function Documentation

. CGIF_API BOOLEAN STDCALL CGIF_ParseConcept( char * concepiser,
BOOLEAN apt
)

Parse the concept string that is in the form "[" type(1)? {coreflink? referent?} comment? "]".

Parameters:
concepistr C string representation of the concept string to be parsed
opt optional indicator if parsing is successful - TRUE if not interested;
FALSE if need correct indicator
Returns:
BOOLEAN indicates if the string was successfully parsed
See also:

CGIF_ParseRcelation
CGIF_ParseActor

CGIF_ParscSpeeCxt

CGIF: API BOOLEAN STDCALL CGIF_ParseConceptW ( BSTR  bsconcept,
BOOLEAN opt
)

Parse the concept string that is in the form "[* type(1)? {coreflink? referent?} comment? *]".

Parameters:
bsconcept Unicode string representation of the concept string to be parsed
opt optional indicator if parsing is successful - TRUE if not interested;
FALSE if need correct indicator
Returns:
BOOLEAN indicates if the string was successfully parsed
See also:

CGIF_ParseConcept

Note: File Extended on Web.

Generated on Tue Mar 30 20:58:35 2004 for CGIF Module by 1.3.6
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Abstract. This paper develops two agent knowledge bases in conceptual graph
form, one using the KD45 underlying logical model for belief and one without
any underlying logical model for belief. Action-attitudes in the knowledge
bases provide contexts that represent the agents’ mental attitude towards, and
willingness to act upon information in the knowledge bases. Preconditions for
communication acts are also represented in the knowledge bases as well as
mental attitude changes following communications. Conceptual graphs are a
flexible and extendable form of knowledge representation that is used to capture
and represent semantic constituents of communications in a form that may be
used by software agents. The knowledge base representations in this paper
provide software agents a perspective from which they may reason about the
communicating agent’s beliefs and communication actions.

1 Introduction

Software agent technologies are being directed towards enabling heterogeneous
computing platforms in open environments to communicate, share resources and
cooperatively delegate tasks. Software agents provide developers a high-level
abstracted view from which to more easily solve problems in these programming
environments. [1] Intelligent software agents are often characterized as holding
mental attitudes, such as belief, towards their knowledge. These agents may use an
agent communication language (ACL), such as KQML or the FIPA ACL, to convey
their mental attitudes towards communicated knowledge. [2, 3]

An underlying assumption with ACLs is that the communicating software agents
‘speak’ the same ACL. [4] This presents difficulties for software agents designed to
converse in different ACLs, or to converse with different dialects of the same ACL.
Other approaches have been taken towards establishing common vocabularies
between software agents. Some examples are:

e [5] The World Wide Web Consortium (W3C) Ontology Web Language (OWL)
with the Resource Description Framework (RDF) allows web-based ontologies to

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 333-345, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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be established as meta-languages, providing web agents shared vocabularies. The
DAML-S ontology supports locating web services. [6]

o Gmytrasiewicz et al.[7] proposes that software agents negotiate and establish a
common vocabulary at runtime, while Reed et al. [8] propose that
communicating agents share a common set of semantic primitives but negotiate
the final meaning of these primitives at runtime.

e Sycara et al. [9] use matchmaker agents to support advertising, requesting and
matching agent services using a communication language in addition to their
ACL, called the Agent Capability Description Language (ACDL) LARKS.
Matchmaker agents are not information brokers, so after LARKS is used to locate
services, the matched agents must still intercommunicate to use services.

These approaches address agent vocabularies in different semantic constituents:
ACLs for agent communication protocols; negotiated semantics for heterogeneous
agent messages; matchmaker agents for locating agent services, and web ontologies
for establishing and using web-based domain knowledge.

Once a common vocabulary of any type has been established, the expected use of
this vocabulary in dynamic situations, such as communication protocols, needs to be
represented to software agents. These representations may assist heterogeneous agents
in reasoning about and overcoming other communication barriers. Hodgson lists these
requirements for representation schemes in Al, emphasizing that the last point is most
important [10]:

e The representation scheme should “permit sufficient internal organization so that
the type of object (problem) being represented can be easily classified.”

e The representation scheme should “be flexible enough so that decompositions of
problems can be expressed naturally in terms of the representation.”

o The representation scheme should “use as few special structures as possible.”

For example, when representing communication protocols in the FIPA ACL, the
type of problem is a procedure, and the problem is expressed in terms of the agents’
mental attitudes towards knowledge, using the Kripke’s KD45 possible world
semantics for the mental attitude belief [3]. Delugach has developed an extension to
conceptual graphs to capture dynamic behaviors [11]. Sowa has discussed the use of
context in conceptual graphs for modal logic representation [12, 13]. This suggests
that conceptual graphs are a notational framework that will satisfy the representation
requirements listed above when representing FIPA agent communications.

2 A Kripke Model of Belief in Conceptual Graph Form

Many theories of rational agency have been developed to allow developers to reason
about the behaviors of intelligent (rational) agents. Four well known theories of
rational agency, as described in [14, 15] are:

e Cohen and Levesque [16] — temporal logic + belief (KD45) +goal (KD)
e Moore [17] — dynamic logic + knowledge (S5)
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e BDI [18] — temporal logic + belief (KD45) + desire (KD) + intention (KD)
¢ KARO [19] — dynamic logic + belief (KD45) + wishes (KD)

These theories use the KD45 modal logic model for belief. The FIPA ACL’s
logical model for belief is also the Kripke KD45 logical model.[3] Software agents
that reason about communicating in the FIPA ACL may therefore benefit from access
to a KD45 model of belief.

2.1 KD45 Modal Belief Logic

The following discussion is taken from [20, 21]. Modal belief logics typically add a
modal operator for belief, often denoted as B, to first-order logic. The rule “If & is a
well formed formula, then B & is also a well formed formula” is also added.

A Kripke modal frame is a structure M = < W, D, R, F> where: W is a non-
empty set of possible worlds; D is a non-empty domain of individuals; R is a binary
accessibility relation on W; and F is a state dependent interpretation function. A
formula @ is satisfiable with respect to the modal structure if there exists a triple (M,
w, f) such that (M, w, f) |= .. A formula @ is valid if for every triple (M, w, f) it is the
case that (M, w, f) |= o For example, (Bo. V = Bq) is valid, and (Bo. V B—ov) is
satisfiable but not valid. [20]

The term ‘KD45’ identifies four formulas for belief, shown in the following table.
Kripke’s insight was to show that these accessibility relations correspond to these
formulas.

Table 1. KD45 Formulas and Corresponding Frame Relationships

Axiom Formula Description Accessibility
Relation
K Beliefs are closed under
(B aA B(u'_’ ﬁ)) B B logical consequence.

D -Bfalse Falsehoods are not serial
believed.

4 Boa—-BBao Beliefs are closed under transitive

_positive introspection.

5 “-Ba—-B-Baq Beliefs are closed under Euclidean

negative introspection.

2.2 Mental Attitudes and Action Attitudes

The FIPA specification states that software agents using the FIPA-ACL will possess
the three primitive mental attitudes of belief, uncertainty and choice, formalized in the
FIPA Semantic Language by the modal operators B, U and C respectively. An FIPA
agent is uncertain (U) about a proposition p if it considers that p is more likely to be
true than not true. The FIPA mental attitude choice (C) represents a goal state
concerning a proposition.[3]

An autonomous agent may believe a proposition ¢, B(e), but may choose not to
take action on that belief. For example, the agent may receive a query concerning the
truth-value of a proposition that it believes is true, but may choose not to answer the
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query. As intelligent and autonomous software processes, software agents will make
decisions based on their input, existing knowledge, interaction protocols and other
established plans. [22-24] These factors are not directly addressed by an agent
communication language, but nonetheless will contribute towards determining when
and what communication acts may take place. The predicate variable A, for action, is
used in this paper to represent these factors that, together with the mental attitude of
belief differentiate four mutually exclusive “action-attitudes”. These are shown in
Table 2.

Table 2. Four Mutually Exclusive Action-Attitudes

Believes; B(0l) Does Not Believe; —B(0)
Will Act; Nu} Action-Attitude 1 (AA‘I) Action-Attitude 2 (AA2)
Will Not Act; —A(0X) Action-Attitude 3 (AA3) Action-Attitude 4 (AA4)

2.3 A Conceptual Graph Model of the Kripke KD45 Frame

In this section we develop a representation of the KD45 model of belief in conceptual
graph form. The FIPA Communicative Act Library Specification does not specify any
agent implementation. [3] Our model is simply developed for this example of
showing how a model of belief, in a form accessible to software agents, may assist
agents in reasoning about communication acts.

o Since the FIPA ACL uses the Kripke KD45 model of belief, we see that these
action attitudes may correspond to possible worlds in a Kripke belief structure.

¢ Since communication acts may be initiated by agents that have no knowledge of the
truth-value of a proposition, such as in the FIPA query-if performative, we let the
mental attitude choice, C, be a subworld of AA2. [3]

e Because the preconditions for communication in the FIPA ACL ensure that no
proposition is conveyed by an agent that is uncertain about the truth-value of the
proposition, we let the mental attitude uncertain, U, be a subworld of AA3. [3]

e Because a speech act is an action according to the speech act theories of [25, 26],
preconditioned by beliefs specified in [3], we do not use AA4 in our model.

A Kripke frame with three worlds, each an action-attitude described above, and
with the KD45 accessibility relation is then:
¢ A set W whose elements are all possible worlds (AA1, AA2, AA3)
e The accessibility relations: R(AA1, AA2), R(AA2, AA1), R(AA2, AA3), R(AA3,
AA2), R(AA3, AA1), R(AA1, AA3)

The KD45 Kripke frame in Figure 1 is represented in conceptual graph notation
in Figure 2. Delugach has extended conceptual graph notation to represent dynamic
behaviors, such as the assertion of temporal knowledge, using a relationship called a
demon [11]. When activated, the demon will assert each of its output concepts and
retract each of its input concepts. The demons in the conceptual graph below are
activated by changes in action-attitudes held by the agent, with respect to a
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proposition. Within the context of possible world semantics, these demons allow an
agent to change state between possible worlds. The previous world (action-attitude) is
retracted with respect to a proposition, and a new world (action-attitude) is asserted.

@ Where:
AAlisBA A
\ AA2is B A A
AA3isBa—A

Fig. 1. KD45 Frame

A _and_(not)B ] B_ad_(not)A |

Fig. 2. CG Representation of KD45 Frame with Action-Attitudes as Possible Worlds

The possible worlds AA1, AA2 and AA3 in Figure 2 are represented by concepts
that are action-attitudes within which propositions are nested. When an FIPA agent
believes a proposition and is willing to act on that proposition, then the agent is
residing in possible world AA1 with respect to that proposition. Similarly, if the agent
has no knowledge of the truth value of a proposition but is willing to act; the agent
resides in possible world AA2. If the agent has a belief (uncertain or certain) with

respect to a proposition but is unwilling to act, the agent resides in possible world
AA3.
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3 A Rules-Based Model of Belief in Conceptual Graph Form

As with the FIPA ACL, the KQML ACL is a communication protocol expressed in
terms of an agent’s mental attitudes towards theirs and other agents’ knowledge.
However, the KQML ACL uses the mental attitudes belief, knowledge, desire and
intention. The KQML mental attitude knowledge functions similarly to the FIPA
mental attitude belief. No semantic models for mental attitudes are specified in
KQML, but the language used to describe speech acts restricts the way mental
attitudes can be used in speech acts. [27]

Initially, the KQML had no formal specification, although this was subsequently
addressed. [27] As a result, there are different implementations of KQML that cannot
be assumed compatible with each other. Every KQML implementation will
necessarily meet some constraints on mental attitudes as an artifact of software design
and implementation, although these constraints may not be explicitly stated.

The absence of an underlying logical model for mental attitudes in KQML is not
a problem for our approach. We start with the same four action attitudes listed above
in Table 2. A rule set can be established to govern the mental attitude knowledge for
the particular version of KQML ACL being represented. We represent the resulting
rule sets as IF-THEN statements in conceptual graph form, as shown in Figure 3.
(There are several possible conceptual graph representations for IF-THEN statements,
different from that shown here.)

The action-attitudes in Figure 3 will also form a context for each proposition in
the KQML agent’s knowledge base. We do not assume that action-attitude AA4 is not
required. The particular implementation of KQML will need to be examined first,
then the rule sets structured to reflect the particular KQML implementation being
represented.

THEN

sy

Fig. 3. Rule Sets to Define Action Attitudes

4 Knowledge Bases with Action Attitudes

The preconditions that determine when a FIPA agent may issue a communication act
are stated in terms of that agent’s mental attitudes towards a proposition. The
proposition is located in the content field of the ACL message. [3] The knowledge
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base of a FIPA agent will need to correlate the conveyed propositions to the mental
attitudes that the agent takes towards the propositions. The knowledge base may also
correlate the mental attitudes of other communicating agents take towards these same
propositions, when that information is available.

In conceptual graph form, this can be accomplished by placing propositions
within the context of the agent’s action-attitudes. In Figure 4, ‘Allen’ and ‘Burt’
identify two FIPA agents. A co-referent link identifies a proposition t that is in
Allen’s knowledge base and believed by Allen to also be in Burt’s knowledge base.
Figure 4 shows that Allen believes that he and Burt have the same action-attitude
(AA2) towards proposition t.

knowledge_base: Allen

AAS proposition i

Pria

propesition: p | ¥ :
Swel dg base: Burt

Anz = Aal ,
?ropollﬂoﬂ: t ; propositign: s |

AAz .
prepesition: t 1

A3

propesition: u E

I AA3
propesition; rj

Fig. 4. Knowledge Base of Agent with Action Attitudes Providing Context

Allen’s knowledge base in Figure 4 shows not only his attitudes towards
propositions in his knowledge base, but also what Allen thinks are Burt’s attitudes
towards propositions in Burt’s knowledge base. As a result, the knowledge base
describes preconditions placed on FIPA communication acts, expressed in terms of
mental attitudes taken by software agents towards propositions. For example, Allen
may issue the FIPA ACL inform communication act to Burt with respect to a
proposition p, only when Allen has action-attitude AA1 with respect to proposition p,
and Allen does not believe Burt holds action-attitudes AA1 or AA3 with respect to
proposition p (i.e., Burt has no knowledge of the truth-value of proposition p).

The rational effect of FIPA ACL communication acts is also expressed in terms
of the agents’ mental attitude towards propositions. If Allen issues the FIPA confirm
communication act to Burt with respect to proposition p, a rational effect is that
proposition p is asserted in Burt’s knowledge base. Allen’s model of Burt’s
knowledge base is not required to be accurate however; two agents will not have
complete and accurate representations of each other’s knowledge bases.

Although the KD45 logical model is specified for the FIPA ACL and no
underlying logical model is specified for the KQML ACL, the knowledge bases of
both types of agents may be represented using action-attitude contexts. The action-
attitudes are established as discussed in the previous section. A step towards
establishing common semantic knowledge between the two different types of agents
is to determine whether the knowledge mental attitude of the KQML agent plays the
part of the belief mental attitude of the FIPA agent. If these are accepted as being
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close, as they are in [8], then the action-attitudes ofthe FIPA agent may be considered
to be very close to those of the KQML agent.

Since FIPA agent Allen contains within his knowledge base a representation of
KQML agent Burt’s knowledge base, Allen may use his representation of Burt’s
knowledge base to reason about communication with Burt. Allen may also evaluate
whether he believes that common knowledge exists between Burt and himself. As an
example:

If Burt has action-attitude AA2 with respect to proposition p, then Burt has an
uncertain belief of proposition p.

If Burt has action-attitude AA2 with respect to proposition p, then Burt may not
inform another agent of the truth-value of p.

Burt has action-attitude AA2 with respect to proposition t.

Therefore, Burt may not inform Allen of the truth-value oft.

S Two Examples of Action Attitudes in Agent Knowledge Bases

The use of action-attitude contexts to represent agent attitudes towards propositions is
useful both when modeling communication between software agents that use different
ACLs, and also with communication between software agents that use the same ACL.
In the examples below, ‘Allen’, ‘Burt’ and ‘Charlie’ identify three software agents
that use the FIPA ACL. The conveyed information is the sentence “Car is repaired”.

5.1 Communication Between Two FIPA Agents

The sequence of messages between Allen and Burt in this first example is shown in
Table 3, where the first communication act is Message 1. This message is the FIPA
query-if communications act. Its semantic effect is to indicate that Allen is asking
Burt if the statement “Car is repaired” is true. The second message is the FIPA
inform-if communications act. Its semantic effect is to indicate that Burt is telling
Allen that Burt believes that the statement “Car is repaired” is true.

Table 3. Two FIPA Communication acts

Message 1 — Burt queries Allen

Message 2 — Allen informs Burt

(query-if
:sender Allen
receiver Burt

(inform-if
'sender  Burt
receiver  Allen

:content "Car is repaired” :content  “Car is repaired”
:protocol FIPA Query :protocol  FIPA Query
i) i)

Although the conveyed propositions, “Car is repaired”, are identical, the two
FIPA communication acts (query-if and inform-if) do not convey the same mental
attitudes towards that proposition. Burt has no knowledge of the truth-value of the
conveyed message; while Allen must believe that the statement “Car is repaired” is
true. The two communication acts also have different rational effects. Once Message
2 has been issued, Allen may also ‘think’ that Burt believes that the statement “Car is



Using Conceptual Graphs to Represent Agent Semantic Constituents 341

repaired” is true, although Allen may not believe “Car is repaired” is true. In Figure 5,
depicting Allen’s knowledge base following Message 2, Allen is shown as believing
the statement and also thinking that Burt believes the statement

knowledge base: Allen
AA1
_...proposition !
proposition = —w
1 5y &
car: # ]—5 attr r"_rfffjred | ;
AA2 knowledge base: Burt
T i
proposition: q | Aal J
proposition
A3 car: #j--h attr repalredJ
proposition: r |
AA2
propeosition: t ;
AAJ
proposition: u i[

Fig. 5. Knowledge Base of Allen Following Step Two in Table Three

5.2 The FIPA Proxy Communication Act and Agent Cooperation

The FIPA describes the proxy communication act as having two strengths, referred to
as strong-proxy and weak-proxy. Both strong-proxy and weak-proxy employ a third,
middle agent to relay information between two agents. The third, middle agent is the
proxy agent. Strong-proxy occurs when the proxy agent believes that the proposition it
relays in the proxy communication act is true. Weak-proxy occurs when the proxy
agent does not believe that the proposition is relays in the proxy communication act is
true. [3] The two types of proxy communication acts are illustrated by the
communication sequence shown in Table 4. The proxy agent is Burt, who is relaying
information between agents Allen and Charlie.

Table 4, Weak and Strong Proxy Communications

Conversation 1: Strong Proxy | Conversation 2: Weak Proxy
1 Allen calls the repair shop to ask
if his car is repaired. (Same as Conversation 1)
2 Burt answers the phone and
hears Allen's question. (Same as Conversation 1)
3 Burt tells Charlie that Allen is
asking if his car is repaired. (Same as Conversation 1)
4 Charlie asks Burt to tell Allen
that Allen’s car is repaired. (Same as Conversation 1)
5 Burt tells Allen that the car is Burt tells Allen that Charlie says
repaired. that the car is repaired.
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The two conversations are identical until Step 5. This is because the decision to
return a strong or weak-proxy is determined at run time. Burt is an autonomous agent
who may not believe that Charlie is to be trusted. As a result, Burt may not believe
Charlie’s answer.

A first problem presented by Burt not believing Charlie is that it is a precon-
dition on the FIPA inform communication act that an agent issuing an inform-
message believes that the information being conveyed is true. The FIPA specification
handles this problem by allowing the Burt to reply “Charlie says that the car is
repaired.” This is a true statement. The inform communication act precondition is
satisfied and the proxy communication act may be completed as shown in
Conversation 2.

A second problem is to evaluate whether Allen may detect that a weak-proxy has
occurred. Specifically, how can Allen determine whether Burt believes Charlie’s
answer? The FIPA Communicative Act Library Specification states that the feasibility
preconditions placed on communication acts have two parts; ability preconditions and
context-relevance preconditions. Ability preconditions refer to the software agent’s
ability to execute a communication act. Context-relevance preconditions refer to the
relevance of executing a communication act. The context-relevance preconditions
correspond to Grice’s Quantity and Relation Principles. [3] These principles, shown
in Table 5, are two of four cooperation principles identified by Grice. The principles
are applied to ACLs because ACL performatives are rooted in speech act theories
modeled after spoken human communication. [25, 26]

Table 5. Two Gricean Cooperation Principles, referred to by the FIPA

Grice Cooperation Principle Purpose
Quantity Be only as informative as required for the
purposes at hand.
Relation Make only relevant statements.

Software agents that can detect when a Gricean cooperation principle has failed
may conclude that a communicating agent is not cooperating. In this simple example,
Allen may determine that the Quantity Principle has failed when Burt responds,
“Charlie says that the car is repaired”, instead of “Car is repaired.” Although each
statement may be true, more information is returned in the first statement than in the
second. The weak-proxy may be detected by determining that more information is
being returned than is required.

Figure 6 shows that following Step 5 of Conversation 2: (1) Allen is uncertain
of the truth-value of the statement “Car is repaired”, located in AA2; (2) Allen
knows that Burt has told Allen, “Charlie says that the car is repaired.” By the
Gricean Quantity Principle, the additional context for the conveyed statement may
indicate that either Burt or Charlie is not cooperating. As a result, (3) Allen may
choose to believe that Burt also holds AA2 with respect to the statement “Car is
repaired.”
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knowledge base: Allen

knowledge base: Burt

proposition| ¥ ant
AA1 PN | S Burt [ swe)
geemtior o{) ‘Ul Freposition
o " ‘Ei”ﬂ“" ﬂrj—brepalred |
proposition ok
car # ?—b attr repairedj
proposition
proposition: r |
AA3
propoesition: u E

Fig. 6. Allen’s Knowledge Base, Following Step Five of Conversation Two

6 Discussion

Many different formal representations have been used to model software agent
constituents, at all stages of their development and implementation. For example,
predicate logic has been used to represent facts about ‘things’ in the agent world, Petri
nets or AUML have been used to represent processes and interaction protocols, OWL
has been developed to represent object types and ontologies of languages [28], and
programming languages such as JAVA have been used to support agent execution
across a variety of computing platforms. No one representation form is sufficient for
all purposes, and no unifying semantic framework for software agent technologies has
been established. [29]

The efforts to establish common semantic frameworks among different types of
software agents described at the beginning of this paper indicate that this is a significant
goal. If software agents are to reason about themselves, other software agents and their
operating environments, these agents will need access to the same types of information
that designers use to reasoning about agents and their operating environments.

Although no single formalism is sufficient for every purpose, a form that may
integrate several kinds of knowledge may better support agents in reasoning about
their and other agent behaviors. This paper explores how representations in
conceptual graph form may capture the semantics of modal belief logics and dynamic
communication processes for software agents.

7 Conclusion

We have shown that communication between intelligent software agents is a complex
process that involves semantic constituents in addition to shared vocabularies, as well
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as a common syntax. In our examples, we have shown the agents communicating to
express both factual knowledge and mental attitudes expressed in terms of modal
logics. Their knowledge bases developed in our examples show that these types of
information may be represented in conceptual graph form, utilizing the demon
relation to represent controlled transitions between states in a Kripke KD45 possible
world belief model, and using concepts as contexts to represent attitudes towards
propositions. In doing so, this paper addresses the larger problem identified by [23]
and other researchers; which suggests that for intelligent software agents to reason
about their own and other agent behaviors, the various types of knowledge used by
software developers in designing and implementing software agents may also need to
be provided to software agents themselves.

Acknowledgements. The authors would like to thank Lisa Cox and the anonymous
reviewers for their comments and suggestions concerning this paper. Their
evaluations have substantially improved the clarity of this presentation.
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Abstract. FCA has been successfully applied to software engineering tasks such
as source code analysis and class hierarchy re-organization. Most notably, FCA
puts mathematics behind the mechanism of abstracting from a set of concrete soft-
ware artifacts. A key limitation of current FCA-based methods is the lack of support
for relational information (e.g., associations between classes of a hierarchy): the
focus is exclusively on artifact properties whereas inter-artifact relationships may
encode crucial information. Consequently, feeding-in relations into the abstrac-
tion process may substantially improve its precision and thus open the access to
qualitatively new generalizations. In this paper, we elaborate on ICG, an FCA-
based methodology for extracting generic parts out of software models that are
described as UML class diagrams. The components of ICG are located within the
wider map of an FCA framework for relational data. A few experimental results
drawn from an industrial project are also reflected on.

1 Introduction

Current trends in object-oriented software construction, namely MDA (Model-Driven
Architecture)-based approaches, promote designing high-level models that represent
domain and application concepts (‘“Platform Independent Models”). These models, typ-
ically described in UML (Unified Modeling Language), are further on mapped to the
target implementation platform (“Platform Specific Models”). Modeling has thus be-
come a key activity within the software process whereas large efforts are currently spent
in developing automated tools to assist it.

Formal Concept Analysis (FCA) has already been successfully applied to the analy-
sis [1] and restructuring [2,3,4,5,6,7] of conceptual class models: it helps reach optimal
hierarchical organization of the initial classes by discovering relevant new abstractions.
However, providing far-reaching abstraction mechanisms requires the whole feature set
of UML to be covered, inclusive those encoding relational information (e.g., UML as-
sociations), whereas such features clearly outgrow the scope of standard FCA.

K.E. Wolff et al. (Eds.): ICCS 2004, LNAI 3127, pp. 346360, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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Making FCA work on UML models is the global aim of our study. Here, we propose
a new relationally-aware abstraction technique, ICG (Iterative Cross Generalization),
which works on several mutually related formal contexts that jointly encode a UML
class diagram. It performs simultaneous analysis tasks on the set of contexts where inter-
context links are used to propagate knowledge about the abstractions from a context into
its related contexts (and thus broaden the discovery horizon on those contexts).

The paper recalls the basics of FCA (Section 2) before providing a motivating ex-
ample (Section 3). Our recent FCA-based framework for processing relational data is
presented in Section 4. In Section 5 we specify ICG while emphasizing the role UML
meta-model plays in data description within ICG. Experiments done in the framework
of industrial projects are then reported (Section 6) with a discussion of benefits and
difficulties in applying ICG.

2 FCA and Class Hierarchy Restructuring

Formal concept analysis (FCA) [8] studies the way conceptual structures emerge out of
observations. Basic FCA considers an incidence relation I over a pair of sets O (objects,
further denoted by numbers) and A (attributes, denoted by lower-case letters). Binary
relations are introduced as formal contexts KX = (O, A, I). An example of a context,
Foo, is provided in Figure 1 on the left, where a cross in é-th line /j-th column means
that the object 4 has the attribute 7.

[
o
o
[=%
L]

frlalele =
Ed
>
|2«

Ead
tad
=3

Fig. 1. A sample context and the Hasse diagram of its concept lattice

A pair of derivation operators, both denoted by ’/, map sets of elements between A and
O by performing intersections on the corresponding sets of rows/columns. For instance,
{1,2} = {a,b} and {a,c} = {2,5}. The ’ operators define a Galois connection [9]
between 24 and 29, whereby the component operators ” satisfy the closure properties.
The underlying sub-families of closed sets are bijectively mapped to each other by ’ with
pairs of mutually corresponding closed sets termed (formal) concepts. More precisely, a
concept is a pair (X, Y) from 20 x 24 with X = Y'and X’ = Y, where X is the extent
and Y is the intent. The setCx of all concepts from K is partially ordered by the inclusion
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of extents, while the resulting ordered structure Lx, = (Cx, <x) is a complete lattice
with joins and meets based on intersection of concept intents and extents, respectively.
The lattice of the Foo context is drawn in Figure 1 on the right (as a Hasse diagram).

Research on applications of FCA has yielded a set of meaningful substructures of the
concept lattice. For instance, in object-oriented software engineering, the assignments
of specifications/code to classes within a class hierarchy is easily modeled through a
context, and applying FCA to a particular hierarchy may reveal crucial flaws in factor-
ization [2] and therefore in maintainability. The dedicated substructure that specifies a
maximally factorized class hierarchy of minimal size is called the Galois sub-hierarchy
(GSH) of the corresponding context. Mathematically speaking, the GSH is made out
of all the extremal concepts that contain an object/attribute in their extents/intents:
{(0",0")|o € O} U {(da’,a")|a € A}.

Moreover, as practical applications of FCA may involve processing of non-binary
data, many-valued contexts have been introduced in FCA. In a many-valued context
K = (0, A,V,J), each object o is described by a set of attribute - value pairs (a, v),
meaning that J is a ternary relation that binds the objects from O, the attributes from
A and the values from V. The construction of a lattice on top of a many-valued context
requires a pre-processing step, called scaling, which basically amounts to encoding each
non-binary attribute by a set of binary ones.

3 Improving UML Models: A Motivating Example

A highly simplified example introduces the problem domain. Consider the UML model in
Figure 2. A class Diary is associated to a class Date through the association orderedBy .
Class Date has three attributes (or variables) day, month and year and two methods
including isLeapYear () and a comparison method < (Date) . Another class Clock is
linked to Time class via the association shows . Class Time is described by the three
attributes hour, min and sec, and by a method < (Time) which aims at comparing
times.

Current approaches for applying formal context analysis to this UML model would
lead to the formal context of Figure 3: classes are the formal objects while UML attributes,
methods and association ends are the formal attributes (names have been reduced to their
first letters). This formal context does not reveal any new concept, although comparison
methods < indicate that a magnitude concept is underlying the model and that diaries
and clocks are devices which manipulate magnitudes.

Date Time
day - i
Diary * orderedBy P *| month | Clock * shows +| min
yex sec
<(Date) <(Time)
isLeapYear()

Fig. 2. Diary and clock
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d|mly|hjmn|s|<(D)|<(T) |isleapYear) my :;?u: d::::;; w
Diary x
Clock x
Date | x| x| x X x x
Time x| x |x x x

Fig. 3. Formal context for diary and clock

To infer amore elaborate UML model, we apply an approach that may be summarized
as follows. On the one hand, we process various sorts of UML entities such as attributes,
methods and associations, as first-class formal objects and assign a formal context to
each entity sort. Moreover, we use relational attributes to express links between entities
and model them as inter-context binary relations.

On the other hand, we use a repeated scaling along the relational attributes to prop-
agate the knowledge about possible generalizations between related contexts. Thus, the
concept construction process amounts to alternating scaling and proper construction
until stability in concept structures is reached.

In Figure 4, three many-valued formal contexts describe classes, associations and
methods as first-level formal objects, respectively. Here, UML class attributes are not
processed as objects for simplicity sake, but in the general case they are. Note that
some formal attributes (e.g. originType) are relational ones while others are not (e.g.
originMultiplicity or name) . Figure 5 shows the main relational attributes of the
example.

Scaling techniques are used to transform many-valued contexts into binary ones.
Values of each many-valued attribute are represented as the objects of scale context
where the formal attributes are important properties of these values. In Figure 6, values
of typeOfParam (1) are scaled considering the specialization order (inheritance) on
classes: a value (a class C) for typeOfParam (1) is associated in the scale with all
super-classes of C and C (A1l represents the top of the class hierarchy). Note that the
available class organization is replicated in the scale lattice (which basically represents a

Class Context P T [
isDescribedBy has isOrigin isDy name typeOfParamil)
A ate] (<} Date
i ot ﬁm; {<} {'ﬁme}I
e i isLeapY0 | (sLeap¥) | ()
Date [dmy} (<(D),isLeapY} {orderedBy )
Time {h,mn,s} (<«(T)} (shows]
originType | destType Midtiplici
orderedBy | Diary} {Date} . *
shows {Clock} (Time} * « Association Context

Fig. 4. Formal contexts for classes, methods and associations
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i isOrigin ;
Attributes hasForType Classes isDestination Associations
i orderedBy
shows
isDescribed originType
isDescribedBy destTope
returnType
typeOfParam(i)
Methods
Fig. 5. Relations between the formal contexts
name | typeOfParam(1) <Al
<(Date) {<} {Date}
<(Time) i<} (Time} <=Date <=Time
Many—valued Method Context \/
<=Date <=Time | ==All
Date x x ,@'
Time X x Scale for typeOfParam(1)
Scale Context for typeOfParam{1)
|
name:< typeOfParam{1):Date typeOfParam(1):Time typeOfParam(1):All
<(Date) X X x
<(Time) X X x
Scaled Method Context

Fig. 6. Scaling the method context

nominal scale). The concept lattice of the scaled method context (see Figure 7) contains
fourconcepts: m4 represents isLeapYear () ; m1 andm2 representboth initial comparison
methods, respectively, and m3 introduces a generalized method <. Bottom and top are
skipped since useless here.

The method lattice (Figure 7) is now used as a scale for the formal attribute has
owned by classes. Thus, if a class has a method meth in the initial many-valued context,
then it owns all the formal attributes has :m in the scaled class context where m stands
for a method concept whose extent contains the formal object representing meth. The
resulting scaled class context and its lattice (with top and bottom dropped) are shown in
Figure 8. The lattice includes a new concept c1 which obviously represents comparable
objects, hence it could be called Magnitude.

Our knowledge about the concept structure on classes has thus grown and the new
abstractions can be used as descriptors that could, whenever shared, induce potential
abstractions on related contexts. For example, the method context could be fed with the
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m3
name:< typeOfParam(1):All intent
<(Date) <(Time) extent oo
name:isLeapY
ml m2 isLeapY()
name:<,typeOfParam(1):Date name:<,typeOfParam(1). Time
<(Date) <(Time)

Fig. 7. The first concept lattice on methods

has: isOrigin: isDestination:
dimylhjmn|s| . o m3 m4 |orderedBy shows | orderedBy  shows
Diary X
Clock x
Date | X| X| X X X X X
Time 2] X |x x X X
cl
c4
has:m3
Date Time isOrigin:orderedBy
Diary
c5
= isOrigin:shows
d,m,y,has:m1.has:m3has:m4, isDest:orderedBy Clock
Date c3
h,mn,s,has:m2,has:m3,isDest:shows
Time

Fig. 8. Scaling the class context (up), class concept lattice (down) without the top and the bottom

knowledge about Magnitude thus prompting a re-consideration of its conceptual struc-
ture. Thus, three new binary attributes typeOfParam(1) :c2, typeOfParam(1l):c3
and typeOfParam(1) : cl replace the initial ones (typeOfParam (1) :All, type-
OfParam (1) :Date and typeOfParam(1) : Time). The resulting concept lattice re-
mains isomorphic to that of Figure 7, however its concepts are explicitly related
to existing concepts on classes, e.g., the top concept intent is bound to c1 via
typeOfParam(1) :cl.

The same procedure can be applied for scaling the association context, revealing that
the two formal objects can be generalized by a new association which ends into the c1
concept. The scaling of 1sOrigin and isDestination from the class context, using
the augmented association lattice, introduces a new generalization of Diary and Clock
(representing devices which manipulate magnitudes). The resulting set of abstractions,
re-interpreted in UML, is shown in Figure 9. The associations orderedBy and shows
are linked to the new association manipulate by the constraint subset which indicates
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a specialization relationship. Because of this constraint, their names are now prefixed
by the symbol*“/”, used in UML for highlighting elements that derive from others.

To sum up, we may claim that the apparent commonalties between the classes Time
and Date have led to the constitution of common superclass, Magnitude. The discov-
ery of this class has been propagated to both method and association contexts where
new abstractions have been created to reflect the existence of Magnitude. Finally, these
new abstractions reflected reversely on classes where a superclass of Diary and Clock
emerged. New generalizations are especially useful in design: e.g. new general classes
given with their abstract methods can serve as type for writing generic code; new gen-
eral associations clarify the model as specializations like orderedBy and shows can
disappear in overviews of the model; new classes can factorize attributes, methods,

associations added in further development, etc.

- . i ipulaseh s | Magnitude
DeviceForMagnitud 7 ~ <(Magnitude)
<<subset>> ;' Daie /7
_.: day ¢
Diary » forderedBy» .,' * :1;{]1 \.\‘
:, <(Date) \l::‘:subseb)
isLeapYear() Time
fshowsd %, , ooy
min
BEC
<(Time)

Fig. 9. Diary and clock after iterative cross generalization

4 Bringing Relational Concepts to Core FCA

In the following, we summarize the key elements of our relational FCA framework. A
detailed description could be found in [10].

As in classical FCA, heterogeneous datasets, i.e., ones made out of several sorts of
individuals, are introduced through a family of contexts, one per sort of formal objects.
Here, a set of binary relations (or set-valued functions) is added to data description,
which map objects from a context to sets of objects from another one.

Definition 1 (Relational context family).
A relational context family R® is a pair (Kg, Ag) where Kg is a set of s multi-

valuedcontexts K; = (O;, A;, Vi, Ji) and Ar is a set of p relational attributes (set-
valuedfunctions) a;j such thatforeach j, 1 < j < p thereexist r and q in [1, s] with

a;: O — 204,
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For instance, the data in our running example (see Section 3) constitute a RCF with four
contexts and nine relations.

Conceptual scaling [11] is a FCA technique that transforms a many-valued context
K = (0, A,V, J) into binary one K¢ = (O, A%, I4) by replacing non-binary attributes
from A by a set of binary ones, called scale attributes. Scale attributes basically describe
meaningful features of the values of the initial attribute, say a, and therefore induce a
lattice of concepts, called the scale lattice, on top of the value set V' (a). By bringing
those attributes to the objects from O, conceptual scaling allows new concepts to occur in
which the members of the extent share abstractions of the initial values rather than values
themselves. Clearly, the choice of scale attributes has a direct impact on the structure of
the target concept lattice: different attribute sets may lead to different lattices.

The same principle may be applied to the processing of relations which are basi-
cally object-valued attributes: given a relation a : O, = 29 and 0 € O, the set a(0)
could be replaced by a collection of binary attributes that characterize it. As the entire
process is ultimately aimed at detecting commonalties in the abstractions that conceptu-
ally describe the target objects, the scaling binds scale attributes to existing concepts on
the co-domain context rather than to formal attributes of this context (see the attributes
typeOfParam (1) : cX from Section 3). Moreover, as we argued in [10], the most natural
choice for the scale lattice of «x is the lattice of the context K since it embeds the most
precise knowledge about the meaningful abstractions on the set Og4. However, in specific
situations smaller structures, such as the GSH, may be more appropriate.

Consider an object o; from K, and its encoding in terms of concepts from Kg.Thus,
given a concept ¢; from £, the corresponding binary attribute (o : ¢;) will be incident
to o; depending on the way the image set of objects a(o;) compares to Extent(c;).
Two different encoding schemes are possible, i.e., 0; gets (& : ¢;) whenever: 1) a{o;) C
Extent(c;) (“narrow”)or 2) a(o;) N Extent(c;) # @ (“wide”). The “narrow” scheme
clearly fits lattice-shaped scales whereas the “wide” one suits also less extensive concept
structures.

To sum up, the encoding by concepts rather than by formal attributes from the
destination context KC, eases the interpretation of the formal concepts discovered in the
source context K. Moreover, such an encoding fits a step-wise discovery of the scale
concepts as illustrated in Section 3: the formation of some new concepts within Kg4, e.g.,
through refining of the descriptions of the context objects, results in the addition of new
scale attributes in the encoding of O, along c.

Given a relational contextfamily 7R*, our aim will be to construct s lattices of formal
concepts L£;, (0 < i < s), one per context K;, such that the concepts reflect both
shared attributes and similarities in object relations, i.e., common concepts in the co-
domain context. Obviously the relational scaling helps to reduce the lattice construction
on relational data to the binary case so that the same algorithmic procedures could be
applied. However, unlike conventional constructions, some RCF may require a step-wise
construction process due to the mutual dependencies between contexts, as it was shown in
the UML model analysis. Indeed, having aligned scales with actual concept hierarchies
on the destination contexts, an apparent deadlock occurs whenever two contexts are
connected both ways by a pair of relational attributes (or chains of such attributes). For
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instance, in Figure 5, the class context is doubly connected to the method one by the
initial attribute pair (typeOfParam (i) ,has).

To resolve the deadlocks resulting from circularity in the relational structure of
a RCF, we apply a classical fixed-point computation mechanism that proceeds step-
wise. Its grounding principle lies in the gradual incorporation of new knowledge gained
through scaling: the computation starts with uniformly nominal scales for all relational
attributes and at each subsequent step uses the previously discovered concept structures
within the respective co-domain contexts as new and richer scales.

Technically speaking, the global lattice extraction process associated with a RCF
alternates between relational scaling and lattice construction (see Algorithm 1). At the
initial step, relations are ignored (line 5), hence the lattices at this stage (line 6) are
not impacted by the relational information and rather reflect common non-relational
attributes. At the following step these lattices are used as new scales for a first-class
relational scaling thus providing new possibilities for generalizations (lines 10-11). The
scaling (line 10) / construction (line 11) steps go on until the global set of concepts
stabilizes, i.e., for each context K; the lattice L*[j] at the 4-th step is isomorphic to the
one of the i — 1-th, L*~1[j] where L¢ denotes the array of contexts at step 4. Stabiliza-
tion of the process can be deduced from the fact that the formal objects do not change
over the steps; the concept number of the lattice associated with £ = (0, 4,V, J)
is bounded by 2mn{IOLIAXVD " \which gives a bound to the scaling of relational
attributes.

proc MuLti-Fca( In: R® = (Kgr,Ar) a RCF,
Out: L array of lattices )
i + 0 ; halt + false
for j from 1 to s do
K} « ScaLe-Bin(K;)
L'[j] « Feca(k?)
while not halt do
i+
for j from 1 to s do
JC? P ExTEND-REL(;‘Cj—‘, LY
L'[j] + Fea(K) .
12:  halt « A, (L[] = L)

e
W o 0 Dol 0 e

Algorithm 1: Construcion of the set of concept lattices corresponding to a RCF.

Once the lattices of all contexts are available, a post-processing step clarifies the links
between concepts induced by relational scale attributes. In fact, many concept intents
will present redundancies: a concept ¢ from K, related, via (o : ¢1), to ¢; from K,
will necessarily be related to all the super-concepts of ¢;. Thus, for each super-concept
cg of e1, ¢ will possess the attribute {« : ¢2). As the latter reference does not add new
information with respect to (& : ¢1) to ¢, it may be deleted. This means that in the
intent of ¢, among all the binary attributes { : ¢;), only those corresponding to minimal
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¢; will be preserved. For instance, in Figure 8, the attribute has :m3 is redundant in the
intent of class concept c2 since c2 also owns has :ml, whereas m3 is a super-concept of
mlin the method lattice.

S Specifying the Iterative Cross Generalization Process

UML class diagrams (models) in more details. In class diagrams, classes are associated
to structural features (attributes) and behavioral features (operations and methods). In
Figure 10 (top) the main elements of attribute and method description are presented:
visibility (+, - and #); attribute types e.g. String, Point or Color which can be classes;
return type; parameter type list; multiplicity for many-valued attributes (like color), the
multiplicity is a set of integer intervals restricting the value number (for color, multiplicity
1..* expresses the fact that color has one or more value); static status (underlined
feature); derived status (introduced by /).

Figure 10 (bottom) also illustrates the main aspects of UML associations. An asso-
ciation is composed of at least two association ends. When it has a name (for example
place order), the name is followed by a triangle which establishes the direction for
reading this name: a person places an order and not the other way round. An associ-
ation end is typically characterized by: a type (the class C involved in this end), for
example Person and Order are the two end types of the association place order;a
visibility; a multiplicity; a navigability (shown through an arrow next to the type end);
a white or black diamond which indicates an aggregation or a composition. An associa-
tion end is sometimes provided with a role name which gives more accurate semantics
to objects when they are involved in the link, e.g. role employee for a person in as-
sociation manage. When the association owns variables and methods it is considered
as an association class, e.g. Access is an association class that supports the variable
passwd.

Car
— make : String {in {"Renault","Ford", etc.} }
- color{ 1..*]:Color=red
~ position : Point Person
- wheelNb:Integer=4{ ]

+ move(in np:Point) — birthDate : Date .
+ paint(in nc:Color[]) — fage:Integer --~~

+ getserialNb():String [query)
# setSerialNb ():Swring

Person |1 place_order p - emp’lnyee

Person

0.1
Document - - director

Access {ordered)

= o

Fig. 10. Classes and associations

»
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Using the UML meta-model to guide the context construction. The definition of UML is
established by the UML meta-model, that is a model that defines the language for models.
The UML meta-model is described through a subset of UML, and is given with well-
formedness rules in the formal language OCL (Object Constraint Language), as well as
with semantics in natural language. Part of this meta-model [12] relevant to our problem,
that considers the classes and their features, is shown in Figure 11. The meta-class Class
specializes Classifier, and as such, inherits from the possibility to own Features
(Attribute or Method). An Attribute includes the meta-attributes initialValue,
multiplicity,visibility, changeable; it has a type via the meta-association that
links it to Classifier. A Method has the meta-attributes body, isQuery, visibility,
and is composed of an ordered set of Parameters. An Association is composed of
several AssociationEnds which have a type which is a classifier. AssociationEnds
are described by a type (a classifier), and several meta-attributes including isNavigable,
isOrdered, aggregationandmultiplicity.

feature Feature
Chisiice * | name:String
visibility:VisibilityKind
Parameter
defaultValue:Expression
kind:ParameterDirectionKind
parameter
Class StructuralFeature BehavioralFeature 0.1 {ordered)
.
4& multiplicity:Multiplicity isQuery:Boolean gl

changeable:ChangeableKind ?\ \}\
Z‘S Operation Method
Attribute

initial Value: Expression

= R— o[ oo |
isNavigable:Boolean |ordered) 7
associgtionEnd |  isOrdered:Boolean
agregation: AgregationKind
multiplicity:Multiplici
changeable:ChangeableKind
name:String

visibility: VisibilityKind

Fig. 11. Extracts from the UML meta-model

As a meta-description of UML, the meta-model naturally contains the good abstrac-
tions for determining the right formal contexts: meta-classes are straightly interpreted
as formal objects, while meta-attributes and ends of meta-associations are their formal
attributes. Nevertheless, such an approach can lead to the manipulation of many tables
of data, and to the use of descriptors that generate too numerous uninteresting concepts.
Parameter for example is preferably included in the description of methods. Associa-
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tions should be described by an ordered set of association ends, but if we consider only
binary and directed associations, as often suggested in modeling [13], we can avoid hav-
ing a specific formal context for association end description. Conversely, if we want to
inspect all possible generalizations of associations in the general case, a formal context
describing association ends would be relevant.

In the context of the MACAO project', we have considered the relational context
family (Kg, Ar) defined as follows. Kz = {K¢,Kat, Knr,Kas} Ko = (Oc, Ac,
Ve, Jo) is the formal context on classes; A¢ is empty in our current experiments.
Kat = (Oat, Aat, Vae, Jar) corresponds to the formal context on attributes. A 44 in-
cludes the formal attributes name, multiplicity, initialValue corresponding to the
UML meta-attributes. V4, contains the possible values for these formal attributes, i.e.
possible attribute names, unions of integer intervals, etc. Kpr = (Ong, Anr, Vag, Jar)
describes methods. Aps includes the formal attributes name, body, while Vs con-
tains possible method names, and expressions that represent method bodies. K45 =
(Oas, Aas, Vas, Jas) is the formal context on associations. As we have chosen in our
first experiments to consider binary directed associations, the two association ends are
called origin and destination and their description is integrated into the formal con-
text for associations. Formal attributes are then name, nameOrigin, isNavOrigin,
isOrderedOrigin, multOrigin, and symmetrical attributes for destinationend. Ax is
the set of relational attributes that relate the previous contexts. They are found using the
meta-associations between meta-classes Classifier and Attribute, Classifier
and Association,or Classifier and Method (going through Parameter). They
have been presented on the edges in Figure 5. For example we have has : Og — 29
or originType : Qa5 — 29°.

6 Experiments

The ICG procedure has been implemented in the Java-based Galicia® platform [14] and
connected to the UML CASE tool Objecteering as part of the MACAO project, thus
enabling application of ICG to class diagrams designed within Objecteering. Thus, for
a given UML class diagram, RCF is exported® in a format which is readable by ICG,
which is run and its results are imported back in Objecteering in order to create a new
class diagram which can then be studied and compared to the original one. We present
here some results of the application of ICG on several medium sized projects of France
Télécom. Three different projects have been used for these experiments [15]: project 1
deals with the management of an information system, ICG was applied to the design
model of this project (the model used for Java code generation); project 2 concerns an
intranet software that was also in its design stage; project 3 is a prospective project
regarding the elaboration of a common user data model for several telecommunication

! A joint project of France Télécom, SOFTEAM and LIRMM supported by the French department
of research and industry (RNTL); http://www lirmm.fr/"macao.

2 See the web site at: http: //www. iro.umontreal. ca/~galicia.

3 A limited configuration of RCF is possible within Objecteering.
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Aunthentication context contains * (@ Authentication context
Fact109

containg
containg

{@Session

Authentication me thod

(@ Authentication method

Fig. 12. Factorization of an association

services. We have applied ICG to several class hierarchies of project 3: four class hier-
archies of service-specific models and the class hierarchy of the common model being
specified.

The results of the ICG implementation were shown to the designers of the class hier-
archies who gave an appreciation regarding the relevance of the proposed restructuring
with respect to the semantics of the underlying data model. The class hierarchies of
those projects consist of a few dozens of classes and the number of new UML elements
created by ICG (attributes, methods, classes, inheritance links) may vary from a few to
several hundreds in some cases, involving a tedious work of selection and interpretation.

Several new factorization classes or associations proposed by ICG were found ab-
solutely relevant by the class diagram designers. For instance, Figure 12 shows the
factorization of an association. Left part shows the initial state of the few classes in-
volved and the right part shows the proposed restructuring. The ICG algorithm properly
proposes to factorize both associations named contains "through the creation of a
new class Fact109 connected to the class @uthentication context through a new
association with the same name. Notice that the algorithm may propose to factorize
role names depending on the way the designer has named the associations: association
names, role names or both. This corresponds to the formal attributes name, nameOri-
gin and nameDestination of the formal context on associations. The multiplicity on the
side of the class @Authentication context is also properly factorized intoa 1. .*
multiplicity. On the other hand, one may question the factorization of 0. .1 and 1 mul-
tiplicities into * (it could have been factorized into 0. .1) but this is an internal choice
of the algorithm that could be fine-tuned.

7 Conclusion

We presented a new FCA-based technique (ICG) which processes several mutually re-
lated formal contexts and sketched its application to UML class diagram restructuring.
Experiments on industrial-scale projects established the feasibility of our approach (ex-
ecution time and semantic relevance of the results) and highlighted the crucial role of
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parameter tuning and appropriate user interface. A key track of improvement is the sep-
aration of formal attributes that guide the construction of new abstractions (e. g. names,
types of attributes, association ends, etc.) from secondary ones that only help to increase
the precision (e.g., multiplicity or navigability). Another current concern is the integra-
tion of a domain ontology into the ICG framework that should enable the comparison
of symbolic names used by the designer. This is crucial for any automated reconstruc-
tion technique such as our, because terms are not uniformly used over UML diagrams,
many synonymy, homonymy or polysemy situations occur. Although Objecteering of-
fers an operational user interface for ICG there is a large space for improvement. First,
designers that are FCA neophytes would benefit from an automated assistance in tool
fine-tuning. Second, navigation and edition tools should help make the entire ICG pro-
cess more interactive and thence more purposeful, e.g., by supporting run-time filtering
of the discovered abstractions.
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Abstract. The Knowledge Agent Mediation Language (KNAML) is designed
for use in multi-agent reasoning systems. Like conceptual graphs, KNAML
represents knowledge using concepts, relations, and graphs. Concepts and rela-
tions are linked to form graphs, and graphs may be nested within other graphs.
Additional constructs are used to support distributed reasoning and ontological
concision. KNAML treats ontologies as knowledge domains that happen to be
of the ontology domain. It uses an ontology of ontologies to define the concept
and relation types available in an ontology. KNAML knowledge resources are
modular to facilitate rapid development and efficient inter-agent processing.
KNAML supports ontological specification of an extensible set of knowledge
modalities, such as workflows, decision trees, and graphs that reflect the proc-
essing specializations of various knowledge agents and supports multi-modal
knowledge authoring. Implemented in Java, KNAML supports subsumption,
unification, and binding operations required by the host multi-agent system to
carry out knowledge discovery and synthesis.

1 Introduction

Multi-agent systems that perform distributed reasoning pose distinct challenges for
knowledge representation languages. Because the agents share a distributed knowl-
edge corpus, the language must support explicit ontologies. To facilitate agent diver-
sity, these ontologies should define, in addition to domain conceptualizations, various
structural features of the language as well. Because contributions to multi-agent sys-
tems may come from a variety of organizations, the resources used to implement the
language should use widely accepted technologies. Reliance on esoteric program-
ming languages should be avoided. Even so, the knowledge representation language
must readily support advanced reasoning capabilities, such as subsumption, unifica-
tion, and binding. As with monolithic knowledge systems, the language should also
support human readability and understandability. Finally, the knowledge representa-
tion language should support agent interoperability through the use of standard net-
work transmission and data storage.

The Knowledge Agent Mediation Language (KNAML) is designed specifically
for use in multi-agent reasoning systems. As with conceptual graphs [1], KNAML
represents knowledge using concepts, relations, and graphs. Concepts and relations

K.E. Wolff et al. (Eds.): ICCS 2004, LNA1 3127, pp. 361-374, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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may be linked together to form graphs, and graphs may be nested within other graphs
or concepts. Additional constructs, including concept frames and arc labels, are pro-
vided to support distributed reasoning and ontological concision. Frames are used to
implement relational instantiation, which enables the system to provide discrete han-
dling for factual assertions. Arc labels are syntactic helpers used to facilitate non-
ambiguous mapping between ontological structures and knowledge content.

KNAML supports knowledge capture and agent specialization by implementing
an extensible set of knowledge modalities, such as workflows, rules, decision trees,
and graphs. This is accomplished by using an ontological specification for each mo-
dality. Each modality is accompanied by a corresponding editor that enables the user
to create integrated knowledge projects, consisting of a set of multi-modal knowledge
modules defined to address an anticipated range of problems using a multi-agent
architecture. At the storage and transmission level, KNAML is represented as XML.
KNAML is being used in a variety of applications now under development. Editors
for workflows and graphs are now in use, and additional editors are in development.

This paper describes KNAML and its use in the KnoWeb® multi-agent architec-
ture. The KnoWeb architecture uses mediated reasoning to integrate a variety of
agent capabilities. These include knowledge bases, databases, UML workflows, and
sensors. The Java implementation of KNAML supports subsumption, unification, and
binding. The result is a simple but highly expressive language for representing
knowledge for performing automated reasoning in a distributed environment.

2 Background: A Multi-agent Architecture

KnoWeb is a multi-agent system architecture that uses mediated reasoning to perform
dynamic decision-making [2]. KnoWeb employs a small group of core agents to
implement its reasoning model, and engages a loosely coupled confederation of spe-
cialist agents to carry out goal-driven and event-driven tasks. The core agents consist
of a Meta Agent, a service agent, and one or more domain advisors. The Meta Agent
provides domain-neutral mediation and conflict resolution.  In its role as mediator,
the Meta Agent enlists other agents to satisfy goals presented by a requesting agent.
It takes care of inter-agent coordination and planning needed to reach a goal. By
concentrating reusable intelligence in this central resource, redundant complexity in
specialist agents is reduced. The service agent maintains a registry of agent capabili-
ties used to provide brokerage services. The service agent is functionally similar to
matchmaking agents described in [3], however, in KnoWeb agents typically are both
information providers and requesters, resulting in agent interaction that may be inten-
sively cooperative. The domain advisor provides conflict resolution and planning
strategies used by the Meta Agent. Agents communicate using the Knowledge Agent
Mediation Language (KNAML) developed by Sentar.

KnoWeb mediated reasoning is implemented in Java. The Java implementation
of KNAML supports subsumption, unification, and binding. Subsumption uses exis-
tential conjunctive logic to establish the truth value of one graph based on the known
value of another. Graph and sub-graph unification supports discovery by indicating
how one graph is subsumed by another. Binding is used forjoining graphs to produce
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knowledge synthesis. The binding operation also supports backtracking. This is nec-
essary to assure that graphs are recoverable in the event of binding failure.

The reasoning process used by the Meta Agent is straightforward. Throughout the
process, the Meta Agent uses an agenda to keep track of what it is doing and why, and
it maintains a context of asserted propositions. The process consists of several phases:
initiation, alliance, marshalling, resolution, and response. The process begins when an
agent initiates a request. The agent does so by sending the request to the Meta Agent.
When the Meta Agent accepts a request, it first checks to see if the answer is already
in the context or if the request is already in its agenda. If the answer is already in the
context, the Meta Agent uses it to generate a response. Otherwise, it proceeds with
problem solving.

In the alliance phase, the Meta Agent selects a relevant domain advisor for use in
planning and conflict resolution. This alliance is sometimes necessary because the
Meta Agent is domain neutral, and both planning and conflict resolution involve do-
main specific considerations. Typically, the domain agent is an expert system con-
structed specifically for a problem domain.

Following the alliance phase, the Meta Agent performs marshalling. Marshalling
consists in identifying the agents to enlist in handling the request. Registered capa-
bility and ontological consistency are among the criteria. Also as part of marshalling,
the Meta Agent negotiates with the domain advisor to determine whether any agents
should be excluded from request processing. This affords the domain advisor an op-
portunity to eliminate extraneous branches from the agenda before it is executed by
the Meta Agent. An agent’s registered capabilities may include preconditions that
must be resolved as part of request processing. These preconditions may require the
Meta Agent to spawn additional requests, so the Meta Agent must be able to maintain
recursive contexts.

Upon completion of marshalling, the Meta Agent dispatches the request to the
enlisted agents. These agents, if they choose to handle the request, attempt to instan-
tiate it, and return their results to the Meta Agent. The agents may initiate nested re-
quests as needed, and the Meta Agent will invoke the reasoning process for each of
these requests.

In the resolve phase, the Meta Agent discards duplicate responses and passes the
remaining responses to the domain advisor for evaluation. The domain advisor may
discard additional responses. The domain advisor may also initiate further nested
requests which must be serviced prior to resolution of the original request. The re-
maining responses are asserted into the context and the solution is dispatched to the
agent that initiated the request.

Note that elsewhere in the literature the term “Meta Agent” is used to refer to an
agent that reasons about other agents [4] or as an agent that aggregates other agents
[5]. Although this latter definition might have some functional applicability here, to
the extent that multiple Meta Agents could operate among intersecting or comple-
mentary agent clusters, no other architectural support for this concept seems neces-
sary. And for reasoning about other agents, no particular kind of agent is required.
What would be required are appropriate knowledge resources and some stock of
problems to consider.
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3 Knowledge Agent Mediation Language

KNAML is based on conceptual graphs, as defined by Sowa [1]. In KNAML,
knowledge is represented using concepts, relations, and graphs. Concepts and rela-
tions may be linked together to form graphs, and graphs may be nested within other
graphs. Ontological support is built into the language. The result is a simple but
expressive language for the representation of complex knowledge.

A concept may represent any entity. Concepts have a type and a referent. The
type is the ontological category to which instances of the concept belong. The refer-
ent denotes a specific instance or set of instances of a concept. The following
graph contains a single concept. The concept type is Person and the referent is
#Bob.

[
[Person: #Bob]

1

In the above example, the type of concept referent used is called an indexical.
Indexicals are always preceded by the “#’sign, e.g. #Bob. Indexicals may be used to
designate individual concepts. KNAML supports two other kinds of referents. These
are string literals and descriptors. String literals are represented using character
strings enclosed in quotes. Descriptors are graphs. These are used frequently in
KNAML. In the following example, the referent of the concept type Proposition
is a descriptor. As shown, descriptors can be nested:

[
[Proposition: [
(Believes)
+-believer-->[Person: #Jack]
+-belief-->[Proposition: [

(GoingTo)
+-traveler-->[Person: #Bob]
+-destination-->[City:#Boston]

11
1]

Frames are implemented using relations, with arcs for each slot. Frames are used
for relational instantiation. This makes it possible for the system to distinguish one
otherwise identical instance of a relation from another. If there are multiple asser-
tions, for example, that “Bob is going to Boston,” possibly received from differing
agents or from the same agent at different times, relational instantiation permits the
system to uniquely identify each trip. Further, frames provide a convenient way to
specify properties for each instance, such as time and date or mode of transportation.
So, if the ontology for concept type Person specifies associations with concepts of
type Address, City, State, and Zip, the association can be defined like
this:
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[Person: #Bob [
(PersonalDetails)

+-name-->[Name: "Robert McNamara']
+-address-->[Address: "1000 Defense Pentagon"]
+-city-->[City: "Washington"]
+-state-->{State: "DC"]
+-zip-->[Zip: "20301"]

1]

Relations are used to define relationships among concepts. Each relation has a
type and a collection of arcs. The arcs are used to define the linkage between a rela-
tion and its concepts. Arcs are labeled. The labels are determined in the ontological
definition of the relation. Each arc terminates in a concept. The types of each of
these concepts are also specified ontologically.

Here, the relation GoingTo has two arcs, one labeled traveler and the other
destination. The traveler arc terminates on a concept of the Type Person,
with referent of #Bob. The destination arc terminates on a concept of type destina-
tion, with a referent of # Boston.

[Proposition: [
(GoingTo)

+-traveler-->[Person: #Bob]

+-destination-->[City:#Boston]
11
Suppose that several people are going to Boston. One way to express this would be to
create several graphs, one for each traveler. Another would be to define the ontology
to permit the use of a plural. A plural is a special concept in which all the elements
are of a specified type:

[

[Proposition: [

(GoingTo)
+-travelers-->[Person: { #Bob, #Carol, #Ted,
#Alice }}
+-place-->[City: #Boston]

11

1

A graph is a container for concepts, relations, and other graphs. A graph is repre-
sented by a matching set of square braces. Here is a graph containing a relation and
its ontologically specified set of concepts:

[

{GoingTo)
+-traveler-->[Person: #Tex]
+-destination-->[City:#Madison]
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4 Ontology

As previously suggested, ontology is central to KNAML. Use of an explicit ontology
enforces consistency within a knowledge module, and more importantly for multi-
agent systems, ontology makes it possible for agents to share knowledge. An ontol-
ogy is a specification of the concepts comprising a domain and the interrelationships
that may hold between these concepts. We treat an ontology as a knowledge module
whose domain happens to be an ontology. To author such an ontology, an ontology-
ontology is required.

An Ontology consists of an ontology name and a collection of concept and re-
lation types. The name is a concept of type TypeName, and the concept and relation
types are of ConceptType and RelationType respectively:

[Ontology: [
(OntologyFrame)
+-aName--> [ TypeName: ]
+-someConceptTypes-->[ConceptType: {*}]
+-someRelationTypes-->[RelationType: {*}]

A concept type is a concept of type ConceptType. To define a concept type,
the ConceptType concept type is used. The ConceptType has two parts, a type
name and a type. The name is a concept of type TypeName, and the type is onto-
logically unspecified and could be anything. By convention, the type must be a rela-
tion type, an enumeration, a primitive, or nothing at all.

[ConceptType: [
(ConceptTypeFrame)
+-aName--> [TypeName: ]
+-aType-->[]
11

A relation type is a concept of type RelationType. A relation type specifica-
tion consists of a name and a collection of arc types. The name is a concept of type
TypeName. The arcs are concepts of type ArcType.

[RelationType: [
(RelationTypeFrame)
+-aName--> [TypeName: ]
+-someAxrcTypes-->[ArcType: {*}]
1]

An arc type is a concept of type ArcType. The specification of an arc type con-
sists of a label, an arc terminus, and a plural indicator. The label is a concept of type
TypeName. The terminus is a concept of type ConceptType. The plural indica-
tor is a concept of type Boolean.
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[ArcType: [
(ArcTypeFrame)
+-alabel-->[TypeName: ]
+-aTerminus-->[ConceptType:]
+-aPluralIndicator-->[Boolean:]
11

There are several primitive types used to provide the ontological foundation.
These include TypeName, Boolean, and Enumeration. A concept of type
TypeName is a string, a concept of type Boolean may be either true or false, and a
concept of type Enumeration may be used to define a specific set of values that
may be applied to a concept.

Using the ontology-ontology, it becomes possible to treat an ontology as a
knowledge module. This means new ontologies can be authored using the same tools
used to create other knowledge modules, and further, it is possible for a knowledge
agent to reason about ontologies just as they do about other domains. We anticipate
being able to apply this approach to ontology reusability problems.

5 Knowledge Modalities

In a multi-agent system, agent specializations may occur along lines of knowledge
domains. For example, one agent might specialize in some area of product diagnos-
tics, and another could specialize in customer service. The two agents combined
would be useful in creating a product support application. However, there is another
form of specialization, one which occurs along lines of knowledge modalities. That is
to say, the agents specialize in their forms of knowledge representation. Some prob-
lems are best solved by using rules, others by using decision trees, and still others
respond well to workflows. The possibilities are unlimited. A single form of knowl-
edge representation, no matter how powerful, is insufficient. Using the wrong repre-
sentation leads to poor design, difficult knowledge authoring, and poor system per-
formance.

KNAML supports an extensible set of modalities, such as workflows, rules, deci-
sion trees, and graphs. This is accomplished by using KNAML ontological support to
create ontologies for specialized modalities. Each modality is accompanied by a
corresponding editor that enables the user to create integrated knowledge projects,
consisting of a set of multi-modal knowledge modules defined to address a predefined
range of problems using a multi-agent architecture.

For example, the workflow modality allows knowledge to be authored, ex-
pressed, and processed as workflows, using workflow symbology. The workflow
agent implements UML activity diagrams, including actions, forks, merges, branches,
joins, and transitions. Workflow activities and transition guards include goals, which
are expressed as KNAML graphs. At runtime, these goals are evaluated—using the
Meta Agent reasoning process where appropriate—and the results are used to deter-
mine the path taken by the workflow. That multi-agent systems would benefit from a
well-defined agent interaction protocol is clear [6]. The workflow agent orchestrates
the behavior of the multi-agent system, and it does so in an architecturally neutral
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manner. A workflow is a tactical plan for solving a problem. By specifying the steps
required to solve the problem, the order in which they are to be taken, and the condi-
tions under which they will be invoked, the workflow provides a coherent approach to
agent cooperation. Because all activities performed by other agents (possibly includ-
ing other workflow agents) are mediated through the Meta Agent, workflows can
maintain goal-level visibility into the problem solving process. This simplifies the
knowledge representations required by individual agents and reduces the need for
extensive preconditions on agent capabilities. Supporting the workflow agent is a
workflow editor used to create workflow modules.

Thus, in addition to support knowledge processing, the multi-modal approach
makes knowledge representations more intuitive for non-logicians. We believe this is
a significant benefit, especially in contrast to knowledge representations which rely
exclusively on description logics, markup languages, or some combination of the two,
as is the case with the Resource Description Framework, as described in [7] and else-
where.

6 Reasoning in KNAML

The Java implementation of KNAML supports subsumption, unification, and binding.
Subsumption uses existential conjunctive logic to establish the truth value of one
graph based on the known value of another. Graph and sub-graph unification sup-
ports discovery by indicating how one graph is subsumed by another. Binding is used
for joining one graph with another. The binding operation also supports backtracking.

We have chosen to implement KNAML using Java. This commitment is consis-
tent with our general ground-rule that our development be portable, practical and
accessible. Implementing unification in Java has required that subsumption, unifica-
tion, and binding be addressed explicitly, whereas, in a logic programming language
such as Prolog, these capabilities might have been left to fend for themselves. Here
we discuss some of the issues associated with defining and implementing the
KNAML reasoning capability.

6.1 Subsumption

Subsumption is used for graph comparison. For example, it may be used to compare
a possible solution to a goal. Ifthe goal can subsume the possible solution, then the
possible solution is, in fact, a solution. This technique has been used in the Meta
Agent to check a new goal against the context, to see if the solution is already known.
Subsumption is a very specific test for similarity in two conceptual structures. A
conceptual structure p is said to subsume the structure g if the following conditions
hold:

l. Ifp and g are concepts, then p subsumes q if the type of p subsumes
the type of g and the referent of p subsumes the referent of g.
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a. The type of p subsumes the type of g if the former is un-
specified or ifthe two are identical.

b. The referent of p subsumes the referent of g if any of the
following are true:

i. The referent of pis unspecified.
ii. The referents of p and g are identical primitives.
iii. The referents of p and g are subsumable plurals.l
iv. The referents of p and g are subsumable graphs.
2. Ifp and g are relations, then p subsumes g ifthe type of p is identi-
cal to the type of g and the arcs of p subsume the arcs of g. The
arcs of p subsume the arcs of g if all ofthe following are true:

a. The number of arcs in p is equal to the number of arcs is q.

b. There is a one-to-one match from the arc labels in p to the
arc labels in q.

c. The concept at the end of each arc with a given label in p
subsumes the concept at the end of the arc with the same
label in qg.

3. Ifp and g are graphs, then p subsumes g if one of the following
conditions hold:

a. The content of p is unspecified.

b. Bothp and g are empty.

c. p and g are non-empty, and for every structure in p, there
is a corresponding structure in g which the structure in p
subsumes.

6.2 Unification

Unification supports discovery by producing a new graph which shows how one
graph is subsumed by another. In the Prolog programming language, both unification
and subsumption lend themselves to backtracking. For example, the matching of
graphs is not order dependent, so an attempt may begin in one order until it fails, then
another order is attempted. However, there is no backtracking in Java—once an ob-
ject is changed, it is changed. Therefore the Java implementation of unification does
not change the arguments being unified, but produces a third, unified argument. If at
any point during the unification of p and g to produce r, some substructures p’ and
g’ are being unified in an attempt to produce r ’ and the attempt succeeds, r / can be
added to r. But if it fails, any structures accumulated into r‘ can be discarded, and
any other appropriate attempt can be made.

Interestingly, when p is unified with g to produce r, it would seem that r would
be identical to g. We might draw this conclusion from a cursory reading of the rules
for subsumption, which say that p is subsumes g if p is identical to g, or, in some

! The definition for subsumption of plurals is not given here, but it is essentially the same as
subsumption of graphs.
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specific instances, if p is unspecified. In the instances in which p and g are identi-
cal, r will have the same value as p and g, and so, obviously, it will have the same
value as qg. In the instances where p is unspecified, g may be specified or unspeci-
fied, but in either case, r will have the value of g. So, in all cases, r will have the
same type and structure as g. What unification allows r to inherit from p is indexi-
cals.

Consider the case of an agent that can convert from degrees Fahrenheit to degrees
centigrade. To make the agent capability declaration simple, let us say that the agent
can convert both directions, and also can check a given pair of numbers to see if they
are paired by the conversion process (that is, that the conversion of one would result
in the other). The first of the following three propositional functions represents this
capability, the second represents a goal for the conversion of 32 degrees Fahrenheit to
centigrade, and the final propositional function represents the unification of the two:

{
[PropositionalFunction: #p|

{Convert)
+-degreeF-->[#theFarValue]
+-degreeC-->[#theCentValue]

1]
[PropositionalFunction: #q(

(Convert)
+-degreeF-->["32"]
+-degreeC-->[]

1]
[PropositionalFunction: #r{

(Convert)
+-degreeF-->[#theFarValue"32"]
+-degreeC-->[#theCentValuel

1]

In keeping with the earlier discussion, these are labeled “#p”, “#q”, and “#x”,
respectively. Notice that unification takes the values from g, the goal, which is sup-
plied by the system, but retains the indexicals from p, the capability, which was sup-
plied by the agent. This allows the agent to use the indexicals to quickly locate im-
portant concepts in the goal, even though unification may have a different form from
the original capability. Granted, it would not be difficult to locate any concept in this
example. Actual capabilities are generally not quite so simple.

6.2.1 Unspecified Graphs

A unique requirement that has emerged in our use of KNAML is the need to be able
to work with unspecified graphs. The KNAML code has for some time been aware of
“null” graphs, graphs which have not yet had their element vector set. In various
places, the code attempts to treat these graphs the same as empty graphs. The concept
of unspecified graphs is borrowed from plurals, where there is both the empty plural
“{}” and the unspecified plural “{*}”. Sowa [1, 8] does not include this notion in his
definition of graphs, and is silent on the whole idea of propositional functions. Fur-
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ther, if graphs can be made to be a true superset of functionality to plurals (and why
should they not?) then plurals would be redundant, and could be replaced by se-
quences. Sequences are similar to plurals, but are ordered. These could be important,
for example, when we wish to send a list of options to the user, and we wish those
options to be presented to the user in the same order they were sent.

6.2.2 Unification by Sub-graph

Unification by sub-graph is important as a vehicle for discovery and a test of truth.
What is true for a graph should also be true for a sub-graph. For example, consider a
goal p formed from the question, “Who is going to Boston and Chicago?” The

proposition g, presumably from context, shows that it is known that Bob is going to
Baltimore, Boston, Chicago, and Washington:

[PropositionalFunction:#p [

(Going)
+-traveler-->[{#theTraveler]
+-destination-->{{

[*"Boston"]
["Chicago"]
11
1]
[Proposition:#qg [

(Going)
+-traveler-->["Bob"]
+-destination-->[[

["Baltimore"]
["Boston"]
["Chicago"]
{"Washington"]
1]
11
Obviously, if Bob is going to Baltimore, Boston, Chicago and Washington, then
Bob is going to Boston and Chicago, and p should unify with g, as shown here in r:
[Proposition:#r [

(Going)
+-traveler-->[{#theTraveler"Bob"]
+-destination-->[{[

["Baltimore"]
["Boston"]
["Chicago"]
["Washington"]
1]
11
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6.3 Binding

Because unification does not affect p or g, it is very useful and relatively simple to
implement. However, there are times when its usefulness is limited for this very
reason. We have found we need an operation where p is “bound” to g, where the
process of binding is like unification, except that the result, rather than being directed
to a new structure r, is directed back into p. An example of this is found in the be-
havior of the workflow agent.

Consider a section of a workflow that monitors the temperature of some piece
of equipment. As a failsafe, this section of the workflow takes two different tem-
perature readings, one in Fahrenheit and one in centigrade, and compares the two to
see if they agree. Presumably, if they do not agree, the workflow would generate
some alarm, but we will concern ourselves only with the states in the workflow which
take the two readings and compare them. Here are the goals associated with the states
of interest:

(
[PropositionalFunction:#goall [
[Sensor:#theSensor|
(Property)
+-aValue-->[#degreesF]
+-aName-->[ "DegreesFahrenheit"]
+-aConcept-->[#theSensor]
11
11
[PropositionalFunction:#goal2 [
[Sensor:#theSensor |
(Property)
+-aValue-->[#degreesC]
+-aName-->["DegreesCentigrade"]
+-aConcept-->[#theSensor]
1]
11
[PropositionalFunction:#goal3 [
(Convert)
+-degreesF-->[#degreesF]
+-degreesC-->[#degreesC]
1]
]

Note that the goals are joined. That is, the third goal shares concepts with the
first two. When the third goal is executed, it needs the values returned from the exe-
cution of the first two goals. The workflow agent is an abstract agent, and knows
nothing about any particular domain, so it certainly will not know that it needs to
obtain these values for this particular case. The agent could be implemented to unify
the goal with the result, then search future goals for indexicals found in the unified
result, copying the value from the unified result to those goals, but this would be a
messy process.
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If, instead, the agent would, after execution of each goal, bind the goal with the
result, future goals which are joined to the goal would automatically be changed. For
example, if the Fahrenheit reading were 32, after the execution of the first goal and
the binding of the goal with the result, the concept with the indexical “degreesF”’
would be bound to the value “32”. Similarly, if the reading for degrees centigrade
were “0”, after the execution of the second goal and the binding of the goal with the
result, the concept with indexical “degreesC” would be bound to “0”. This would set
the third goal up to test the conversion of 32 degrees Fahrenheit to 0 degrees centi-
grade, which is exactly what we would want.

6.3.1 Binding and Subsumption

Since binding is destructive, it is useful to know in advance if it will succeed.
Although it might seem that subsumption could be used as an indicator of success,
there are problems with such an approach. Binding, like unification and subsumption,
is not order dependent. The algorithm must attempt to find an order in which
the graphs will bind. The subsumption and unification algorithms can simply
try progressive orders until one succeeds, or until all have failed. Unlike sub-
sumption and unification, binding changes the graph while in the process of trying
progressive orders. This means that binding may not succeed, even when subsumable
order has been found. Thus we have found it necessary to implement backtracking
for binding.

7 Conclusion

In this paper we have described KNAML and its use in the KnoWeb multi-agent
architecture. KNAML supports knowledge capture and agent specialization by im-
plementing an extensible set of modalities, such as workflows, rules, decision trees,
and graphs. This is accomplished by using an ontological specification for each mo-
dality. Each modality is accompanied by a corresponding editor that enables the user
to create integrated knowledge projects, consisting of a set of multi-modal knowledge
modules defined to address an anticipated range of problems using a multi-agent
architecture. At the storage and transmission level, KNAML is represented as XML.
KNAML is being used in a variety of KnoWeb applications now under development.
Workflows and graph editors are now in use, and additional editors are in develop-
ment.

The KnoWeb architecture integrates a variety of agent capabilities. These in-
clude knowledge bases, databases, UML workflows, and sensors. The Java imple-
mentation of KNAML supports subsumption, unification, and binding. Subsumption
uses existential conjunctive logic to establish truth value of one graph based on the
known value of another. Graph and sub-graph unification supports discovery by
indicating how one graph is subsumed by another. Binding is used forjoining graphs
to produce knowledge synthesis. The binding operation also supports backtracking.
This is necessary to assure that graphs are recoverable in the event of binding failure.
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The result is a simple but highly expressive language for representing knowledge for
performing automated reasoning in a distributed environment.
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Abstract. One of the main goals in achieving smarter management and re-
trieval of information for the future is in ensuring interoperability among
knowledge bases. The achievement of this ultimate goal in knowledge man-
agement requires the development of semantic representations and methods for
comparison which will allow a semantic interoperability of knowledge bases.
This paper will examine technologies which can be used to implement these
goals. We explore current technologies that lie behind developments in sub-
sumption theory, intelligent cooperating agents and ontologies, and explore
how these technologies can be applied to the problems facing knowledge man-
agement. This paper offers a treatment of the semantics of comparison for the
ontologies underlying knowledge bases. Our goal is to match and filter infor-
mation retrieved from a knowledge base by using an ontology created by the
user. This will require defining means to compare, link or merge ontologies.
This work is significant in that our formal definition of ontology dispenses with
the class/instance boundary, thus saving complexity, while allowing a filtering
mechanism for facilitating interoperability.

Keywords: Knowledge representation, automated reasoning, ontology, knowl-
edge servers

1 Introduction

With the large amount of information (and knowledge) available through the Internet,
users are starting to look for effective ways to filter through the information, to find
only the information relevant to their work. Instead of using the web to provide
documents and raw data, users will instead use a knowledge server (or knowledge
provider [1]) to tailor the knowledge retrieved to the user’s specific purposes.

Many authors in the field of knowledge representation have described the use of
constraints and filters to tailor information for a user. The goal of that work is to
tailor each knowledge base to provide the information that the user is looking for.
One way to do this would be simply to make all knowledge bases conform to a com-
mon standard. Since forcing all knowledge base authors everywhere to adopt a sin-
gle, uniform standard is a near-impossible task (consider all of the current web stan-
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dards) it is more reasonable to attempt to create methods to allow a knowledge base to
find points of interoperability with other knowledge bases automatically.

It has been stated clearly and convincingly that communications between knowl-
edge bases is more than a matter of agreeing to a common representation standard [1,
2]. True interoperability depends on the semantic representation of the knowledge
and of the domain represented in the knowledge base. Ontologies have been used to
define a framework for the knowledge in a domain, but so far very little work has
been done in the area of the interoperability of ontologies, or in ontology comparison
or reuse [3].

This article offers a formal treatment of the semantics for the ontologies underly-
ing knowledge bases. We define methods which allow an interoperability between
knowledge bases created by different knowledge engineers. Our goal is to filter out
information retrieved from a knowledge base by using an ontology created by the
user, in order to retrieve only the tailored information that the user is after. This will
require defining means to compare, link or merge ontologies. This work is significant
in that it goes beyond previous work which is often limited to strict taxonomies, or
which is constrained to particular types of inheritance or structures. We define meth-
odologies which go beyond these restrictions.

2 Comparing and Tailoring Ontologies

Graphical representation models have been used for knowledge representation for
several reasons. Mugnier and Chein [4] list the main advantages as a solid grounding
when it comes to combinatorial algorithms, and that a graph (as a mathematical ob-
ject) allows a natural representation. This natural representation allows not only the
construction of effective algorithms over the knowledge, but also assists the user in
understanding the knowledge, making it easier for the user to manipulate, edit and
revise the knowledge. Graphical representations will also allow an explicit represen-
tation of the concepts in a domain, and their relations.

Graphical representations can take many forms, but are mostly based on various
association mechanisms which are used to identify relations among objects and
classes in a domain. Associations such as deduction and constraints can be imple-
mented through graph matching and through the use of subsumption hierarchies.

There has been some previous work in formalizing the definitions and operations
on ontologies, but so far they have been restricted either by structure, by limited in-
heritance rules, or by interoperability with ontologies designed by another designer.
For an ontology to be truly flexible and useful, it must contain all of deduction, rela-
tions among first-class objects, comparison or merging and subsumption (or some
type of flexible inheritance).

Gruber [5] proposes a list of design criteria for ontologies as a method for evalu-
ating an ontology. While these criteria help to clarify the issues behind ontology
design, and help to guide the ontology designer, they are not formal, testable defini-
tions of an ontology. It was not Gruber’s intention to offer formal definitions for
ontologies. Gruber sees an ontology as a statement of a logical theory, but eschews
the idea that ontologies might be limited to traditional logical definitions that are
simply contentless logical terms without any world knowledge. Then agents are said
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to have an ontological commitment to an ontology when the agent’s observable ac-
tions are consistent with the definitions of the ontology [5].

The problem, however, is that there is no way in Gruber’s system to guarantee or
enforce the commitment. For example, while Gruber’s guidelines say that an ontol-
ogy should be coherent and consistent, how do you guarantee consistency and coher-
ence without a formal guarantee of soundness?

The extensive work by McGuiness and others [6-8] provides many tools for using,
manipulating and even comparing ontologies, but still fall short in being completely
expressive. The Chimaera ontology environment, for example, provides a tool for
comparing knowledge bases created by different designers, and is effective at finding
objects common to two ontologies. However, Chimaera is completely user-driven, in
that no automated merging of the ontologies is produced by the tool. While this pro-
vides a useful tool for many types of applications, there is no automation in the ontol-
ogy comparison, except to attempt to identify common words from two ontologies.
Further, much of this work is restricted to taxonomies, and not generalized lattice
structures, which restricts the domains that can be explored.

OWL [9] (and the language it was derived from, DAMLAOIL) is another ontology
tool which is based on Description Logics [7]. Fundamentally, DAML+OIL and
OWL represent a set of syntax rules built on a decidable fragment of First Order
Logic (FOL). The semantics of the language are derived from its FOL foundations,
so there are useful definitions of properties such as deduction and soundness. (How-
ever, there was a proposed model-theoretic semantics for DAML+OIL'.) However,
when using the most common ontology tools, many authors have trouble when de-
scribing the relation between a class and an object [10]. For example, DAML+OIL
makes a clear separation between object classes and data types [11]. Another major
criticism of DAML+OIL was that it had a “weak semantics,” an issue that still has not
been fully addressed in OWL [12]. Neither language supports a flexible inheritance.

We must conclude that while there has been a large body of research work gener-
ated around the design, use, and reuse of ontologies, many authors seem to be con-
verging on the idea that a formal definition of the semantics of ontologies is now
becoming necessary. This semantics must include deduction, relations among first-
class objects, comparison or merging of objects and classes, and subsumption (or
some type of flexible inheritance) as discussed previously.

3 Conceptual Graphs as Ontology Representation

The claim in this work is that conceptual graphs have the appropriate expressiveness
for the task of representing, comparing, merging and interoperating with ontologies.
While it is true that languages and formalisms like Description Logics, OWL,
DAMLAOIL and others can do similar work, Conceptual Graph Theory (CGT) has
the tools, structure and formal definitions already in place to handle the functional
requirements mentioned above. CGT uses the same reasoning, subsumption, inheri-
tance and comparison mechanisms for types as for individuals. This means that there

I See http://www.daml.org/2001/03/model-theoretic-semantics.html
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is no difficulty in using types as objects, or in manipulating types in a reasoning proc-
ess.

Our further claim is that Conceptual Graph Theory is the best methodology to use
for the purpose of defining a semantics for ontologies. A CGT-defined ontology will
give the developer some of these functionalities automatically, and has the added
benefit of well-defined type hierarchies, semantics and subsumption. The claim is
that in order to tailor information/knowledge to a user, having a CGT ontology is a
very good, well-defined way of creating a filter through which a user can specify the
knowledge that they’re looking for, and what should be left out.

Previous work in using CGT to represent ontologies has been undertaken. In [13]
the authors describe an algorithm to automatically translate RDF schemas into con-
ceptual graphs. While this work demonstrates the compatibility of some semantic
web schemes and CGT, it doesn’t utilize the powerful semantics of CGT. Since the
RDF is just the syntactic structure of a knowledge base, translating these into con-
ceptual graphs is straightforward, as there is no need for a semantic representation.

The rest of this article will concern itself with methods for representing ontologies
using tools and techniques which are already well-defined, and can be applied to
ontologies. Fundamentally, this work is about laying the theoretical foundations for
knowledge base interchange, reuse and filtering. We now proceed to discuss CGT,
and the elements of CGT that can be used to implement ontology operations, tailoring
and filtering.

4 A Formal Definition of Ontology

The formal definitions of conceptual graphs and CG canon have been presented many
times, and so there is no need to introduce the formal definitions again here. Suffice
it here for us to recall that formally a domain for CGs is described by a canon which
is composed of the set T of types, the set I of individuals (variables or constants), a
subtype relation which gives a partial ordering of the types of the individuals, the
conformity relation :: which relates type labels to individuals € I and the canonical
basis function B (also called 6 by some authors) which associates each relation type
with the concept types that may be used with that relation, which helps to guarantee
well-formed graphs.

The set T of types is arranged into a type hierarchy, ordered according to the
specificity of each type. Separate type hierarchies are established for the concepts
and the relations within a canon. The hierarchy is expressed by a subsumption or
generalization order on the types. A type tis said to be more specific than a type s if t
specializes some of the concepts from s. Projection is the function which determines
the specialization/generalization relation between two concepts.

The definitions for type hierarchies and for the operations on those hierarchies in-
form our definition of an ontology. We want an ontology to provide a framework for
the semantics of a domain. A canon, as defined in CGT, provides the background for
the representation, since we can use the definitions of relations, subsumption and
conformity to support our definition of an ontology. We can now formally define an
ontology as the particular set of hierarchies that are created for a given domain, along
with all of the operations on a canon.
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Definition 1. Ontology. An ontology in a given domain M with respect to a canon is
atuple (Tey, Trp, Im) Where

TcM is the set of concept types for the domain M and TRM is the set of relation types
for the domain M.

I3 is the set of individuals for the domain M.

An ontology is then a collection of types and individuals, which forms a frame-
work for the knowledge in a domain. The collection is arranged into a hierarchy
based on the subtype relation €. The canon provides the basis for subsumption in the
ontology and guarantees consistency among the relations and in the typing of indi-
viduals.

Note that this hierarchy is not necessarily a taxonomy, in that a type may have
multiple supertypes. Further note that there is no point on the hierarchy where we
must make a distinction between a type and an instance. Every concept on the hierar-
chy is treated as a type. A type may have subtypes and supertypes, but there is no
need to distinguish these from instances of the types.

This is distinct from the object-oriented objective of objects inheriting all the
properties of a class of objects. The essential difference is in, for example, treating a
kitchen as you would any generic room. The type room can be placed, occupy space,
and have specific values for color and number of doors. A class of rooms will have
attributes, but cannot be said to occupy a space or have specific dimensions, or have a
specific count or placement of doors. The generic room can have constraints placed
on its attributes, and finally can be specialized into a kitchen. Fundamentally, a ge-
neric room can take the place of a specialized room, unlike a class of objects.

The ontology (as a concept type hierarchy) acts as the framework, with conceptual
graphs that conform to the hierarchy used to instantiate concepts in the domain. The
ontology is populated by creating conceptual graphs which represent actions, ideas,
situations or states in the domain. Recall, though, that a conceptual graph need not be
a complete description, and will always be treated in the same manner as any other
type.

The closest approaches to demonstrating an equivalence between FOL and Con-
ceptual Graphs are due to Chein and Mugnier [14] and to Amati and Ounis [15].
They use a restrictive form of CGs, in which each concept type is allowed only one
individual to represent it. Once the existential operator has been applied to a generic
referent, all concepts of that type must use that one individual. Clearly, this makes it
much easier to interpret Conceptual Graphs into FOL. Given that restriction, Amati
and Ounis show that graph derivation through projection is sound and complete.
They discuss a method for graph deduction on these restricted graphs.

The real significance of the work by Chein and Mugnier, Amati and Ounis, and
indeed of our own work, is the proof that deduction systems over Conceptual Graphs
are not only possible, but also effective ways of handling knowledge merging, com-
parison and reasoning.

5 Projection of Ontology Types

The definitions of consistency and type subsumption in this paper are based on formal
concepts of projection and lower bounds from Conceptual Graph Theory [16]. Pro-
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jection is the operation used to determine subsumption relations, and to find similari-
ties between parts of the knowledge base. A more general type G is said to subsume
a more specific type H if G has a projection into H. For example, the type mammal
would have a projection into the type cat.

The following definitions of projection are modified from the standard definition
used in recent Conceptual Graph literature [4, 17-19]. Rather than defining projec-
tion from one graph into another, these definitions represent projection of types, and
therefore defines the subsumption operator on type hierarchies.

Definition 2. Concept projection. Given two concept types, s € C and t € C’, s is
said to have a projection into ¢ if and only if there is a morphism A¢: C — C7, such
that:

Vse Cand Vie C’, ho(s) =t only if type(s)  type'(t), and referent(s) = * or refer-
ent(s) = referent'(t)

C is the set of concepts, type : C — T indicates the type of a concept, and referent : C
— I indicates the referent marker of a concept.

Definition 3. Relation projection. Given two relation types, r and 7', r is said to
have a projection into r'if and only if there is a morphism hg: R — R, such that:

Vre R andVr’e R’ hg(r) = r’ only if type(r) type'(r’
R is the set of relations, and type : R — T indicates the type of a relation.

The definition of type subsumption is based on notions of graph projection. Pro-
jection and subsumption are defined for individual graphs to help determine their
ordering in accordance with the type hierarchy, and to allow unification, deduction
and combination of graphs. While we concern ourselves here with issues of type
projection, the topic of graph projection and subsumption is covered in detail in [18]
and [20].

This definition of projection then gives us a formal definition for subtype and su-
pertype and for subsumption on the partial order of the types in the hierarchy. The
operations of join, meet and unify are now simply applications of the projection op-
erator. Finding types which are compatible (i.e. that can be unified) is now a matter
of finding a common subtype (or join) between the two types. If the only common

subtype is . then there can be no comparison.

Consistency and validity of conceptual graphs are guaranteed by adhering to strict
rules regarding the formation of new graphs. A domain is defined by a set of basic
graphs, the canonical basis and by its type hierarchies. All other graphs must be de-
rived from the canonical basis by the use of the canonical formation rules. Like the
rest of the CG field, these rules are still evolving, but they all involve the same basic
ideas, as expressed here.

The significance of the canonical formation rules is that they specify the mecha-
nisms for deriving new graphs and types. These are the techniques used to implement
the formalisms defined earlier. We now have a complete formalism for the specifica-
tion and manipulation of knowledge bases expressed using ontologies. If an ontology
author is careful to set up the ontology according to the definitions of subsumption
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and projection, and then follows the canonical formation rules when deriving new
types, expressions and graphs, the result will always be graphs and extensions to the
ontology which are canonical according to the domain. If CG unification and rea-
soning are applied (as defined in [20]) then the derived graphs and types will also be
valid in the domain.

6 Ontology Operators as Mergers of Knowledge

As an operator for ontology filtering and comparison, the use of the projection op-
erator becomes obvious. A user would implement an ontology as a type hierarchy
locally. Whenever the user sends a query to a database or knowledge base, or per-
forms a web search, the user’s ontology is compared with the ontology which has
(hopefully) been implemented by the designer of that knowledge base. The query is
examined in light of the local ontology and the remote ontology, and information
from the remote knowledge base is filtered and constrained based on the comparison.

This technique can be used for two practical purposes: comparing and merging
ontologies, or to inform and filter queries. We examine examples of each of these
below.

6.1 Ontology Comparison and Merging

When comparing or merging .

the knowledge from two on- animal

tologies, one need only deter-

mine whether pairs of concepts

under consideration (one from

each ontology) are in a sub- : S .
type-supertype relation.  In fish birds fish-eater
order to facilitate this process,
and to prevent the complexity
of a general graph match
problem, we restrict our on-
tologies to a finite number of
nodes and types, and we insist
that the user must specify a
starting node for each ontology
being compared. This means
that there needs to be a way for specifying which two types to compare. This may
simply be T, but can be any node that the user wants to specify. Comparison of the

two ontologies then proceeds from the T node in a depth-first manner through the
graph of the hierarchy.

Reynolds, in his work in defining unification [21], used the natural lattice struc-
ture of first-order terms, which was a partial ordering based on subsumption of terms
[22]. Many terms (or types in our case) are not in any subsumption relation, for ex-
ample cat and dog, or wood and mammal. Inheritance hierarchies can be seen as
lattices that admit unification and generalization [23]. So, in our case, combining two

trout pelican

Fig. 1. A type hierarchy.



382 D. Corbett

ontologies is the process of finding the common points in the two ontologies (repre-
sented as lattices) and merging the rest of the structures together, in a similar manner
to the unification of two CGs.

We take our example of ontology merging from a constraint approach in H. Ait-
Kaci’s Login [24]. The novel contribution of y-terms is in the use of type inheritance
information. Ait-Kaci’s view of unification was as a filter for matching partial struc-
tures, using functions and variables as the “filters”. Ait-Kaci allowed type informa-
tion to be attached to functions and variables. Then, his unification technique uses
information from a taxonomic hierarchy to achieve a more gradual filtering.

An example of Ait-Kaci’s ideas from Knight [23] illustrates our merging tech-
nique. Assume that we have the following inheritance information, as illustrated in
Figure 1: Birds and fish are animals; a fish-eater is an animal; a trout is a fish; and a
pelican is both a bird and a fish-eater. Then unifying the following y-terms:

fish-eater (likes — trout)
bird (color = brown, likes — fish)

will yield the new y-term:
pelican (color — brown; likes — trout)

Unification does not fail on comparing fish-eater to bird, or trout to fish. Instead,
the conflict is resolved by finding the greatest lower bound on each of the two pairs
of items in the taxonomic hierarchy, in this case pelican and trout, respectively. In
this manner, Ait-Kaci’s system naturally extends the knowledge-merging (or knowl-
edge conjunction) nature of unification.

The formal definition of unification for Conceptual Graphs is set out in earlier
work [18, 25]. However, in our case, rather than examining the unification of two
conceptual graphs, we want to explore the knowledge conjunction of two ontologies,
or type hierarchies.

The merging of two ontologies is somewhat more complicated, and also more in-
teresting and useful than merely an extension of the join and unification operations.
The unification of two graphs contains neither more nor less information than the two
graphs being unified. The merging of two ontologies is a matter of finding a common
starting point on the two hierarchies (usually with the assistance of the user) and then
continuing outward from that point in a depth-first manner to find other matching
points.

The main thrust of previous research has been the unification of Conceptual
Graphs in terms of conjoining the knowledge contained in two different graphs [26,
27]. In our case, these pieces of partial information are represented by Conceptual
Graphs. However, our current work involves combining the knowledge of two entire
domains. We want to be able to combine the expert knowledge of two systems, or
even combine knowledge from different sources, not merely gather additional infor-
mation.

We have defined unification as the combining of pieces of knowledge in a do-
main, represented as Conceptual Graphs. We define unification as an operation that
simultaneously determines the consistency of two pieces of partial or incomplete
knowledge, and if they are consistent, combines them into a single result.

When an ontology is represented by the use of Conceptual Graphs constructed in
this way, subsumption can be used to combine, refine and reuse the knowledge con-
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tained in the graphs. This further allows us to perform reasoning over the knowledge
in the graphs as concepts. Reasoning is not limited to objects, classes or libraries, but
can also be applied to generic concepts in the knowledge.

So, this method involves creating a completely new ontology by merging the two
ontologies. Taking for our example
Figure 1, which shows a small ontol- T
ogy of animals, we find another on-
tology with similar knowledge which
could inform and expand our first animal
ontology. This is shown in Figure 2.

We can now employ standard
graph spanning and unification algo-
rithms which recursively move down .
through the subsumption relations mammal fish-eater
from the start node. Informally, our
algorithm starts by comparing the
start nodes, q and q' for compatibil-
ity, that is, that they are the same type
or that the type of one subsumes the
type of the other. Given compatible
start nodes, the algorithm selects a
subsumption relation s from all of the
subsumption relations that lead from
the head node q, and seeks its projec- I
tion s in the second lattice from the
subsumption relations that lead from Fig. 2. Another ontology from the same domain.
q". If none is found, then the sub-
sumed type s becomes part of the unified graph trivially. If the projection is present
in the second graph, then the unification algorithm is called recursively on the types
subsumed by type s. If all these types s prove to be compatible, then the two sublat-
tices are joined, and attached to the unified top, q". The algorithm proceeds depth-
first through the lattice. When all types subsumed by the start concept in both graphs
have been successfully processed in this way, the algorithm terminates successfully.
Figure 3 shows the result of applying the Merge algorithm to the lattices in Figs. 1
and 2.

6.2 Query Filtering with Ontologies

The second major use of ontologies is to filter or select information from web queries
into a knowledge base. The concept can be illustrated by assuming two ontologies
created by separate users. One ontology relates knowledge about the user’s interests
in research, and shows that this user has an interest in agents and in robots. This user
considers a mobile agent to be both an agent and a robot, and separates web agents
and demons from the ideas of mobile agents.

This user wants to find others who are interested in similar areas, with the idea of
locating potential collaborators, learning from their work, and downloading informa-
tion from their web sites. The user sends a query by way of a web agent to find a
match for other ontologies. In this case, the user has specified that a match consists



384 D. Corbett

animal
fish birds mammal fish-eater
trout pelican cat gorila  bear

L

Fig. 3. The merged ontology.

of the use of the type robot in a subsumption relation with the type mobile agent. The
query is sent as a fragment of the graph which represents the user’s ontology, as
shown in Fig. 4. (We elide over the processes of the web agent and the sending of the
query, as there already exist many techniques for this.)

The second ontology shows a user with a research interests in robots, but where
the ontology designer has put an emphasis on dividing the work into hardware and
software components, shown in Fig. 5. A match is found between the two ontologies,
since in both cases we find the type robot subsuming the type mobile agent. The user
would then be able to examine any types and concepts subsumed by mobile agent for
items of interest.

7 Conclusions and Future Work

The method described above works well when the user can guarantee that a given
type name has the same meaning in all ontologies. However, problems arise when a
given label has different meanings in two ontologies, or when the semantics of the
types vary. This is the classic problem presented by many ontology authors [3, 28].
Overcoming the problems of synonymy and heterogeneity requires the examination
of the semantic links of each type. In our work, this means comparing the semantic
links of each type in the “neighborhood” of each type, and requires a basic under-
standing of how to compare the neighboring nodes for semantic similarity.
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T

research

query hardware

agents
processors power vision
\ supply |agent
web vision
agent

mobile

agent

Fig. 4. A user’s ontology and query.

1
Fig. 5. Another ontology.

Fundamentally, ontology comparison and merging for the purposes of tailoring
and filtering the information provided by knowledge servers is a hard problem. Some
authors have explored solutions that include DAMLA+OIL and other languages
specific to ontology. Other authors have explored semantic closeness measures
for ontologies which imitate the lattice structures of the CGT formalism [28],
which allow a comparison of ontologies. As discussed by Arara and Benslimane,
ontologies are more than just another database formalism, since they must also in-
clude attributes, relations, and functionalities (or some sort of interaction with the real
world) [29].

We have demonstrated a method for automated comparison of ontologies repre-
sented as concept type hierarchies. Type hierarchies and the canonical formation rules
efficiently specialize ontologies into concrete instances by instantiating canonical
CGs from the hierarchies. A simple merge operation, using join and type subsump-
tion, is used to perform knowledge conjunction of the concepts represented in the
ontologies. The significance of our work is that the previously static knowledge rep-
resentation of ontology is now a dynamic, functional knowledge provider/server.
This extension of ontologies using Conceptual Graph Theory helps to strengthen the
use of ontologies as a knowledge representation and reasoning system by providing
projection and subsumption, and by eliminating the boundary between class and ob-
ject. The work presented in this paper is a first step toward formally defining a
method for comparing the semantics of two objects, based on their position in a type
hierarchy.
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This work is also significant for the fact that we have described a system, using
well-understood techniques, for comparing, combining and merging ontologies. The
ontologies being compared can be from separate domains, similar domains or even
ontologies which were created by different authors.
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Abstract. Any non-trivial top-level ontology should take temporal notions into
account. The details of how this should be done, however, are frequently de-
bated. In this paper it is argued that “the four grades of tense-logical involve-
ment” suggested by A.N. Prior form a useful framework for discussing how
various temporal notions are related in a top-level ontology. Furthermore, a
number of modern ontologies are analysed with respect to their incorporation of
temporal notions. It is argued that all of them correspond to Prior’s first and
second grade, and that none of them reflect the views which Prior’s third and
fourth grade represent. Finally, the paper deals with Prior’s ideas on a tensed
ontology and it is argued that a logic based on the third grade and will be useful
in the further development of tensed ontology.

1 Introduction

In post-Medieval logic ontology, conceived as the study of being or existence, was
regarded as a very important field of study. Indeed, philosophers and logicians in the
17" and 18" century were the first to establish the very word ‘ontology’ as a technical
term naming the study of being or existence as such. One of the first philosophers to
do so was Christian Wolff (1679-1754) who wanted to construct a logical system with
which he could account for existence and non-existence. According to Wolff a ‘being’
or an ‘entity’ is whatever can be thought without involving any logical contradiction.
This means that Wolffian ontology does not answer the question regarding what there
is in the actual world. This question has to be answered within the so-called special
metaphysics. In the 20® century, most philosophers interested in ontology have ac-
cepted the logical approach to ontology, but they have not been satisfied with the
Wolffian notion of existence. In contrary, they mainly wanted to discuss the actual
world, and not only the possible, but non-real worlds. Stanislaw Le$niewski (1886-
1939) seems to have been the first logician to suggest a formal (deductive) calculus of
ontology. The core of this contribution is mereology which deals with the part—-whole
relation between objects. In the 1950s another Polish logician, C. Lejewski, extended
the Lesniewskian calculus introducing a so-called ‘chronology’, according to which
objects are conceived as corresponding to durations.

In the works of Edmund Husserl (1859-1938) and Martin Heidegger (1889-1976)
there is a strong emphasis on ideas of time as a very important background for the
study of ontology. This means that there is an essential relation between ontological
inquiry and the study of the concept(s) of time (see [8]). In his philosophical logic
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A.N. Prior (1914-69) put a similar emphasis claiming that temporal aspects are crucial
for any satisfactory approach to reality.

Willard Van Orman Quine (1908-2000) was one of the most influential 20" century
philosophers who contributed to the further development of ontology. In his “On
What There Is” [23]. Quine introduced a view of ontology as the study of the onto-
logical commitments of natural science (see [26]). According to Quine’s view the
ontologist should derive a network of claims about what actually exists using the
natural sciences as his main source. In addition the ontologist should attempt to es-
tablish what types of entities are most basic. For Quine first-order predicate logic is
crucial in the determination of what actually exists. According to his so-called ‘crite-
rion of ontological commitment’ the ontologist can conclude that the ontological
commitment of a scientific theory implies the existence of certain entities (such as
electrons) if the theory presupposes that these entities are values of bound variables
when formulated in first-order predicate logic.

A.N. Prior found Lejewski’s as well as Quine’s ideas on ontology very challeng-
ing, and he offered an idea of ontology which may be seen as an alternative to both
approaches. Prior accepted the importance of Lejewski’s attempt to involve time in
the description of objects, but he found that the incorporation of time had to be carried
out in a different manner. Prior’s accepted Quine’s idea that the ontologist should try
to establish what types of entities are most basic, but he rejected the Quinean idea of
letting ontology depend on what kinds of variables we are prepared to bind by quanti-
fiers. In his writings Prior produced a highly original way of dealing with the tempo-
ral aspects of reality and the notions of quantification. In fact Prior suggested four
conceivable theories regarding the temporal aspects of reality (the so-called four
grades of tense-logical involvement). In section 2 we are going to describe these theo-
ries in some details and we shall see how they allow for different scopes of quantifi-
cation. Each of the four theories suggests an ontology explaining how the various
temporal notions and concepts (such as ‘past’, ‘present’, ‘future’, ‘before’, ‘after’,
‘instant’, ‘duration’) are mutually related. Although Prior stated that all four theories
are possible, he himself clearly favoured the last of them (i.e. the 4" grade of tense-
logical involvement).

For at least two decades formal ontologies have been studied intensively within
various parts of computer science (see Sowa [27], [28]). Knowledge representation is
obviously one of the computer science disciplines in which formal ontology has
turned out to be particularly important. According to T.R. Gruber [10] the term ‘on-
tology’ is used in this field as standing for »a specification ofa conceptualization«, or
to put it differently »a description (like a formal specification of a program) of the
concepts and relationships that can exist for an agent or a community of agents«. This
may be said to bring us back to the Wolffian notion of existence according to which
an entity exists if it can be thought of without any contradiction.

During recent years one of the most influential ideas within formal ontology has
been the idea of a top-level ontology, which should include a small number of highly
general categories. The benefits of such a top-level ontology is obvious when it comes
to the development and application of information systems. Although very few be-
lieve that it will be possible ever to reach a universal agreement on the formulation of
a non-trivial top-ontology, everybody working with information systems will accept
the view that the problem of classification is crucial for the formulation of such sys-
tems. For this reason, the debates on formal ontology and classification should go on,
and everybody working with information systems and knowledge engineering should
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be aware of the ontological challenges to which the problems of concept handling
give rise.

Prior did not pursue Lejewski’s idea of a durational logic. However, other workers
in temporal logic have done so. Their works show that the ontological relations be-
tween durations and instants are by no means given. Section 3 deals with the con-
struction of formal ontologies in the light of the works within durational logic.

In section 4 we shall discuss the analysis of temporal notions according to some of
the most well-known top-level ontologies, and we shall argue that most authors of
modern ontologies, apparently without much reflection, assume something like
Prior’s first or second grade of tense-logical involvement. In section 5 we intend to
discuss these Priorean ideas of a tensed ontology. We shall see that there is still much
to be done in order to carry out the full Priorean program.

2 Prior’s Four Grades of Tense-Logical Involvement

In his famous paper ‘The Unreality of Time’ [15] John Ellis McTaggart (1866-1925)
suggested a distinction between A- and B-series, which in fact corresponds to a dis-
tinction between the following two sets of temporal notions:

A-notions: past, present, future
B-notions: before, after, ‘simultaneous with’

Since McTaggart, philosophers and logicians have discussed intensively which of
the two sets is the ontologically more fundamental one for the philosophical descrip-
tion of time. During the 20" century several authors have tried to answer this question
of temporal ontology in a formal manner. In fact, this discussion has turned out to be
essential for the formulation of temporal logic. A.N. Prior (1914-69) who was the
founder of modern temporal logic paid very much attention to this problem. In his
brilliant and very important paper from 1968, “Tense Logic and the Logic of Earlier
and Later’ [21: 117ff.], Prior introduced four so-called grades of tense-logical in-
volvement. These four grades can be understood as four different ways in which the
question of temporal ontology can be answered.

The first grade defines tenses entirely in terms of objective instants and an earlier-
later relation. For instance, a sentence such as Fp, ‘it will be the case that p’, is defi-
ned as a short-hand for ‘there exists some instant ¢ which is later than now, and p is
true at £, and similarly for the past tense, Pp, i.e.

(DF) T(t,Fp) Edef'gtr' t<t, AT(t,p)
(DP) T(t,Pp) = Tt <t AT(t,p)

Given that G = ~F- (‘it is always going to be the case that ...") and that H = ~P~
(‘it has always been the case that...”) it easily follows that

(DG) T(t,Gp) = Wt t<t, O T(t,p)
(DH) T(tHp) = Vt,: 1,< t> T(t,p)
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According to this view, tenses can be considered as mere meta-linguistic abbrevia-
tions, so this is the lowest grade of tense logical involvement. Prior succinctly de-
scribed the first grade as follows:

...there is a nice economy about it; it reduces the minimal tense logic to a by-
product of the introduction of four definitions into an ordinary first-order theory,
and richer [tense logical] systems to by-products of conditions imposed on a rela-
tion in that theory. [21: 119]

In the first grade, the tense operators (P, F, G, and H) are simply tools with which
we can establish a handy way of summarizing the properties of the before-after rela-
tions, which constitute the B-theory of McTaggart. Hence, in the first grade temporal
instants are viewed as something primitive and objective. Together with the before-
after-relation they are seen to be determining for a proper understanding of time and
reality. According to this view tenses are deemed to have no independent ontological
status. The same can be said about the modal operators, 0 and ¢, which correspond to
necessity and possibility, respectively. These operators can be defined in the follow-
ing way:

Op =, vt: T(t,p)
Op Edef_-_#.' T(t,p)

The time ontology of the first grade can be presented in the following way:

1st grade

Primitive | Instants.

notions | The before-after relation (<).

The truth-function (‘true at an instant’), 7(z,p).

First order logic.

Derived | Tenses: past (P), always past (H), future(F), always future(G).
notions [ Modalities: necessity ([1), possibility (0).

This time ontology seems to be the dominating and most common way of under-
standing the temporal aspect of reality. The weaknesses of this approach are, how-
ever, rather obvious. The most important problem is that the first grade does not in-
clude any idea of ‘now’. In this system the present time can only be represented as an
arbitrary instant. This is of course quite acceptable, if we take the view which Albert
Einstein expresses in a letter to Michele Besso in the following way:

There is no irreversibility in the basic laws of physics. You have to accept the idea

that subjective time with its emphasis on the now has no objective meaning.
[Quoted from [18: 203]]

If the ‘Now’ and consequently also the other A-concepts are purely subjective, all
we have to bother with when dealing with the objective world are the B-series.
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Viewed in this way reality is just a four-dimensional co-ordinate system. Times are
nothing but clock-readings and dates. Prior described this position in the following
way:

Whether the events are the case or merely have been or will be, is of no concern to
the scientist, so he uses a language in which the difference between being, having
been, and being about to be becomes inexpressible. [20: 323]

However, Prior has argued that the following shows that even Einstein was a bit
uncertain regarding the status of the ‘Now’:

Einstein himself once said to Carnap that the problem of the Now worried him se-
riously. He explained that the experience of the Now means something special for
men, something different from the past and the future, but that this important dif-
ference does not and cannot occur within physics. [21: 136-137]

Prior, himself, insisted that ‘the Now’ is real, and consequently that the distinction
between the tenses is real (see [9: 47]). In his view it would be mistaken to assume
that the ‘Now’ and the tenses can be derived from the logic of earlier and later. For
this reason he had to reject the first grade and turn to an ontology in which the tense-
logical aspect of reality is assumed to be fundamental.

In the second grade of tense logical involvement, the ‘Now’ is in fact accepted as a
primitive notion. Formally, in this theory ‘the Now’ can be treated as a prepositional
constant, n. This means that according to this view A- and B-concepts are treated on a
par. Specifically, a bare proposition p is treated as a syntactically full-fledged propo-
sition, on a par with what Rescher and Urquhart [24] called ‘chronologically definite’
propositions such as 7(z,p) (‘it is true at time ¢ that p’). The point of the second grade
is that a bare proposition with no explicit temporal reference is not to be viewed as an
incomplete proposition. One consequence of this is that an expression such as
T(1,T(t’,p)) is also well-formed, and of the same type as 7(t,p) and p. In fact, p can be
understood as being equivalent with T(n,p). i.e. p is true if and only if p is true now.
Prior showed how such a system leads to a number of theses, which relate tense logic
to the earlier-later calculus and vice versa [19: 119].

The philosophical implication of this second grade of tense logical involvement is
that one must regard the basic A- and B-theory concepts as being on the same concep-
tual level. Neither set of concepts is conditioned by the other.

2nd grade

Primitive | Instants. The Now, n.
notions | The before-after relation (<).

The truth-function (‘true at an instant’), T(t,p).

First order logic.

Derived | Tenses: past (P), always past (H), future(F), always future(G).
notions | Modalities: necessity ([]), possibility (£).

However, Prior also rejected the idea that time is made up of objectively existing
instants. Formally this understanding of time can be expressed in terms of the third or
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fourth grade of tense-logical involvement. According to Prior the crucial idea of the
third grade “consists in treating the instant-variables a, b, ¢, etc. as representing
propositions.” [21: 124]

Such instant-propositions describe the world uniquely at any given instant, and are
for this reason also called world-state propositions. Like Prior we shall use a, b, c ...
as instant-propositions instead of ¢, t,..In fact, Prior assumed that such propositions
are what ought to be meant by ‘instants’:

A world-state proposition in the tense-logical sense is simply an index of an in-
stant; indeed, I would like to say that it is an instant, in the only sense in which ‘in-
stants’ are not highly fictitious entities. [19: 188-189]

The traditional distinction between the description of the content and the indication
of time for an event is thereby dissolved. This means that ordinary propositional logic
in insufficient here. With his formulation of the third grade, Prior actually became the
first logician to explore the formalism of hybrid languages which are now known in
so-called hybrid logic (see http://www.hylo.net).

The axioms of the logical language, which embodies the third grade of tense logi-
cal involvement, are in the first place the following axioms of a basic tempo-modal
logic:

(AD) p, where p is a tautology of the propositional calculus
(A2) G(p 59) >(Gp 5Gq)

(A3) H(p ©q) 5(Hp 5Hq)

(Ad) p>GPp

(AS) p>OHFp

(01D (p>q)>(0p>0hq)

(402) Upop

(03) Op>U00p

(0G) Up>Gp

(OH) Op oHp

In addition, in order to deal with the instant propositions involved in the hybrid lan-
guage of the third grade Prior added the following axioms:

In S a

(12) ~O~a

(I3) O(a op) v(a >~p)
(BF) O( Va: ¢a)) = va: O(Ha))

where a stands for an instant proposition, whereas p stands for any proposition. Given
these axioms and some standard rules of reference Prior was able to prove a number
of interesting theses for this hybrid language corresponding to the third grade. He
argued that within this system 7T(a,p) as well as the before-after-relation can be defi-
ned in terms of the tenses and a primitive necessity-operator {J. Formally, this can be
done in the following way:
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Hap) = _O(a>p)
a<b EMD(b > Pa)

Prior demonstrated convincingly, that 7" and < defined in this way fulfill every-
thing which holds for the corresponding notions in the first grade. (See [21: 124 ff.])
For instance, Prior proved that the formulae (DF) and (DP) hold with instant proposi-
tions instead of temporal instants.

In the third grade all of temporal logic can be developed from the purely ‘modal
notions’ of past, future, and necessity. The corresponding time ontology can be pre-
sented in the following manner:

3rd grade

Primitive | Tenses: past (P), future(F). Modality: necessity ([I).
notions | - Hybrid logic.

Derived | Instants.

notions | The before-after relation (<).

The truth-function (‘true at an instant”), 7{(1,p).
Derived tenses: always past (H), always future(G).
Derived modality: possibility (©).

In some logics the truth-function involves not only propositions and instants, but
also chronicles (i.e. ‘totally ordered subsets of instants’) cf. [31: 211]). In these logics
the truth-functions becomes 7{(t,c,p), where ¢ is an instant belonging to the chronicle c.
T(t,c,p) can be read ‘p is true at t on ¢’. However, this complication is not needed in
the third grade, where the instant propositions also include the information corre-
sponding to the chronicle.

The fourth grade may be seen as a continuation of the third grade, from which all
definitions are carried over. However, according to the view corresponding to the
fourth grade a tense logical definition of the necessity-operator can be established, if
the future operator is understood as corresponding to ‘possible future’ and not some
sort of ‘factual future’ (i.e. in this case ‘future’ has to be take in the Peircean sense cf.
[31: 220]). This means that in the fourth grade the only primitive operators are the
two tense logical ones: P and F. Within the hybrid logic all other notions can be de-
fined from these two tense operators. This means that the corresponding time ontol-
ogy can be presented in the following way:

4th grade
Primitive | Tenses: past (P), future(F)
notions - Hybrid logic.

Derived Instants.

notions The before-after relation (<).

The truth-function (‘true at an instant’), T(z,p).
Tenses: always past (H), always future(G).
Modalities: necessity ([1), possibility (0).
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Prior himself favoured this fourth grade. It appears that his reasons for wanting to
reduce modality to tenses were mainly metaphysical, since it has to do with his rejec-
tion of the concept of the (one) true (but still unknown) future.

In the systems corresponding to the third and the fourth grade of tense-logical in-
volvement it is assumed that it is possible to quantify over instant propositions. If
Quine’s so-called ‘criterion of ontological commitment’ is accepted, it follows that
instants (conceived as instant propositions) actually exist in reality. However, Prior did
not accept this conclusion. In fact, Prior rejected Quine’s criterion. According to his idea
of existence we do not have to accept the existence of instants just because we are pre-
pared to bind them by quantifiers. Existence is rather a question of “what variables we
take seriously as individual variables in a first-order theory, i.e. as subjects of predicates
rather than as assertibilia which may be qualified by modalities” [21: 220]. When
viewed in this way, we can conclude that instants do not exist in reality. As Prior put it,
“they don’t exist; rather, they are or are not the case”. [21: 220]

3 The Role of Durations in Time Ontology

The notion of a ‘duration’ is obviously important, when it comes to the study of tem-
poral ontology. Several logicians have tried to formulate a logic of duration. In fact,
already the medieval logician John Buridan (ca. 1295-1358) regarded the present as a
duration and not as a point in time. Indeed, he made a number of important contribu-
tions to the development durational logic (see [31: 43 ff.].

The first modern logician to formulate a calculus in this field was A.G. Walker
[29], who considered a structure (S,<), where S is a non-empty set of periods.
The ‘a<b’-relation is to be considered as ‘strict’ in the sense that no overlap bet-
ween a and b is permitted, and the ordering is supposed to be irreflexive, asymmetri-
cal, and transitive. In addition he considered the notion of overlap, which can be de-
fined as:

alb Edef'(‘Kb vb<a).

Walker formulated an axiomatic system using the following two axioms:

(W) ala
(W2) (a<bAablcac<d)oda<d

Using a set-theoretic method base Walker demonstrated that it is possible to define
instants in terms of durations. For this reason it may be reasonable to view a temporal
instant as such a ‘secondary’ construct from the logic of durations. In the 1950s C.
Lejewski worked out a so-called ‘chronology’ according to which objects are con-
ceived as corresponding to durations. This work should actually be seen as an exten-
sion of the Le$niewskian calculus, which appears to have been the first formal ontol-
ogy. [25: 18 ff.]

In 1972 Charles Hamblin [11] independently also put forth a theory of the logic of
durations. He achieved his results using a different technique involving the relation:

a meets b 5Ma<b A~(Z: a<c Ac<b))
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A decade later, similar considerations have been put forward within artificial intel-
ligence research, notably by James Allen and Patrick Hayes [3], [4], [5], [6], who has
analysed further details of durational logic. Allen and Hayes have shown that two
arbitrary durations (in linear time) can be related in exactly 13 ways.

It has been argued in [31: 304 ff.] that Walker’'s and Hamblin’s theories
are equivalent when seen from an ontological point of view. They all support the
claim that just as durations (temporal interval) set-theoretically can be constructed
from an instant-logic, it is possible to do the opposite i.e. to construct instants mathe-
matically from durations. In fact, all the durational theories put forth so far appear to
give rise to the same ontological model. Given the set of instants and the before-after
relation we may define chronicles as linear ordered subsets of the total set of total set
of instants.

The theories formulated by Walker, Hamblin, and Allen can all be said to be
B-theoretical. It is however also possible to take an A-theoretical approach to dura-
tional logic. This can in fact be done in two different ways. Already John Buridan
suggested these two alternative ideas for the construction of the logic of tenses.
Firstly, the tenses, past and future, can be taken absolutely, in the sense that no part of
the present time is said to be past or future. Secondly, tenses can be taken in the rela-
tive sense, according to which “the earlier part of the present time is called past
with respect to the later, and the later part is called future with respect to the earlier.”
[7: 175]

In addition, Buridan pointed out that if some thing is moving now, then there is a
part of the present during which it is moving, and hence, it is moving in some part of
the present, which is earlier than some other part of the present. Therefore, if the thing
is moving, then it was moving (if the past is taken in the relative sense). For this rea-
son, the Aristotelian sophism must be conceded if the past is understood relatively. In
a modern formal language Buridan’s idea of a relative past can be stated in the fol-
lowingway:

,P A) =, VI’ included(I’,] ) o (°°: I"'<I" A T(I",A))
whereas the absolute past can be defined as
I(LP p) EMHII: I<1 AT(1p)

In modern durational logic a similar distinction has been introduced by Roper and
others (see [31: 312 ff]). It turns out, that given that time can be viewed as a structure
like the ordered set of real numbers and that durations are just open intervals, it can be
shown that P =G _P_. There are of course a lot of details to be worked out here.

But in the cases in which this equivalence holds, we obviously do not need to take
both sets of tenses as primitives since the relative tenses can be derived from the ab-
solute tenses.

It will be possible to combine the distinction between durations and instants with
the above discussion about Prior four grades. If we assume Prior’s third grade and that
durations should be derived from instants we get an ontology, which can be outlined
as indicated in the schema below:
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3rd grade extended with durations
Primitive | Tenses: past (P), future (F).
notions Modality: necessity ([1).

- Hybrid logic.

Derived Instants.

notions Chronicles.

The before-after relation (<).
A truth-function: 7(t,p)
Derived tenses: always past (H), always future (G).
Derived modality: possibility (0).
Secondary | Durations.

derived Durational absolute tenses: P, H, , F.

. : 3 abs® ““abs® © abs? Gabs
notions. Durational relative tenses: P, H . F . G_

On the other hand, if we assume Prior’s third grade and that instants should be de-
rived from durations things become much more complicated. But although there are a
number of open questions regarding the precise procedures, it is very likely that it will
be possible to develop an ontology based on durational tenses and hybrid logic.

4 Analysis of Some Current Time Ontologies

In light of the growing number of available ontologies, and the emerging need to
collect information from different ontological descriptions, it becomes increasingly
important to evaluate ontologies. It is sometimes said that the better ontology is one,
which fulfills its purpose. There is obviously some truth in that, but if the purpose
includes interoperability or the ability to merge with other ontologies, this question
becomes much more complex. In the process of designing ontologies, the ontologist
must on one hand take into account competing or comparable efforts and on the other
hand pay special attention to the main purpose of the ontology. The Cyc ontology, for
instance, is concerned with encompassing common knowledge whereas the DAML
Time ontology deals with how to handle web documents. Clearly, the purpose of the
ontology is reflected in the choice of words and concepts as well as in matters like
expressive power and granularity.

The question of how to evaluate and compare ontologies must extend beyond mat-
ters of aligning lists of concepts, and also take into account the deeper lying intention
and metaphysical positions behind the respective ontologies. These questions are
broad and complicated, not least because top-level ontologies by nature deal with
many different domains. In order to describe and compare different ontological ap-
proaches, a larger framework is needed. Top-level ontologies are likely to diverge in
many other areas than that of temporal notions. In fact, we believe that a similar effort
may be appropriate in several other dimensions than the one under consideration here.
However, considering the fundamental status of time, this seems an appropriate place
to start. In order to analyze temporal notions in ontologies, we suggest using Prior’s
four grades. Once the framework has been properly established, the procedure of
comparing ontologies simply consists in looking for the relevant primitives from
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which other notions are defined, and map them to one of the grades. It turns out that
such an analysis at the surface level is quite simple, and it is likely that it can be
automated, but also that slight differences in terminology and style of representation
may complicate such analyses tremendously.

In order to compare some influential time ontologies we shall in the following ex-
amine their primitive and derived notions. To our knowledge, most ontologies that
deals with temporal notions have instants as well as intervals as primitives, and as
such, they are only slightly different. The DAML Time ontology [12] refers to this as
instants and intervals, and the Suggested Upper Merged Ontology (SUMO) [13] uses
time-points and time-intervals. In OpenCyc [17] Timelnterval is seen as a direct gen-
eralization of TimePoint, indicating that TimePoints are defined in terms of intervals,
but in effect TimePoints are treated as primitive notions.

The before-after relation is also common to most time ontologies although it is ex-
pressed in different ways. In SUMO an earlier relation is defined over intervals and a
before relation is defined over time points (instants). DAML Time uses only a before
relation from which all other temporal relations are defined, and OpenCyc has two
primitive temporal predicates (after and simultaneousWith) for defining an order
between temporal elements. No before-relation is formally defined in OpenCyc, but
the documentation clearly shows how the semantics of ‘before’ is distributed over
several complex temporal predicates. This choice in ordering corresponds to McTag-
gart’s B-series.

Corresponding to the truth-function 7(a,p), most ontologies have predicates that
link events to times, such as the (holdsin TEMP-THING FORMULA) of OpenCyc
which says that a formula is true at every moment in the extent of TemporalThing i.e.
Timelnterval or TimePoint. Ontologies that satisfy these conditions qualify as first
grade ontologies. The crucial distinction between first and second grade is the notion
of Now and the consequences thereof.

In DAML Time this predicament is partially avoided by considering concepts like
‘now’ and ‘foday’ as deictic times, relative to some document or utterance. The
documentation briefly mentions the possibility of defining past and future in terms of
this deictic ‘now’ and the before relation. [12: section 7]. A similar but more explicit
solution is used by the TERQAS group [22] associated with the TimeML effort [2]. In
identifying temporal attributes of events for Question Answering systems, the
TERQAS group distinguishes between absolute and relative time according to the
document date [1: section 4]. Likewise, SUMO has no formal definition of ‘now’ but
the provided mapping between SUMO and WordNet points to ‘now’ as simply a time
point. In consequence hereof, ‘past’ and ‘future’ does not share ontological status
with time-intervals, but are defined as functions that map a TimePosition to the
Timelnterval which it meets and which begins / ends at Positivelnfinity / Negativeln-
finity. In his treatment of processes, John Sowa follows a similar line of reasoning,
but in addition, he explicitly defines ‘past’ by means of the indexical ‘Now’ and the
B-like relation ‘succession’ [28: 207]. But where he in [27] was primarily concerned
with representing grammatical structures [28] goes one step further in accounting for
the special status of now.

Common to these approaches is that ‘now’ is treated as an arbitrary indexical de-
fined in terms of the before-after relation. A more developed notion of now is found
in OpenCyc. This ontology does, as the only top level ontology that we are aware of,
have the notion of ‘Now’ as a primitive, and should therefore be considered a time
ontology of the second grade. Surprisingly, OpenCyc has no definitions of ‘past’ and
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‘future’ as anything other than grammatical constructions, but as we have seen, the
tempo-logical notions of past and future can be derived in both the first and second
grade.

#$Now is a special #$TimePoint which denotes the current moment from the
perspective of the instantiation of #$CycTheCollection that is currently being run
(i.e. #$Cyc). [...] Thus the referent of #$Now does not vary with the #3Mi-
crotheory in which one asks (#$indexicalReferent #$Now ?X). Instead, the referent
of #$Now varies from moment to moment down to the resolution of #$Cyc’s cen-
tral processing unit. [17]

Prior strongly suggested that in building a temporal ontology we should take the du-
rational existence of things or objects into account. He pointed out that talk about
events »is really at bottom talk about things, and that what looks like talk about
changes in events is really just slightly more complicated talk about changes in
things« [21: 16]. Recently, Karl Erich Wolff and Wendsomde Yameogo [30] have
introduced a conceptual analysis involving objects and their so-called ‘life tracks’.
This approach mainly corresponds to Prior’s first grade. Something similar can be
said about Pavel Kocura’s approach [14] with the addition that this work also involves
a durational logic (e.g. reasoning about time intervals).

In 1993 Bernard Moulin [16] has demonstrated how temporal information in dis-
courses can be modelled using the notion of a time coordinate system. In a very clear
manner he has shown how the idea of a time axis, i.e. a set of ‘time points’ and total
order relation, <, can be used in the definitions of time intervals, temporal objects and
situations. Moulin has also shown how relations like ‘during’ and even rather compli-
cated tenses can be defined in his model. His approach turns out to be a rather elabo-
rated version of Prior’s first grade extended with temporal objects and time intervals
(defined from ‘time points’).

After having reviewed a number of contemporary and influential time ontologies,
we have not found any that goes beyond the second grade of tense-logical involve-
ment. None of the ontologies relate time and modality, and only DAML Time silently
supports (allows for) branching time models, which certainly gives rise to an inter-
esting challenge.

5 Towards a Tensed Ontology

There is no reason to believe that the struggle between A-theorists and B-theories will
ever be settled. This means that we will probably in all foreseeable future have to deal
with different time ontologies based on different philosophical positions. It is, how-
ever, worth noting that the logic based on Prior’s third grade, which take instants as
well as durations into account, seems to be the most general language, we have con-
sidered in this study. In fact, all concepts from all the time ontologies considered can
be translated into such a logical language. This means that a logical language based
on the third grade and extended to include durations as well as instants will qualify as
a language in terms of which time ontologies may be compared. In particular, such a
language will be fit for Prior’s ideas of a tensed ontology. None of the other grades
can provide a similar platform for comparison between ontologies. There are, how-
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ever, a number of problems, which should be solved in order to carry out the full
Priorean program.

The most common relation in theories of formal ontology is that of a sub-category
corresponding to statements of the form ‘x is a y’. Prior argued, however, that a satis-
factory ontological system should also take tensed variations of such statements into
consideration. This means that we should study statements like ‘x has been a y” and
‘x is a future y’ in an ontological context (see [19: 162 ff].

Things become rather complicated, since Prior promotes the idea that new entities
come into being as time passes. Some perfectly sensible statements now, would be
non-statable in the past. This means for instance, that we can now say things about the
past events, which could not be stated at all when the events took place. This logic of
statability is incorporated in Prior’s system Q, according to which the following the-
ses hold:

F(n)(Vx:¢(x)) > Vx:F(n)¥x)
P(n)(Fx:Hx)) > Zx:P(n)d(x)
Va:P(n)@(x) > P(n)(Vx: d(x))

whereas ‘the mirror-images’:

P(n)(Vi: d(x)) > Vi:P(n)d(x)
F(n)(Fe: /(x)) > F:F(n)d(x)
Vi:F(n)@(x) > F(n)(Vi: #x))

do not hold. The reason for this asymmetry is that “the values of bound variables may
receive additions but no deletions as time passes” [19: 172]. A full logic correspond-
ing to Prior’s idea of a tensed ontology will have to integrate Prior’s third grade of
tense-logical involvement and his Q-system. To the best of our knowledge nobody
has tried to formulate a formal ontology corresponding to his idea of a growing con-
ceptual framework. There is obviously a lot to do in order to carry out the full Prio-
rean program about tensed ontology.
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